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Abstract

This thesis investigates the static bending and free vibration of functionally

graded magneto-electro-elastic (FG-MEE) microbeams in sandwich, coated, and

bi-coated forms. Refined higher-order and quasi-3D beam theories are combined

with the Differential Quadrature Finite Element Method (DQ-FEM) to capture

electromechanical coupling. Material gradation is modeled by a power-law

distribution, ensuring smooth property transitions between MEE and non-MEE

layers. The Modified Couple Stress Theory (MCST) is incorporated to account

for size-dependent effects, and governing equations are derived via Lagrange’s

theorem and Gauss–Lobatto discretization. Validation with published results

confirms the model’s accuracy and efficiency. Results show that material

composition, gradation index, and geometry strongly affect static and dynamic

responses. Increasing BaTiO3 enhances piezoelectric deflection, while CoFe2O4

strengthens magnetostrictive effects. Higher gradation indices and slenderness

ratios increase stiffness but reduce electromechanical potentials. Natural

frequencies are highly sensitive to boundary conditions. The framework offers

an efficient tool for optimizing FG-MEE microbeams in smart microsystems.

Keywords: FGMs; magneto-electro-elastic microbeams; higher-order beam

theories; MCST; DQ-FEM.
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Résumé

Cette thèse analyse la flextion statique et les vibrations libres

de micro-poutres magnéto-électro-élastiques (FG-MEE) en configurations

sandwich, revêtues et bi-revêtues. Des théories de poutres d’ordre supérieur

et quasi-3D sont combinées à la méthode DQ-FEM pour modéliser le couplage

électromécanique. La gradation est décrite par la loi de puissance assurant

une transition continue entre matériaux MEE et non-MEE. La théorie des

contraintes de couple modifiée (MCST) intègre les effets de taille, et les équations

gouvernantes sont établies via le théorème de Lagrange et la discrétisation

de Gauss–Lobatto. La validation confirme la précision et l’efficacité du

modèle. Les résultats montrent que la composition, l’indice de gradation et

la géométrie influencent fortement la réponse. L’augmentation du BaTiO3

amplifie la flexibilité piézoélectrique, tandis que CoFe2O4 renforce les effets

magnétostrictifs. Des indices plus élevés accroissent la rigidité mais réduisent

les potentiels électromagnétiques. Les fréquences naturelles sont sensibles aux

conditions aux limites. Ce cadre offre un outil efficace pour optimiser les

microstructures FG-MEE.

mots-clés: FGM ; micro-poutres magnéto-électro-élastiques ; théories de

poutres d’ordre supérieur ; MCST ; DQ-FEM.
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1 General Introduction

Magneto-electro-elastic (MEE) materials have garnered widespread attention

due to their multifunctional capabilities, which arise from the coupling of

mechanical, electrical, and magnetic fields. These smart materials are integral

to advanced engineering applications, including sensors, actuators, and energy

harvesters. A thorough understanding of their mechanical behavior, particularly

within microbeam structures, is crucial for optimizing their performance and

reliability in practical applications [1, 2, 3, 4].

Further enhancing the capabilities of these materials, the concept of

functionally graded materials (FGMs) allows for the continuous variation of

material properties in specific directions. FGMs offer significant advantages

such as enhanced thermal protection, sound insulation, and the absorption of

energy and electromagnetic waves [5, 6]. The integration of MEE properties

with functionally graded structures (MEE-FGMs) in thin beams and plates

has become a prominent area of research. Bhangale and Ganesan [7] initiated

work in this domain by investigating the free vibration of anisotropic and linear

MEE-FGM plates. Subsequent research has explored various facets of these

materials. Sladek et al. [8] proposed a meshless method for the bending analysis

of circular MEE-FGM plates. Mahesh [9] examined the impact of porosity on the

nonlinear deformation of MEE-FGM smart shells under combined loads. Zhang
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et al. [10] analyzed the static bending and free vibration of transversely isotropic

MEE beams by considering microstructure and foundation effects. Hong et al.

[11] studied the bending and vibration of FG MEE Timoshenko microbeams

and later extended this work to wave propagation analysis [12]. Qu et al. [13]

developed a microstructure-dependent anisotropic MEE Mindlin plate model

using a modified couple stress theory.

Experimental evidence has consistently shown that thin beams and plates

exhibit size-dependent behavior, a phenomenon that classical continuum theories

cannot predict at the micro and nano scales due to the absence of material

length scale parameters [14, 15]. To address this, various non-classical continuum

mechanics models have been developed. These include couple stress theories [16,

17, 18], strain gradient theories [19, 20, 21], and nonlocal elasticity [22]. These

advanced theories have been instrumental in creating size-dependent structural

models. For instance, nonlocal theories have been applied to develop MEE beam

and plate models that capture non-local size effects [23, 24, 25, 26]. Furthermore,

Lim et al. [27] introduced a nonlocal strain gradient theory that incorporates

both nonlocal and strain gradient effects, which has been used to solve bending,

buckling, and free vibration problems in FGM beams [28, 29].

Recent advancements continue to refine the understanding of size effects

in MEE structures. Wang et al. [30] introduced an isogeometric model

to investigate size-dependent effects in MEE microbeams, emphasizing the

role of gradient index variations. Zheng et al. [31] performed a nonlinear

bending analysis of nonlocal MEE laminated nanobeams, highlighting the

influence of boundary conditions and external potentials. Alibeigi et al.

[32] explored the thermal buckling of MEE nanobeams using von Kármán’s

nonlinear equations. Ghobadi et al. [33] investigated the nonlinear vibrations of
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flexoelectric functionally graded nano-plates under a magnetic field. Extending

this, Zheng et al. [34] analyzed the nonlinear deformations of MEE nanobeams

on an elastic foundation using a modified couple stress theory. Habibi et al.

[35] studied the free vibration of MEE nanobeams in a thermal environment. In

the realm of buckling, Alibeigi and Tadi Beni [36] focused on size-dependent

magneto-electromechanical buckling using strain gradient theory. Zheng

et al. [37] analyzed the nonlinear postbuckling behavior of MEE laminated

microbeams. Further contributions include the continuum-based model for

functionally graded conical nano/microshells proposed by Fattaheian Dehkordi

and Tadi Beni [38] and the nonlinear dynamic model for geometrically imperfect

MEE nanobeams developed by Lyu and Ma [39]. Recent models, such as the

axially functionally graded (AFG) micro-beam based on the reformulated strain

gradient elasticity theory (RSGET), have been developed to analyze static and

dynamic responses at the micro-scale [40]. Isogeometric analysis (IGA) has also

been applied to MEE-FG microplates to study microstructure effects [41], and

a new IGA model for MEE curved microbeams considers size effects through

the modified couple stress theory (MCST) [30]. The importance of size effects

is further underscored by studies on non-circular nanorods [42], functionally

graded porous nanotubes [43, 44], and the influence of the flexoelectric effect

[33, 45]. The profound impact of microstructure effects, nonlocal elasticity,

and flexoelectricity on vibration, band gap formation, and stability has been

demonstrated in various studies [46, 47]. Civalek et al. [48] also highlighted

the nonlinear stability of perforated nanobeams. Further research has delved

into the thermal vibration and stability of MEE FG porous nanobeams [49],

3D thermal wave propagation in sandwich nanoplates [50], and the behavior of

three-layer curved nanobeams in thermal MEE environments [51].
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To accurately model the behavior of such complex structures, various beam

theories have been employed. These range from the first-order shear deformable

beam theory (FSBT) and higher-order shear deformable beam theory (HSBT)

to the more comprehensive quasi-3D (Q3D) theory. While FSBT is the simplest,

it requires a shear correction factor [52, 53]. HSBTs were developed to improve

the transverse shear stress distribution, thereby eliminating the need for a shear

correction factor [54]. However, for thick functionally graded beams where

normal strain and stretch effects are significant, Q3D theories that account for

these effects are more appropriate [55, 56].

In recent decades, numerical and semi-numerical methods like the finite

element method (FEM) and the generalized differential quadrature method

(GDQM) have become popular for solving the complex differential equations

associated with these structural elements. These methods offer efficiency,

flexibility, and precision in handling complex geometries, interactions, and

boundary conditions. For example, Bensaid and Saimi [57] used GDQM to

study the dynamics of functionally graded porous beams on a viscoelastic

foundation. Dahmane et al. [58] employed FEM to investigate the influence

of cracks on the dynamic behavior of bidirectional imperfect FG beams. The

differential quadrature finite element method (DQFEM) has been used to

study the dynamics of on-board shafts [59] and the vibration and buckling

of nano-composite beams [60]. Combined approaches, such as DQFEM with

MCST, have been utilized to analyze the dynamic behavior of microbeams

[61, 62].

Coated beams with piezoelectric and magneto-electro-elastic functionally

graded materials are finding increasing use in applications requiring controlled

vibration, energy harvesting, and precise actuation. These include smart
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vibration damping in aerospace, energy harvesting in remote sensing devices,

and structural health monitoring in critical infrastructure. However, many

existing studies rely on simplified beam theories and do not fully account for

the complex interactions in bi-coated structures at the microscale. Specifically,

the integration of quasi-3D beam theories with robust numerical methods like

DQ-FEM for bi-coated MEE-FG microbeams remains an underexplored area.

To address these research gaps, this study aims to develop a comprehensive

model for a bi-coated, multidirectional functionally graded MEE microbeam.

The model will incorporate microstructural effects using the modified couple

stress theory (MCST) and will be analyzed using a quasi-3D beam formulation

in conjunction with the DQ-FEM. This novel approach is expected to

provide more accurate predictions of the bending and vibration behavior of

advanced microbeam structures. The insights gained will be critical for

the design and optimization of next-generation MEMS/NEMS devices, smart

sensors, precision actuators, and energy harvesters that operate under coupled

magneto-electro-mechanical fields.
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2 Objectives & Contributions

Building upon the gaps identified in the existing literature, this

research is motivated by the need for a more accurate, efficient, and

comprehensive modeling framework for Magneto-Electro-Elastic Functionally

Graded (MEE-FGM) microbeams. Current models often rely on simplified beam

theories, neglect microstructural size effects, or are limited to simple geometries,

thereby failing to capture the full complexity of the multi-field coupling behavior

in advanced micro-devices.

The primary goal of this thesis is to develop and validate a high-fidelity

computational model to predict the static and dynamic behavior of MEE-FGM

microbeams with complex configurations. To achieve this overarching aim, the

following specific objectives have been established:

2.1 Primary Objectives

1. To Develop a Comprehensive Mathematical Framework:

To formulate a unified mathematical model for the analysis of

MEE-FGM microbeams, specifically including sandwich and bi-coated

configurations. The framework will fully account for the coupled

magneto-electro-mechanical fields inherent to the material.

2. To Integrate Advanced Continuum and Structural Theories: To

synergistically combine a refined, high-order shear deformable (or quasi-3D)

beam theory with the Modified Couple Stress Theory (MCST). This

integration is intended to simultaneously and accurately capture both

macroscopic shear deformation and thickness stretching effects, as well as

microscopic, size-dependent stiffening phenomena.

3. To Implement an Efficient and Accurate Numerical Solution
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Scheme: To develop and apply a robust numerical code based on the

Differential Quadrature Finite Element Method (DQ-FEM) to solve the

complex system of coupled governing differential equations derived from

the model. The focus will be on achieving high accuracy and computational

efficiency compared to conventional numerical methods.

4. To Validate the Proposed Model Rigorously: To verify the

accuracy, convergence, and reliability of the developed model by comparing

its numerical predictions with established results from the literature

for simplified cases, such as isotropic beams or structures where

magneto-electric coupling or size effects are neglected.

5. To Conduct a Comprehensive Parametric Investigation: To utilize

the validated model to perform a systematic analysis of the static bending

and free vibration responses of MEE-FGM microbeams. This investigation

will aim to elucidate the influence of key parameters, including:

• The material property gradation index.

• The microstructural length scale parameter.

• The beam’s slenderness (length-to-thickness) ratio.

• Various boundary conditions.

• The composition and thickness of coating/sandwich layers.

2.2 Original Contributions

The successful completion of these objectives will result in several original

contributions to the field of computational solid mechanics and smart materials

modeling. The principal contributions of this thesis are anticipated to be:

1. A Novel, High-Fidelity Computational Model: The development

7
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of a new, unified computational tool capable of analyzing the complex

electromechanical behavior of MEE-FGM microbeams with advanced

sandwich and coated architectures. This model represents a significant

advancement over existing formulations that are often limited to simpler,

single-layer MEE beams.

2. A More Physically Realistic Formulation for Micro-Scale

Analysis: The synergistic integration of a refined beam theory with

the Modified Couple Stress Theory provides a more physically accurate

representation of microbeam behavior. This contribution bridges the gap

between macro-scale structural mechanics and micro-scale material physics,

leading to more reliable predictions for MEMS design.

3. Demonstration of a Computationally Superior Solution Method:

The successful application of the DQ-FEM to this class of complex,

multi-physics problems will highlight its advantages in terms of accuracy

and efficiency. This work will serve as a benchmark for the method’s

effectiveness in solving the coupled, higher-order differential equations that

govern smart microstructures.

4. New Benchmark Results and Design Insights: The parametric

studies will generate a new set of benchmark data for the bending and

vibration of MEE-FGM microbeams, which are currently scarce in the

literature. These results will not only serve as a reference for future

researchers but will also provide critical design insights for engineers

working on the optimization of micro-sensors, actuators, energy harvesters,

and other MEMS/NEMS devices.
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3 Thesis Outline

This thesis is organized into a general introduction, two main parts, and

is concluded with a synthesis of the findings alongside recommendations for

future research. The structure aims not only to provide the necessary theoretical

foundation but also to highlight the novel scientific contributions in a logical

progression.

• Part One establishes the theoretical and conceptual background. It

consists of three chapters that review the state of knowledge on Functionally

Graded Materials (FGMs), Piezoelectric and Piezomagnetic Materials, and

Beam Theory Formulations. Together, these chapters create the framework

upon which the original contributions of this thesis are built.

• Part Two focuses on the author’s original contributions. It includes the

development of a theoretical model, its numerical implementation, and

an in-depth discussion of numerical results. This progression reflects the

methodological path of the research, moving from modeling to computation

and finally to interpretation.

3.1 Chapter I: General Information on Advanced Materials

• The discussion begins with an overview of advanced materials such as

composites, piezoelectric materials, carbon nanotubes, and FGMs. These

materials are chosen due to their growing importance in high-performance

engineering applications.

• Special attention is given to micro- and nano-beams, as they serve as

essential structural components in MEMS/NEMS technologies. Their

relevance highlights both the motivation and the practical scope of this
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study.

• The chapter further examines critical size-dependent phenomena (scale

effects) that arise at micro- and nano-scales, stressing how these effects

interact with advanced materials to generate unique mechanical responses.

3.2 Chapter II: Knowledge of Functionally Graded Materials

• This chapter provides a critical review of the origins, conceptual

foundations, and application domains of FGMs. Their use in aerospace,

automotive, biomedical, and defense industries demonstrates their

versatility and significance.

• Mathematical formulations of property gradation are then presented,

emphasizing three widely used models: the Exponential Law (E-FGM),

the Sigmoid Law (S-FGM), and the Power Law (P-FGM). The discussion

highlights how these gradation laws impact structural performance.

3.3 Chapter III: Piezoelectric and Piezomagnetic Materials in Microbeam
Applications

• Attention shifts to smart materials, particularly piezoelectricity and

piezomagnetism, which offer multifunctional capabilities in microbeam

systems.

• The notion of Functionally Graded Magneto-Electro-Elastic (MEE-FGM)

composites is introduced, underscoring their potential in coupling

mechanical, electrical, and magnetic fields.

• To provide a rigorous basis, the constitutive equations of transversely

isotropic MEE materials are discussed, capturing the coupled behavior

essential for modeling advanced microbeam structures.
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3.4 Chapter IV: Beam Theory Formulation

• A thorough review of beam theories is presented, moving from the classical

models (CBT, TBT) to advanced formulations such as Higher-Order

Shear Deformation Theories (HSDTs), Refined Beam Theories (RBT), and

Quasi-3D (Q3D) approaches. Each theory is critically assessed in terms of

its ability to capture deformation and stress distribution.

• The Modified Couple Stress Theory (MCST) is introduced as a key

framework for incorporating size-dependent effects at micro-scales.

• The integration of MCST into different beam theories (EBT, TBT, RBT,

HSDTs) is then explored, laying the foundation for the size-dependent

models developed in the subsequent chapters.

3.5 Chapter V: Variational Formulation for Magneto-Electro Functionally
Graded Microbeams based on a Quasi-3D Beam Theory

• The chapter begins with the application of variational principles to derive

the governing equations of magneto-electro-elastic microbeam systems.

• Using a Quasi-3D formulation, detailed mathematical models are

constructed for three configurations:

1. Magneto-Electro Functionally Graded Sandwich Microbeams.

2. Magneto-Electro Bilaterally Coated Functionally Graded Microbeams.

3. Magneto-Electro Bi-Coated Functionally Graded Microbeams.

• This discussion emphasizes how each configuration captures different

physical mechanisms and boundary-layer effects.
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3.6 Chapter VI: Numerical Implementation using the Differential
Quadrature Finite Element Method (DQ-FEM)

• The focus then turns to the numerical implementation. The rationale for

adopting the DQ-FEM is first discussed, highlighting its efficiency and

accuracy in solving high-order governing equations.

• The step-by-step implementation procedure is described for each

microbeam configuration, covering discretization, interpolation, and the

handling of coupled fields.

• The formulation of the elemental and global system matrices (mass,

stiffness, and coupling terms) is presented, with attention to the role of

boundary conditions in ensuring accurate solutions.

3.7 Chapter VII: Numerical Results and Discussion

• Model Validation and Convergence Study: The chapter begins with

a convergence study to confirm the robustness of the DQ-FEM. Validation

against published benchmarks ensures the credibility of the developed

models.

• Parametric Analysis of Sandwich MEE-FGM Microbeams: The

static and dynamic responses are investigated under varying material,

geometric, and loading parameters.

• Parametric Analysis of Bilaterally Coated MEE-FGM

Microbeams: The influence of external coatings is analyzed to understand

their role in enhancing or modifying structural behavior.

• Parametric Analysis of Bi-Coated MEE-FGM Microbeams: The

third configuration is examined in detail, followed by a comparative

discussion across all three cases, synthesizing the main findings and trends.
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General Conclusion and Future Work

• The thesis concludes by summarizing the major findings and highlighting

the novel contributions to the modeling and analysis of advanced

microbeams.

• The broader implications for the design and optimization of MEMS/NEMS

devices are discussed, linking the theoretical framework to practical

applications.

• Finally, the limitations of the present work are acknowledged, and concrete

directions for future research are proposed, paving the way for further

developments in the field.
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General Information on Advanced Materials

1 Introduction

The last decades have witnessed remarkable progress in the development of
advanced materials, which have been designed to meet the ever-increasing demands
of engineering, biomedical, and defense applications. Unlike traditional materials such
as steels and aluminum alloys, advanced materials are distinguished by their engineered
microstructures, multifunctionality, and adaptability to extreme environments. These
advances have been made possible thanks to progress in metallurgy, polymer science,
nanotechnology, and processing techniques [63, 64].

Historically, the study of metals and alloys has been central to materials science.
Henri Godfroid [63], in his seminal book Métallurgie pour mécaniciens (1950), outlined
the fundamental properties of alloys and their heat treatments, laying the groundwork
for the controlled modification of material performance. Later, B. Craig [65] discussed
the limitations of alloying in steels and the critical role of hydrogen effects, emphasizing
the importance of microstructural integrity in demanding environments. Similarly,
Rajput [64], in Manufacturing Technology (2008), detailed industrial processes for
shaping and treating materials, underscoring the link between processing and final
performance.

The continuous search for materials that could outperform conventional alloys
has resulted in the development of composites, smart materials, nanomaterials, and
functionally graded materials (FGMs). These innovations have progressively expanded
the application domains of materials science, from the aerospace sector to biomedicine
and microelectronics.

2 General Information on Advanced Materials

Advanced materials can be defined as materials with superior or specifically
tailored properties, designed for critical applications where conventional materials are
inadequate. They can be metallic, ceramic, polymeric, or hybrid in nature, and they
often integrate nanoscale or microscale engineering. Pantelakis and Alexopoulos [66]
emphasized that lightweight aluminum alloys have been re-engineered to meet the
stringent mechanical performance requirements in automotive and aerospace sectors.
Their review highlighted how advanced wrought alloys provide improved fatigue life
and mechanical stability.
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What differentiates advanced materials from traditional ones is not only their
higher strength-to-weight ratio but also their multifunctionality. Some, such as
piezoelectric ceramics, combine sensing and actuation; others, like carbon nanotubes,
simultaneously provide extraordinary electrical, thermal, and mechanical performance.
This multifunctionality is particularly relevant in modern engineering, where one
component is often expected to perform several functions at once.

3 Composite Materials

Composite materials represent one of the earliest and most impactful classes
of advanced materials. They are defined as engineered combinations of two or
more phases, typically a matrix and a reinforcement, that together provide superior
performance. Early theories of composite mechanics were rigorously treated by Jones
[67] in Mechanics of Composite Materials (1999), a cornerstone text in the field. Reddy
[68], in his authoritative work Mechanics of Laminated Composite Plates and Shells,
extended the analysis of composites to plates and shells, providing theoretical and
analytical models for aerospace and structural applications.

The importance of composites lies in their design flexibility. Gibson [69] emphasized
in Principles of Composite Material Mechanics (1994) that by adjusting fiber
orientation, stacking sequence, and matrix properties, engineers can create materials
tailored for stiffness, damping, or thermal resistance. Chen and Davalos [70], in a
key article published in International Journal of Solids and Structures (2005), studied
sandwich honeycomb structures, which have become essential in lightweight designs
due to their excellent stiffness-to-weight ratio.

4 Piezoelectric Materials

Piezoelectric materials are smart materials that couple mechanical and electrical
phenomena. They can sense deformations (acting as sensors) or generate deformations
under an applied electric field (acting as actuators). Rao and Sunar [71], in a
comprehensive survey in Applied Mechanics Reviews (1994), analyzed the role of
piezoelectricity in disturbance sensing and control of flexible structures, marking a
turning point in the integration of smart materials into engineering systems.

The growing interest in piezoelectric materials is further illustrated by the work
of Lee, Zhang, Bar-Cohen, and Sherrit [72], who reviewed sensors and actuator
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technologies in the journal Sensors (2014). Their study emphasized the versatility
of piezoelectrics in applications ranging from aerospace to medical devices, where
miniaturized and efficient sensing/actuation are critical.

Today, piezoelectric ceramics and polymers are extensively used in aerospace
vibration suppression, biomedical ultrasound imaging, robotics actuation systems, and
energy harvesting devices. Their ability to provide both mechanical and electrical
functionality makes them indispensable in the development of next-generation smart
structures.

Applications of composites span a wide range: from aerospace structures (aircraft
fuselage, turbine blades) to civil engineering (bridges, buildings) and biomedical
devices. Their success stems from their ability to combine the strengths of different
materials while mitigating their individual weaknesses.

5 Carbon Nanotubes

The discovery of carbon nanotubes (CNTs) by Sumio Iijima in Nature (1991) [73]
represented a revolution in nanotechnology. CNTs are cylindrical structures made
of rolled graphene sheets, existing in single-wall (SWCNT) or multi-wall (MWCNT)
forms. Their exceptional mechanical, thermal, and electrical properties have since
attracted intense research attention.

Sandler et al. [74], in Composites Part A (2002), studied CNT-reinforced
polyether ether ketone (PEEK) composites and demonstrated significant enhancements
in stiffness and toughness. Gong et al. [75], in Chemistry of Materials (2000),
proposed surfactant-assisted methods to improve CNT dispersion in polymer matrices,
addressing one of the major challenges in nanocomposite fabrication.

Fundamental studies by Wong, Sheehan, and Lieber [76] in Science (1997) revealed
the elasticity, strength, and toughness of nanorods and nanotubes, while Wang and
colleagues [77, 78] investigated their torsional buckling and resonance phenomena.
These works provided insights into the unique nanomechanical behavior of CNTs.

CNTs are currently being applied in nanocomposites, nanoelectronics, energy
storage systems, sensors, and actuators, demonstrating their dual role as both
structural reinforcements and functional nanoscale devices.
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6 Functionally Graded Materials (FGM)

Functionally graded materials (FGMs) represent an innovative class of materials
with gradually varying composition and properties across their volume. This concept
was first developed in Japan during the 1980s for aerospace and nuclear applications,
where materials needed to withstand extreme thermal gradients.

Suresh and Mortensen [79], in their pioneering monograph Fundamentals
of Functionally Graded Materials (1998), outlined the processing routes and
thermomechanical behavior of FGMs, focusing particularly on graded metals and
metal-ceramic composites. Pindera, Arnold, Aboudi, and Hui [80] provided
an extensive review in Composites Engineering (1994), examining the use of
composites as precursors to FGMs and highlighting their potential in high-performance
structures. More recently, Birman and Byrd [81], in Applied Mechanics Reviews
(2007), synthesized modeling approaches and structural applications, providing a
comprehensive framework for understanding FGM behavior.

FGMs address a major limitation of conventional laminated composites: the sharp
material interface, which often leads to stress concentrations and delamination [67, 68].
By ensuring a smooth property transition, FGMs significantly improve durability and
thermal resistance. Applications are found in:

• Aerospace: thermal barrier coatings in turbine blades and re-entry vehicles.

• Biomedical engineering: implants with graded porosity for enhanced
biocompatibility.

• Defense: graded armor systems combining hardness and energy absorption.

7 Micro- and Nano-Beams

The rapid development of microelectromechanical systems (MEMS) and
nanoelectromechanical systems (NEMS) has brought significant attention to the study
of structural elements at small scales, particularly micro- and nano-beams. These
beams, often fabricated from advanced materials such as silicon, carbon nanotubes
(CNTs), or functionally graded composites, exhibit mechanical behaviors that differ
fundamentally from their macroscale counterparts.
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7.1 Motivation and Applications

Micro- and nano-beams are essential components in:

Sensors and actuators: for detecting pressure, acceleration, or chemical
environments.

Resonators and oscillators: used in time-keeping devices and communication
systems.

Energy harvesting devices: converting mechanical vibrations into electrical energy
at micro/nano scales.

Biomedical devices: including drug delivery systems and microsurgical tools.

For instance, CNT-based nano-beams have demonstrated exceptional stiffness and
unique vibrational properties [73]-[78], making them attractive in NEMS applications.
Similarly, functionally graded micro-beams are increasingly studied for their ability to
handle thermal gradients and complex boundary conditions.

7.2 Scale Effects in Micro/Nano Beams

Unlike conventional beams, micro- and nano-beams exhibit size-dependent effects.
Classical continuum theories (such as Euler–Bernoulli or Timoshenko beam theory)
often fail to predict their behavior accurately because they neglect small-scale
phenomena. Researchers have introduced non-classical continuum theories to capture
these effects, including:

Nonlocal elasticity theory (Eringen): accounting for long-range interatomic
interactions.

Strain gradient theories: incorporating higher-order deformation gradients to
describe size effects.

Surface elasticity models: recognizing that at small scales, surface stresses
significantly influence the overall response.

Wong, Sheehan, and Lieber [76] were among the first to experimentally demonstrate
that the elasticity and toughness of nanotubes could not be explained by classical
theories, motivating the adoption of nonlocal models. Later works by Wang
and collaborators [77, 78] studied buckling and resonance behaviors of CNT-based
nano-beams, further confirming the necessity of size-dependent models.

20



General Information on Advanced Materials

7.3 Coupling with Advanced Materials

The integration of advanced materials into micro/nano-beam structures further
enhances their functionality:

Composite micro-beams: offer high stiffness-to-weight ratios and can be tailored for
specific frequencies.

Piezoelectric micro-beams: enable simultaneous actuation and sensing in MEMS
devices [71, 72].

CNT-reinforced beams: provide superior mechanical and electrical properties,
crucial for NEMS [74, 75].

FGM micro-beams: mitigate stress concentrations and improve thermal resistance,
essential in harsh environments [79]-[81].

The synergy between advanced materials and small-scale beam structures has
opened up a wide spectrum of applications in smart systems, nanotechnology, and
energy-efficient devices.

8 Conclusion

This chapter has provided a comprehensive overview of advanced materials, tracing
their evolution from classical metallurgy to contemporary composites, piezoelectrics,
carbon nanotubes , and functionally graded materials . An additional section was
dedicated to micro- and nano-beams, highlighting their fundamental importance in
MEMS and NEMS technologies.

While composites have revolutionized lightweight structures, piezoelectric materials
have introduced smart functionality. CNTs have bridged the gap between
nanotechnology and materials science, while FGMs have resolved issues related to
stress concentrations and material interfaces. Micro- and nano-beams represent the
structural embodiment of these advanced materials at small scales, where size effects
and multifunctionality converge.

This foundation prepares the ground for the detailed exploration of functionally
graded porous beams and tubes under thermomechanical environments, which will be
the focus of the subsequent chapters.

The unique adaptability of FGMs makes them a focal point in current research,
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particularly in the design of structures exposed to coupled thermomechanical and
dynamic environments.
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Knowledge of functionally graded materials

1 Introduction

The relentless demand for high-performance materials capable of operating under
severe thermo-mechanical loading conditions has consistently driven innovation in
materials science. Traditional composite materials, such as laminates, have offered
significant advantages in terms of strength-to-weight ratio and stiffness. However,
their layered structure, characterized by abrupt interfaces between dissimilar materials,
creates inherent weaknesses. These interfaces act as sites for stress concentration, often
leading to delamination, micro-cracking, and catastrophic failure, particularly under
large thermal gradients [82].

To overcome these fundamental limitations, a new class of advanced composites,
known as Functionally Graded Materials (FGMs), was developed. An FGM is a
spatially inhomogeneous material where the volume fractions of the constituent phases
vary continuously and smoothly in one or more directions. This gradual transition, from
a ceramic-rich surface to a metal-rich core, for instance, eliminates the problematic
interfaces found in conventional composites. The result is a monolithic component
with a smooth gradient in its mechanical, thermal, and electrical properties, tailored to
meet specific functional requirements (figure 1). This chapter presents a comprehensive
review of FGMs, tracing their historical origins, explaining their core concept, exploring
their diverse application domains, and detailing the principal mathematical laws used
to model their unique property variations [82].
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Figure 1: Conceptual illustration of the FGM solution: (a) A conventional laminated
composite showing stress concentration and delamination at the sharp interface
under a thermal gradient. (b) An FGM with a smooth property transition, enabling
a much smoother stress distribution.

2 Historical Development of Functionally Graded Materials

The innovative concept of "Functionally Graded Materials" (FGMs) was born in 1984
at the Sendai National Aerospace Laboratory on Honshu Island, Japan [83, 84], through
the work of M. Niino and his colleagues [85]. The initial idea was to engineer materials
capable of serving as thermal barriers for space structures and fusion reactors. This new
class of composite materials is characterized by continuous variations in composition,
microstructure, and even porosity, which in turn create gradients in material properties
like mechanical strength and thermal conductivity.The potential applications for these
novel materials are vast, including thermal barrier coatings for ceramic engines, gas
turbines, and optical thin films [86], (figure 2).

Recognizing the immense potential of this technology, the Japanese government
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initiated a significant national project in 1987 titled, "Research on Basic Technology
for the Development of Functionally Graded Materials and the Study of Thermal Stress
Relaxation." The primary goal of this endeavor, which involved 17 national research
laboratories, universities, and companies, was to develop materials with structured
properties to act as thermal barriers in aerospace applications.[83, 84, 87]

The design of a material capable of withstanding a surface temperature of 1800°C
and a temperature gradient of approximately 1300°C was guided by three key
characteristics:

• High thermal resistance and oxidation resistance on the material’s surface layer.

• Toughness on the lower-temperature side of the material.

• Effective relaxation of thermal stress throughout the material.

To achieve these demanding specifications, the foundational concept of FGM was
to create a novel composite that capitalized on the properties of both ceramics
(for the high-temperature side) and metals (for the low-temperature side). By
the conclusion of the project’s first phase (1987-1989), researchers had successfully
produced small-scale experimental pieces, typically 1-10 mm thick and 30 mm in
diameter. These samples demonstrated the ability to endure surface temperatures up
to 2000K and a temperature gradient of 1000K. The fabrication of these materials with
graded composition and structure was accomplished using four distinct techniques:

• Chemical vapor deposition (CVD) for the SiC/C system.

• Dry powder compaction for the PSZ/Mo system.

• High-temperature self-propagating synthesis for the TiB2/Cu system.

• Dual-torch plasma spraying for the (Ni-Cr-Al-Y)/(ZrO2-Y2O3) system.

The second phase of the project, from 1990 to 1991, focused on scaling up production
to create larger parts with more intricate shapes than those developed in the initial
phase [88].

Throughout the 1990s, the applications for FGMs expanded beyond
high-temperature structural materials to include other fields such as biomechanics and
optical sensor technology. This period saw the production of larger and more complex
components for these new applications.
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In 1992, significant advancements were made in enhancing the efficiency of FGMs
in photoelectric, thermoelectric, and thermonuclear energy conservation [89]. These
successes led to the launch of a new national project in 1993, known as "research
on materials for energy conservation with the functional gradient structure plan," or
"FGM Part II." This program, promoted by the Science and Technology Agency, aimed
to apply FGM technology to improve the efficiency of various energy conservation
methods, including solar, nuclear, photovoltaic, and thermoelectric energy.

Figure 2: A timeline highlighting the key milestones in the historical development
of Functionally Graded Materials, from the initial concept in the Japanese space
program (1984) to global research expansion and diversification of applications.

3 The Concept of FGMs

The fundamental principle of an FGM lies in the deliberate engineering of its
microstructure to produce a non-uniform macroscopic property distribution. Unlike
homogeneous materials or composites with distinct phases, an FGM is a continuum
of material properties. The transition between the constituent materials (e.g., a
ceramic and a metal) is so smooth that no discrete interface exists. This eliminates
interface-related failure modes and allows for the multifunctional optimization of a
single component,(figure 3).

The key benefits derived from this graded concept are:

• Stress Relaxation: The primary advantage is the reduction of stress
concentrations. In an FGM thermal barrier, the gradual change in the coefficient
of thermal expansion (CTE) prevents the buildup of large internal thermal
stresses.
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• Enhanced Bonding Strength: The elimination of sharp interfaces leads to
superior bonding and adhesion between the material constituents.

• Tailored Functionality: Properties like hardness, wear resistance, density, and
thermal conductivity can be precisely controlled and located where they are most
needed.

• Improved Fracture Toughness: The ductile metallic phase in a ceramic-metal
FGM can act to arrest cracks that may initiate in the brittle ceramic phase,
improving overall toughness and reliability.

Figure 3: A detailed schematic illustrating the FGM concept. The diagram shows
the continuous change in microstructure and the corresponding smooth gradient in
properties (e.g., Young’s Modulus, Temperature) across the material’s thickness.

4 Application Domains of FGMs

The versatility and superior performance of FGMs have made them attractive for a
wide array of high-technology applications.
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4.1 Aerospace Domain

The aerospace industry remains the primary beneficiary of FGM technology.
Applications include thermal barrier coatings (TBCs) on turbine blades and
combustors, rocket nozzles, and leading edges of hypersonic vehicles. FGM TBCs
provide superior protection against oxidation and high-temperature corrosion while
minimizing thermal stresses, leading to longer component life and higher engine
efficiency,(figure 4).

Figure 4: Illustration of an FGM thermal barrier coating on a jet engine turbine
blade, showing the gradient from a ceramic outer layer (resisting heat) to a metallic
superalloy substrate (providing strength).

4.2 Automotive Industry

In the automotive sector, FGMs are being explored for components that require
high wear resistance and excellent thermal management. Examples include brake
discs, pistons, valves, and cylinder liners. An FGM brake disc, for instance, could
have a friction-resistant ceramic surface and a high-thermal-conductivity metal core to
dissipate heat effectively, preventing brake fade and increasing durability,(figure 5).

Figure 5: FGM based on copper–alumina composites for brake disc applications
[90].

29



Knowledge of functionally graded materials

4.3 Biomedical Domain

FGMs offer revolutionary solutions for medical implants, such as orthopedic
prostheses (hip and knee joints) and dental implants. The goal is to mimic the natural
property gradients found in human bone. An FGM hip implant can feature a bioactive
ceramic surface (like hydroxyapatite) to promote bone ingrowth (osseointegration),
which transitions to a strong, inert metallic core (like titanium alloy) to bear
physiological loads, reducing stress shielding and implant loosening,(figure 6).

Figure 6: Concept of an FGM hip implant, showcasing the gradient from a bioactive
outer surface to a high-strength metallic core, designed to improve biocompatibility
and mechanical performance.

4.4 Defense and Armor

For defense applications, FGMs provide a promising avenue for developing
next-generation armor systems with enhanced ballistic protection. An FGM armor
plate can be designed with an extremely hard ceramic impact face that shatters
incoming projectiles, followed by a graded layer that transitions to a tough, ductile
metallic back plate. This configuration dissipates impact energy more effectively than
traditional layered armor, offering superior protection at a lower weight,(figure 7).
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Figure 7: Illustration of a projectile impacting an FGM armor plate. The diagram
shows how the hard ceramic front face breaks up the projectile, while the graded
and ductile rear layers absorb the kinetic energy.

5 Governing Laws for Property Variation in FGM Beams

The exact gradation forms of FG material are not available. However, there
are various mathematical laws that can be used to represent the volume fraction
distribution in FG material. The material properties vary depending on the volume
fraction distribution [91], which shows the continuously graded microstructure of an
FG material. In the case of an FG shaft, the volume fraction varies in the radial
direction [92], as shown in Figure 8.
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Figure 8: FGM material Gradation.

The first inner layer is composed solely of metal; as one moves towards the outer
thickness direction, the fractional volume of the metal decreases and that of the ceramic
increases. Thus, the outer layer is composed of 100% ceramic. The position dependence
is obtained using the Voigt model, which provides a simple rule for composite materials.
The material properties for each layer are expressed in equation 1:

To analyze and design FGM components, a mathematical description of the material
property variation is required. The effective material property P at any point (e.g.,
Young’s modulus E, Poisson’s ratio ν, density ρ) is typically modeled as a function
of the volume fractions of the constituent materials. The Voigt rule of mixtures is a
common and simple approach:

P (z) = PcVc(z) + PmVm(z) (1)

where subscripts c and m denote the ceramic and metal phases, respectively, and V (z)
is the volume fraction at a position z through the thickness. Since Vc(z) + Vm(z) = 1,
the property can be written as P (z) = (Pc − Pm)Vc(z) + Pm. The following laws define
the function Vc(z).

Different mathematical models have been developed over the years by researchers
to accurately predict the distribution. These include the power law, exponential law,
and sigmoid law, which are the most widely used laws for grading FG materials.
However, the majority of previous works have used power law grading in the case
of FG microbeams.
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5.1 The Exponential Law (E-FGM)

The Exponential Law describes a property distribution where the material changes
rapidly at first and then more slowly as it approaches the pure constituent. This law
can be more physically representative of certain diffusion-based fabrication processes.
An effective property P (z) for a plate of thickness h varying from a metal-rich bottom
(z = −h/2) to a ceramic-rich top (z = h/2) can be modeled as:

P (z) = Pme( 1
h

ln( Pc
Pm

))(z+ h
2 ) (2)

This formulation ensures that P (−h/2) = Pm and P (h/2) = Pc. The exponential
variation provides a smooth profile with non-zero property gradients at the boundaries.

Figure 9: Variation of an effective material property across the thickness of an
E-FGM beam.

5.2 The Sigmoid Law (S-FGM)

The Sigmoid Law (S-FGM) uses two power-law functions to create a smooth,
S-shaped property distribution. This is useful for modeling FGMs with distinct surface
layers that transition through a graded interlayer. For a plate of thickness h with pure
metal at the bottom and pure ceramic at the top, the volume fraction of the ceramic
phase Vc(z) can be given by:

Vc(z) =



1
2

(
h
2 + z

h
2

)k

, −h
2 ≤ z ≤ 0,

1 − 1
2

(
h
2 − z

h
2

)k

, 0 ≤ z ≤ h
2 .

(3)
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A more continuous form uses a logistic or hyperbolic tangent function, which
provides a smooth transition centered around the mid-plane of the graded region. This
allows for finer control over the start and end of the gradation.

Figure 10: S-shaped distribution of the volume fraction in an S-FGM

5.3 The Power Law (P-FGM)

The Power Law is the most widely adopted and extensively studied model for FGMs
due to its simplicity, versatility, and ease of integration into analytical and numerical
solutions. It describes the volume fraction of one of the constituents as a power function
of the spatial coordinate [93].

For a typical FGM plate of thickness h, where the coordinate z varies from the
bottom surface (z = −h/2, pure metal) to the top surface (z = h/2, pure ceramic),
the volume fraction of the ceramic phase, Vc(z), is defined as:

Vc(z) =
(

z

h
+ 1

2

)p

, for p ≥ 0 (4)

Here, p is the power-law index or material gradation index, a dimensionless
parameter that dictates the profile of the material variation through the thickness.
The volume fraction of the metal phase is then simply Vm(z) = 1 − Vc(z).

Substituting Eq. 4 into the rule of mixtures, any effective material property P (z)
can be expressed as:

P (z) = (Pc − Pm)
(

z

h
+ 1

2

)p

+ Pm (5)

The power-law index p provides significant control over the material distribution,
as shown in Figure 11:
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• When p = 0: The volume fraction Vc(z) = 1 for all z. The material is fully
homogeneous ceramic.

• When p = 1: The volume fraction varies linearly from 0 at the bottom to 1 at
the top. This represents a linear FGM.

• When 0 < p < 1: The profile is convex. The material composition is metal-rich,
with a rapid transition to ceramic near the top surface.

• When p > 1: The profile is concave. The material is predominantly ceramic-rich,
with the transition to metal occurring rapidly near the bottom surface.

• As p → ∞: The volume fraction Vc(z) approaches 0 everywhere except at the
very top surface (z = h/2). The material becomes effectively homogeneous metal.

This flexibility makes the P-FGM model an invaluable tool for parametric studies,
allowing researchers to investigate how changes in the material gradation affect the
mechanical, thermal, and vibrational behavior of FGM structures.

Figure 11: Variation of the ceramic volume fraction Vc through the thickness of a
P-FGM beam for different values of the power-law index p.

6 Conclusion

Functionally Graded Materials represent a significant advancement in materials
science, offering a sophisticated solution to the long-standing problem of interface
failure in conventional composites. Born from the demanding requirements of the
aerospace industry, the FGM concept—characterized by a continuous and smooth
property gradient—has found diverse applications in fields ranging from biomedicine

35



Knowledge of functionally graded materials

to defense.

This chapter has provided a comprehensive overview of FGMs, covering their
historical context, the core principles of their design, and their primary application
domains. Furthermore, it detailed the key mathematical models used to describe their
property variations, with a particular focus on the versatile and widely-used Power-Law
model. This foundational understanding of FGM fabrication, concept, and modeling is
essential for the advanced structural analyses that will be undertaken in the subsequent
chapters of this thesis. The ability to mathematically control the material gradient is
the first and most critical step in designing and optimizing the next generation of
high-performance, multifunctional FGM structures.
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1 Introduction to Smart Materials: Piezoelectricity and
Piezomagnetism

Smart materials form the cornerstone of modern sensing and actuation technologies,
possessing the intrinsic ability to convert energy from one form to another. Among
these, piezoelectric and piezomagnetic materials have garnered significant attention
due to their unique electromechanical and magnetomechanical coupling behaviors.
Piezoelectric materials exhibit a linear relationship between mechanical stress and
electric polarization, while piezomagnetic materials demonstrate a similar coupling
between mechanical stress and magnetization. This chapter explores the fundamental
principles of these materials and their burgeoning applications in micro-scale structures,
particularly microbeams. Functionally graded materials (FGMs) represent a significant
advancement in material science, characterized by a continuous and gradual variation of
material properties in one or more directions. This tailored gradation offers numerous
advantages, including enhanced temperature resistance, improved sound insulation,
and effective energy and electromagnetic wave absorption [5, 6]. The integration
of piezoelectric and piezomagnetic phases within an FGM matrix has led to the
development of magneto-electro-elastic functionally graded materials (MEE-FGMs),
which are at the forefront of research in smart structures. Recent scientific endeavors
have focused on evaluating the mechanical behavior of structures with laminated
piezoelectric surfaces [94]. The study of MEE-FGMs in thin beams and plates has
become particularly prominent in recent years, with researchers investigating their
vibrational and bending characteristics.

2 Application of Piezoelectric and Piezomagnetic Materials
in Microbeams

The unique properties of piezoelectric and piezomagnetic materials make them
ideal candidates for integration into microbeam structures, serving as both sensors
and actuators. These smart microbeams find applications in a diverse range of fields,
including micro-electro-mechanical systems (MEMS), energy harvesting, and precision
instrumentation. Early research into MEE-FGM structures includes the work of
Bhangale & Ganesan [7] , who investigated the free vibration behavior of anisotropic
and linear MEE-FGM plates. This foundational work paved the way for more complex
analyses of smart micro and nano-scale structures. Khaje khabaz [94] later investigated
the active optimal vibration control of a micro-beam with integrated piezoelectric
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layers, considering small-scale effects through modified couple stress and surface stress
elasticity theories. Further advancements in the field have been made by researchers
such as Zhang [10], who analyzed the static bending and free vibration of a transversely
isotropic MEE beam, incorporating microstructure and foundation effects. Hong [11]
extended this research to study the bending and vibration of FG MEE Timoshenko
microbeams, later adding wave propagation analysis to their work [12]. These studies
highlight the critical role of material and geometric parameters in the performance of
MEE microbeams.

3 Functionally Graded Magneto-Electro-Elastic (MEE-FGM)
Microbeams

The concept of functionally graded materials has been revolutionary in the design
of MEE structures. By gradually varying the volume fraction of the constituent
piezoelectric and piezomagnetic phases, it is possible to tailor the material properties
to meet specific application requirements. This allows for the optimization of the
electromechanical and magnetomechanical coupling effects, as well as the overall
structural response. Sladek [8] proposed a meshless approach for analyzing the bending
of circular MEE-FGM plates, demonstrating the versatility of computational methods
in handling the complex material properties of these structures. Mahesh [9] conducted
an investigation into the effects of porosity on the nonlinear deformation characteristics
of functionally graded magneto-electro-elastic smart shells under simultaneous loads,
a critical consideration for the practical application of these materials. The
influence of microstructure on the behavior of MEE structures has also been a key
area of investigation. Qu [13] developed a microstructure-dependent anisotropic
magneto-electro-elastic Mindlin plate model using a modified couple stress theory.
This research underscores the importance of considering micro-scale phenomena in
the accurate modeling of these advanced materials.

4 Constitutive Equations for Transversely Isotropic
Magneto-Electro-Elastic Materials

To accurately model the behavior of MEE microbeams, it is essential to establish
the constitutive equations that govern the coupled mechanical, electrical, and magnetic
fields. For a transversely isotropic MEE material, where the properties are symmetric
about an axis of rotation, the constitutive relations can be expressed as follows.
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The stress tensor (σ), electric displacement vector (D), and magnetic induction
vector (B) are related to the strain tensor (ε), electric field vector (E), and magnetic
field vector (H) through a set of material property matrices. These equations form the
basis for analyzing the response of MEE structures to external stimuli.

The equations representing transversely isotropic magneto-electro-elastic materials
are given by:

Stress-Strain Relation



σ11 = c11ε11 + c12ε22 + c13ε33 − e31E3,

σ22 = c12ε11 + c11ε22 + c13ε33 − e31E3,

σ33 = c13(ε11 + ε22) + c33ε33 − e33E3,

σ23 = 2c44ε23 − e15E2,

σ13 = 2c44ε13 − e15E1,

σ12 = (c11 − c12)ε12.

(6)

Electric Displacement-Strain Relation


D1 = e15ε13 + κ11E1,

D2 = e15ε23 + κ11E2,

D3 = e31(ε11 + ε22) + e33ε33 + κ33E3.

(7)

Magnetic Induction-Strain Relation


B1 = m15ε13 + µ11H1,

B2 = m15ε23 + µ11H2,

B3 = m33ε33 + µ33H3.

(8)

Here, cij represents the elastic stiffness constants, eij are the piezoelectric constants,
mij are the piezomagnetic constants, κij are the dielectric permittivities, and µij are the
magnetic permeabilities. These equations, when coupled with the governing equations
of motion and boundary conditions, provide a complete mathematical framework for
the analysis of transversely isotropic MEE structures.

40



Piezoelectric and Piezomagnetic Materials in Microbeam Applications

Zhang et al. [10] utilized these fundamental equations in their analysis of transversely
isotropic MEE beams.

5 Conclusion

Piezoelectric and piezomagnetic materials, particularly when integrated into
functionally graded structures, offer remarkable potential for the development of
advanced microbeams with sensing and actuation capabilities. The continuous progress
in material science and computational mechanics allows for increasingly sophisticated
modeling and analysis of these complex MEE-FGM systems. The constitutive
equations for transversely isotropic MEE materials provide the theoretical foundation
for understanding and predicting the behavior of these smart structures. Future
research in this field is expected to focus on the further refinement of material models,
the exploration of novel applications, and the development of advanced manufacturing
techniques for the fabrication of these intricate micro-scale devices. The works of
Farajpour [1], Haghgoo [2], Sahmani [3], and Yakhno [4] are also relevant to this field,
although their specific contributions could not be detailed in this chapter.
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1 Introduction

In structural mechanics and civil engineering, a beam is defined as a slender
structural element whose length predominates over its transverse dimensions. This
geometric characteristic allows for a simplified analysis of its mechanical behavior
compared to an arbitrary three-dimensional solid body. Beam modeling, although
simplified, applies to a wide range of engineering components, provided that certain
geometric and loading assumptions are met. Beam theory constitutes a pillar of the
strength of materials, providing an analytical framework for determining the stress and
strain fields within these elements when subjected to external loads.

Beams are fundamentally three-dimensional structural elements, designed to
support loads that primarily induce bending and buckling stresses. Nevertheless, for
the purposes of analytical modeling, their geometry allows them to be idealized as
one-dimensional elements. This approach, though approximate, proves to be effective
and robust for studying the behavior of beams under transverse and axial loads.

The analysis of the mechanical behavior of beams, particularly concerning bending,
vibration, and buckling, has been the subject of numerous scientific investigations.
Several theories have been developed to model the deformation kinematics with varying
degrees of precision. Among the most fundamental models are:

1. The Euler-Bernoulli Beam Theory (EBT), which neglects the effect of shear
[95]. It is based on the kinematic hypothesis that plane sections normal to the
neutral axis before deformation remain so after deformation.

2. The First-Order Shear Deformation Theory (FSDT), or Timoshenko
Beam Theory (TBT), which accounts for the effect of shear by requiring a shear
correction factor [96]. This model relaxes the hypothesis of the conservation of
normality of the cross-section to the neutral axis.

3. Higher-Order Shear Deformation Theories (HSDT), which account for the
influence of shear more accurately, thereby avoiding the need for a shear correction
factor. These notably include:

• The Third-Order Shear Deformation Theory (TSDT), such as
Reddy’s theory [97].

• The Sinusoidal Shear Deformation Theory (SSDT), developed by
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Touratier [98].

• The Exponential Shear Deformation Theory (ESDT), introduced by
Karama et al. [99].

2 Classical and First-Order Beam Theories

2.1 Classical Beam Theory (CBT)

The earliest and simplest model is the Euler-Bernoulli Beam Theory, often referred
to as Classical Beam Theory (CBT). Its development is attributed to the works of
Jacob Bernoulli, Leonhard Euler, and Daniel Bernoulli in the 18th century. The core
kinematic assumption of CBT is that plane sections, which are initially normal to the
beam’s neutral axis, remain plane and normal to the neutral axis after deformation
[100]. This assumption implies that the effects of transverse shear deformation are
neglected. Consequently, CBT is highly accurate for slender, homogeneous beams
where bending is the dominant deformation mode, but it significantly overestimates
stiffness and natural frequencies for thick or deep beams where shear effects become
non-negligible.

Figure 12: Kinematic assumption of Classical Beam Theory (Euler-Bernoulli),
where a plane section remains plane and normal to the deformed neutral axis,
implying zero transverse shear strain (γxz = 0).

Let us consider a beam with its longitudinal axis along the x-coordinate and its
cross-section in the y − z plane. For bending in the x − z plane, the displacement field
according to CBT can be derived from the kinematic assumptions. Let u(x, z, t) be the
displacement in the x-direction and w(x, z, t) be the displacement in the z-direction.
The assumption that the transverse displacement is constant through the thickness
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implies:
w(x, z, t) = w0(x, t) (9)

where w0(x, t) is the transverse displacement of any point on the neutral axis (z = 0).

The assumptions that plane sections remain plane and normal to the deformed
neutral axis mean that the axial displacement u is a linear function of z. The rotation
of the cross-section is equal to the slope of the deflected neutral axis, θy(x, t) = ∂w0(x,t)

∂x
.

Therefore, the axial displacement at a distance z from the neutral axis is given by:

u(x, z, t) = −zθy(x, t) = −z
∂w0(x, t)

∂x
(10)

The complete displacement field for CBT is thus:

u(x, z, t) = −z
∂w0(x, t)

∂x
(11)

w(x, z, t) = w0(x, t) (12)

2.2 Timoshenko Beam Theory (TBT)

To account for transverse shear deformation, Stephen Timoshenko proposed a
more refined theory in the early 20th century, now known as Timoshenko Beam
Theory (TBT) or First-Order Shear Deformation Theory (FSDT) [96] . TBT relaxes
the normality assumption of CBT, allowing plane sections to remain plane but
not necessarily normal to the neutral axis after deformation. This is achieved by
introducing an independent rotation of the cross-section, ϕy(x, t), which is not directly
tied to the slope of the neutral axis ∂w0

∂x
. While this correctly captures the first-order

effects of shear, it assumes a constant shear strain through the thickness, which
violates the zero-traction boundary conditions on the top and bottom surfaces of the
beam. To correct for this, a shear correction factor is required, which depends on the
cross-section’s geometry and material properties.
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Figure 13: Kinematic assumption of Timoshenko Beam Theory (First-Order Shear
Deformation), where a plane section remains plane but is no longer normal to the
deformed neutral axis, allowing for a constant transverse shear strain (γxz ̸= 0).

In TBT, the axial displacement u is still assumed to be linear with respect to z, but
it is now a function of the independent rotation θy(x, t):

u(x, z, t) = −zθy(x, t) (13)

The transverse displacement remains a function of x only:

w(x, z, t) = w0(x, t) (14)

The complete displacement field for TBT is thus defined by two independent variables,
w0 and θy:

u(x, z, t) = −zθy(x, t) (15)

w(x, z, t) = w0(x, t) (16)

The strain components are derived accordingly. The axial strain ϵxx is:

ϵxx = ∂u

∂x
= −z

∂θy(x, t)
∂x

(17)

Unlike in CBT, the transverse shear strain γxz is non-zero:

γxz = ∂u

∂z
+ ∂w

∂x
= −θy(x, t) + ∂w0(x, t)

∂x
(18)

This shear strain is constant through the thickness, which is a key feature and limitation
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of TBT. The constitutive relations for an isotropic material are:

σxx = Eϵxx = −Ez
∂θy

∂x
(19)

τxz = Gγxz = G

(
∂w0

∂x
− θy

)
(20)

where G is the shear modulus. To compensate for the discrepancy between the constant
shear stress profile predicted by this equation and the actual parabolic profile, the shear
correction factor κ (or ks) is introduced. The resultant shear force Qz is then given by:

Qz = κGAγxz = κGA

(
∂w0

∂x
− θy

)
(21)

The theory results in a system of two coupled partial differential equations for the two
unknowns, w0 and ϕy:

∂

∂x

[
κGA

(
∂w0

∂x
− θy

)]
+ q(x, t) = ρA

∂2w0

∂t2 (22)

∂

∂x

[
EIyy

∂θy

∂x

]
+ κGA

(
∂w0

∂x
− θy

)
= ρIyy

∂2θy

∂t2 (23)

This coupled system governs the flexural and shear behavior of the beam, including
rotary inertia effects (the term on the right-hand side of Eq. 23).

3 Higher-Order Shear Deformation Theories (HSDT)

The limitations of Timoshenko beam theory (TBT), particularly the need for a
shear correction factor, motivated the development of Higher-Order Shear Deformation
Theories (HSDTs). In this section, the Cartesian coordinates are denoted by (x, y, z),
where x and y define the mid-plane of the structure and z represents the thickness
coordinate, with −h/2 ≤ z ≤ h/2, where h is the total thickness. The displacement
components along the x, y, and z directions are denoted by u(x, y, z), v(x, y, z), and
w(x, y, z), respectively.

These theories, pioneered by researchers such as Reddy [101], use higher-order terms,
such as cubic, quintic, or trigonometric functions, in the expansion of the in-plane
displacement field through the thickness coordinate. This allows for a more realistic
non-linear distribution of transverse shear strain and stress. Consequently, HSDTs can
satisfy the zero-traction boundary conditions at the top and bottom surfaces naturally,
thereby eliminating the need for a shear correction factor. HSDTs provide significantly
more accurate results for thick beams and laminated composite structures where shear
deformation is prominent.
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Several higher-order theories have been proposed by NAGHDI [102] and Reddy
[101], Phan and Reddy [103], Reddy [104]. In general, these theories use a Taylor
series expansion of the displacement field through the thickness. For a generic in-plane
displacement component uα, where α = x, y, the expansion can be written as

uα(x, y, z) = u0
α(x, y) +

n∑
k=1

zk ϕ(k)
α (x, y), α = x, y, (24)

where u0
α(x, y) represents the displacement of a point located on the mid-plane in

the α direction, ϕ(k)
α (x, y) denotes the k-th order generalized displacement or rotation

function associated with the thickness expansion, and n is the order of the adopted
displacement model. The superscript (k) is an index indicating the order of the term
and should not be interpreted as a power. In Kirchhoff–Love theory, n = 0 for the
transverse displacement assumptions, while Reissner–Mindlin theory is a first-order
shear deformation theory with n = 1 for the in-plane displacement components and
n = 0 for the transverse displacement component.

According to Reddy [105] and Mallikarjuna and Kant [106], the assumptions
underlying the development of these higher-order theories are:

• Displacements are small compared to the plate thickness.

• Cross-sections, initially planar and normal to the mid-plane, do not necessarily
remain planar and normal to it after deformation.

• The transverse normal strain, denoted by εzz, may be considered non-negligible
in refined models.

• The transverse normal stress, denoted by σzz, may also be considered
non-negligible in advanced higher-order or quasi-3D models.

Most higher-order shear deformation theories are based on the approaches of
Reissner [107] and Hencky–Mindlin [108]. For plate-type structures, the displacement
field is commonly written as

u(x, y, z) = u0(x, y) − z
∂w0(x, y)

∂x
+ f(z) φx(x, y), (25)

v(x, y, z) = v0(x, y) − z
∂w0(x, y)

∂y
+ f(z) φy(x, y), (26)

w(x, y, z) = w0(x, y), (27)
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where u0(x, y), v0(x, y), and w0(x, y) are the mid-plane displacement components along
the x, y, and z directions, respectively. The terms ∂w0/∂x and ∂w0/∂y represent the
bending slopes of the transverse displacement. The functions φx(x, y) and φy(x, y) are
generalized shear rotation functions associated with transverse shear deformation in
the xz and yz planes, respectively. The function f(z) is the transverse shear warping
function, which describes the non-linear variation of the in-plane displacement through
the thickness.

For beam-type structures, where the deformation is usually described in the (x, z)
plane, the above displacement field reduces to

u(x, z) = u0(x) − z
dw0(x)

dx
+ f(z) φx(x), (28)

w(x, z) = w0(x), (29)

where u0(x) is the axial displacement of the beam midline, w0(x) is the transverse
displacement, dw0/dx is the bending slope, and φx(x) is the generalized shear
deformation variable.

Higher-Order Shear Deformation Theories improve upon first-order models by
incorporating a more realistic non-linear distribution of the axial displacement through
the beam or plate thickness. This is achieved by introducing the transverse shear
warping function f(z), which models the distortion of the cross-section due to shear
deformation. The derivative of this function, f ′(z), directly affects the transverse shear
strain distribution. For example, in the xz plane, the transverse shear strain is generally
written as

γxz = ∂u

∂z
+ ∂w

∂x
, (30)

where γxz denotes the engineering transverse shear strain. By selecting a suitable
form of f(z), the shear strain and shear stress distributions can be made parabolic or
otherwise non-linear through the thickness.

A key advantage of these advanced theories is their ability to accurately represent
the distribution of transverse shear stresses, such as τxz and τyz, across the thickness.
In particular, the zero-traction boundary conditions at the upper and lower surfaces of
the structure can be satisfied as

τxz = τyz = 0 at z = ±h

2 . (31)
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Therefore, unlike Timoshenko beam theory, HSDTs do not require an artificial shear
correction factor. Consequently, HSDT models are robust and accurate for both
moderately thick and thick beams, plates, and laminated composite structures.

Several influential contributions to higher-order beam and plate theories are
summarized in the following table, where the different proposed forms of the warping
function f(z) are listed.

Table 1: Examples of warping functions f(z) used in various HSDT beam theories.
For comparison, the implied functions for CBT and FSDT are also included.

Theory Function f(z)

CBT [95] f(z) = 0

FSDT (TBT) [96] f(z) = z

TSDT [109] f(z) = z
(
1 − 4z2

3h2

)
TrSDT [98] f(z) = − h

π sin
(

πz
h

)
ESDT [99] f(z) = ze−2(z/h)2

HSDT [110] f(z) = h sinh
(

z
h

)
− z cosh

(
1
2

)

4 Refined Beam Theory (RBT)

A particularly efficient class of higher-order models is the Refined Beam Theory
(RBT), which can be categorized as a third-order shear deformation theory. The
formulation of RBT is based on the key assumption that it accurately represents the
parabolic variation of shear strains and stresses through the beam’s thickness. This
allows it to inherently satisfy the zero-traction boundary conditions on the top and
bottom surfaces without requiring a shear correction factor.

A notable advantage of this model is its computational efficiency. It is formulated
using only two primary variables to describe the transverse displacement, in contrast
to some HSDTs which may require more. This reduction in variables simplifies the
governing equations and the computational effort required for a solution. As a result,
the theory provides high accuracy for the analysis of both thick and thin beams under
mechanical loading.

The displacement field for the Refined Beam Theory is derived from the following
core assumptions:
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• The analysis is based on the theory of infinitesimal strains, where displacements
are considered small relative to the beam’s thickness.

• The transverse normal stress, σz, is considered negligible compared to the in-plane
axial stress, σx.

• The total transverse displacement, w, is decomposed into a bending component,
wb, and a shear component, ws. Both components are functions of the axial
coordinate x and time t.

• The axial displacement, u, is also composed of contributions from bending and
shear. The bending component is assumed to be analogous to the displacement
predicted by Classical Beam Theory.

Based on these assumptions, the displacement field of the refined theory is given by:

u(x, z, t) = u0(x, t) − z
dwb

dx
− f(z)dws

dx

w(x, z, t) = wb(x, t) + ws(x, t)

(32)

where u0 is the axial displacement of any point on the beam’s mid-plane (z = 0). The
functions wb(x, t) and ws(x, t) are the bending and shear components of the transverse
displacement, respectively, and f(z) is the transverse shear warping function that
defines the shape of the shear strain distribution through the thickness.

Due to its numerous advantages, this refined theory framework, often extended
to plates as Refined Plate Theory (RPT), has been successfully employed to solve
complex structural problems. For instance, analytical solutions based on the Navier
method have been used to evaluate the deflection and natural frequencies of simply
supported laminated composite plates [111, 112] . Furthermore, by applying the
Levy-type solution method with RPT for the analysis of orthotropic plates, researchers
have determined the critical buckling loads for plates with two opposite edges simply
supported and the other two subjected to arbitrary boundary conditions [113].

5 Quasi-3D Beam Theory (Q3D)

While HSDTs provide an excellent description of shear deformation, most of them
still assume that the beam is inextensible in the transverse normal direction (i.e., the
transverse normal strain ϵzz is zero). This assumption may be invalid for very thick
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beams or for sandwich structures with soft cores, where thickness stretching effects can
become significant.

The development of quasi-3D shear deformation theories, which enhance
higher-order models by incorporating thickness stretching effects, has been a significant
area of research. A prominent trend within this field has been the reduction of
kinematic variables to create models that are both accurate and computationally
efficient. Early contributions in this domain often featured five-unknown formulations;
for example, several related quasi-3D frameworks were proposed by Thai et Kim
[114] , Tounsi and Houari [115], Hamidi and Tounsi [116], Thai [117], Bessaim
[118] , and Bennoun [119] , with each model being distinguished by its choice of
shape functions. Subsequent research focused on further simplifying these theories.
By introducing new hypotheses to six-variable models, Zenkour [120] successfully
developed a novel four-variable quasi-3D theory and demonstrated its application to
FGM plates, sandwich plates [121] , and laminated composite plates [122]. In a similar
effort to create a more parsimonious model, Mantari and Guedes Soares [123, 124]
also proposed a computationally efficient four-variable quasi-3D theory for functionally
graded plates. Their approach elegantly combines the shear and thickness stretching
effects by utilizing a hyperbolic shape function.

Quasi-3D (Q3D) theories were developed to address this by incorporating the effects
of both transverse shear deformation and thickness stretching. They provide a more
comprehensive, "quasi-three-dimensional" description of the beam’s kinematics while
still retaining the computational advantages of a one-dimensional framework. The Q3D
displacement field used in this thesis not only includes higher-order terms for in-plane
displacement but also allows the transverse displacement to vary through the thickness.
A general form of such a displacement field can be expressed as:

u(x, z, t) = u0(x, t) − z ∂wb

∂x
+ f(z)∂ws

∂x

w(x, z, t) = wb(x, t) + ws(x, t) + g(z)wz(x, t)

(33)

where u0 is the axial displacement, wb and ws represent the bending and shear
components of the transverse displacement, and wz accounts for the thickness stretching
via the function g(z). The function f(z) is chosen to ensure a parabolic shear strain
distribution. This refined kinematic model is particularly well-suited for the analysis
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of thick, multi-layered MEE-FGM microbeams.

g(z) = 1 − f ′(z) (34)

6 Modified couple stress theory

6.1 Review of the modified couple stress theory

Yang et al. [125] presented the modified couple stress theory (MCST) by revising
the classical couple stress theory developed by Toupin [18], Mindlin and Tiersten [126],
and Koiter [127]. By adding an extra equilibrium requirement for the moments of
couples to make sure that the couple stress tensor is symmetrical, the number of extra
material length scale parameters in the modified couple stress theory is cut down from
two to one. The modified pair stress theory is better because it’s hard to figure out
the material properties. As shown in [125], the strain energy U depends on both strain
and curvature.

U = 1
2

∫
V

(σijεij + mijχij) dV (35)

where mij stands for the parts of the deviatoric part of the symmetric couple stress
tensor, and χij stands for the parts of the symmetric curvature tensor as described by:

χxx = ∂θx

∂x
, χyy = ∂θy

∂y
, χzz = ∂θz

∂z
,

χxy = 1
2

(
∂θx

∂y
+ ∂θy

∂x

)
, χxz = 1

2

(
∂θx

∂z
+ ∂θz

∂x

)
, χyz = 1

2

(
∂θy

∂z
+ ∂θz

∂y

)
.

(36)

where the rotation vector θ is expressed in relation to the displacement field
(ux, uy, uz) as:

θx = 1
2

(
∂uz

∂y
− ∂uy

∂z

)

θy = 1
2

(
∂ux

∂z
− ∂uz

∂x

)

θz = 1
2

(
∂uy

∂x
− ∂ux

∂y

) (37)

The components mij are defined for the linear elastic material as:
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mij = E

1 + ν
ℓ2χij (38)

where ℓ represents the material length scale parameter. The assessment and
adjustment of ℓ are detailed in References [128, 129].

6.2 Modified couple stress models via EBT

The initial modified couple stress EBT model was created by Park and Gao [130]
for isotropic microbeams. Their model was employed to examine the influence of the
material length scale parameter on the deflection and bending rigidity of a cantilever
epoxy beam under a concentrated load at the free end. The incorporation of the
material length scale parameter results in an enhancement of the bending rigidity
of the cantilever microbeam. The effect is significant at small beam thicknesses,
but becomes negligible as beam thickness increases. This observation is consistent
with the experimental data. Kong et al. [131, 132] extended the modified couple
stress EBT model to address the free vibration [131] and buckling [132] issues of
isotropic microbeams. The nonlinear modified couple stress EBT model was initially
introduced by Xia et al. [133]for the analysis of nonlinear bending, post-buckling, and
nonlinear free vibration of isotropic microbeams, utilising von Karman nonlinearity.
The findings underscore the necessity of accounting for nonlinearity and size effects
in the effective design of microscale devices and systems, including biosensors, atomic
force microscopes, and MEMS [133].

Simsek [134] developed a nonlinear EBT model for analysing the nonlinear bending
and vibration of isotropic microbeams, considering the interaction between the beam
and an elastic medium. The nonlinear EBT model has been extensively utilised to
investigate the size effect on nonlinear bending, nonlinear vibration, and post-buckling
responses of isotropic microbeams. Farokhi et al. [135] examined initial geometric
imperfections in the nonlinear forced vibration of beams, while Togun and Bagdatli
[136] incorporated axial pretension in the nonlinear free vibration of microbeams.
Wang et al. [137, 138] considered the thermal effect in the nonlinear bending [137],
post-buckling, and free vibration [138] of beams. Ansari et al. [139] presented
closed-form solutions for the vibration and postbuckling analyses of microbeams
subjected to various boundary conditions.

The EBT model was applied to the FG microbeams as well. Asghari et al. [140]
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utilised it to predict the bending and free vibration behaviours of FG microbeams. The
free vibration of functionally graded tapered microbeams, characterised by material
properties that change along the longitudinal direction, was investigated by Akgoz and
Civalek [141] and Shafiei et al. [142]. Akgoz and Civalek [141] focused exclusively
on cantilever beams, whereas Shafiei et al. [142] incorporated geometric nonlinearity
in beams with various boundary conditions. Simsek [143] investigated the nonlinear
free vibration characteristics of axially functionally graded microbeams. He employed
the Galerkin and He’s variational method to derive approximate solutions for beams
with simply supported and clamped boundary conditions. Dehrouyeh-Semnani et al.
[144] incorporated initial geometric imperfections in the free vibration analysis of FG
microbeams.

6.3 Modified couple stress models via TBT

Ma et al. [145] first came up with the modified couple stress TBT model by adding
the effects of shear deformation to the EBT model that Park and Gao [130] had
already come up with. The model was employed to investigate the effects of the
material length scale parameter and shear deformation on the deflections and natural
frequencies of simply supported isotropic microbeams. Asghari et al. [146] obtained
closed-form solutions for the bending response of beams subjected to diverse boundary
conditions (BCs) within the TBT model. Conversely, Dos Santos and Reddy [147]
derived approximate solutions for the buckling loads and natural frequencies of beams
with varying boundary conditions using the Ritz method. Dehrouyeh-Semnani and
Nikkhah-Bahrami [148] utilised both EBT and TBT models to examine the Poisson
effect in isotropic microbeams. A comparative analysis of the bending rigidities and
deflections of epoxy cantilever microbeams under concentrated loads, as predicted by
modified couple stress models and confirmed through experimental tests, demonstrates
that the inclusion of the Poisson effect in these models leads to an underestimation
of the epoxy cantilever microbeam’s deflection, as shown in Fig. 5. Liu and Reddy
[149] developed a modified couple stress TBT model for isotropic curved microbeams,
utilising it to examine bending and free vibration phenomena in simply supported
curved beams. Taati et al. [150] created a TBT model to study thermal effects in
isotropic microbeams. Asghari et al. [151] developed a nonlinear TBT model for
the analysis of bending and free vibrations in isotropic microbeams. Ghayesh et al.
[152, 153] proposed a nonlinear TBT model to tackle nonlinear resonant phenomena
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in isotropic microbeams.

The TBT model was utilised for microbeams fabricated from functionally graded
and laminated composite materials. Reddy [154] created EBT and TBT models for
FG microbeams that took into account geometric nonlinearity. Closed-form equations
were given for the natural frequencies, deflections, and buckling loads of microbeams
that were simply supported. Ke et al. [155] developed a nonlinear TBT model to
examine the effect of size on the nonlinear vibrational properties of FG microbeams.
Asghari et al. [156] developed a TBT model to analyse the effects of size on the
deflections and rotations of cantilever FG beams, as well as the natural frequencies of
simply supported FG beams. However, their model did not take into account geometric
nonlinearity. Ke and Wang [157] utilised the TBT model to examine the free vibration,
static buckling, and dynamic stability characteristics of FG microbeams under diverse
boundary conditions employing the DQ method. Nateghi and Salamat-talab [158]
examined the buckling and free vibration responses of FG microbeams at elevated
temperatures employing the modified couple stress TBT model. The DQ method was
used to find the natural frequencies and critical buckling loads of FG microbeams
under different boundary conditions. Numerical results indicated that the impact of
temperature becomes significant at higher ratios of beam thickness to the material
length scale parameter. Simsek et al. [159] employed the TBT model to investigate
the impact of size on the deflections of simply supported FG microbeams subjected to
uniform and concentrated loads. Chen et al. [160] , Chen and Li [161] , Roque et al.
[162] , and Mohammad-Abadi and Daneshmehr [163] expanded the use of the TBT
model to encompass the static bending [160, 162] , free vibration, and buckling [163]
of laminated composite microbeams. Thai et al. [164] additionally employed the TBT
model to tackle static bending, buckling, and free vibration challenges in FG sandwich
microbeams. Krysko et al. [165] have recently created a TBT model for analysing the
static bending and free vibration of three-layer microbeams using Grigolyuk-Chulkov
theory.

6.4 Modified couple stress models via RBT

Ma et al. [166] were the first to suggest the modified couple stress RBT model for
isotropic microbeams. The research examined the influence of size on the static bending
and free vibration responses of simply supported microbeams. Mohammad-Abadi
and Daneshmehr [167] expanded the utilisation of the RBT model to investigate the

56



Beam Theory Formulation

size effect on the buckling behaviour of isotropic microbeams. Their studies included
both EBT and TBT models. We provided analytical solutions for simply supported
beams so that we could compare them. Salamat-talab et al. [168] broadened the
utilisation of the RBT model to FG microbeams, obtaining closed-form solutions for
the deflections and natural frequencies of simply supported microbeams. Nateghi et
al. [169] and Aghazadeh et al. [170] put forward a detailed model that looks at
buckling [169] , bending, and free vibration [170] of functionally graded microbeams.
The unified model incorporates three separate beam theories: EBT, FBT, and TBT.
We use the DQ solution method to find the buckling loads, deflections, and natural
frequencies of FG microbeams when they are put under different boundary conditions.
Chen et al. [171] developed an RBT model for laminated composite microbeams by
employing an innovative constitutive relation for anisotropic materials. The model was
utilised to examine the effect of size on the deflections of cross-ply simply supported
microbeams under uniform loading conditions. MohammadAbadi and Daneshmehr
[172] and Mohammad-Abadi et al. [173] built on their isotropic model from [167]
to study the free vibration [172] and thermal buckling [173] of laminated composite
microbeams under various boundary conditions.

6.5 Modified couple stress models via HSDTs

Darijani and Mohammadabadi [174] presented a revised couple stress higher-order
shear deformation theory (HSDT) model for isotropic microbeams, differentiating the
axial and transverse displacements into shear and bending components. The shape
function for the shear part, shown in Table 2, was created with the assumption that
the transverse shear stress and couple stress are both zero at the top and bottom
surfaces of the cross-section. Noori et al. [175] recently presented an HSDT model
for the free vibration of isotropic microbeams, employing a fifth-order variation of the
axial displacement across the thickness. The DQ solution method was employed to
ascertain the natural frequencies of microbeams under varying boundary conditions.
Simsek and Reddy [176] developed an extensive HSDT model for FG microbeams,
integrating seven distinct beam theories: EBT, TBT, RBT, the sinusoidal theory of
Touratier [98] , the hyperbolic theory of Soldatos [177], the exponential theory of
Karama et al. [178] , and the general exponential theory of Aydogdu [179] . The model
was used to solve the problems of bending and free vibration in FG microbeams that
are simply supported. Simsek and Reddy [180] and Akbarzadeh Khorshidi et al. [181]
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expanded the model to tackle buckling problems of functionally graded (FG) embedded
microbeams [180] and postbuckling issues of FG microbeams under general boundary
conditions [181] . Trinh et al. [182] proposed a cohesive modified couple stress model for
functionally graded microbeams, amalgamating higher-order shear deformation theory
(HSDT) and quasi-3D beam theories. The displacement field in their model is based on
the framework set up by Thai et al. [117] , which divides the transverse displacements
into bending, shear, and thickness stretching components, as shown in Table 3. Using
the sinusoidal theory put forth by Touratier [98] , Akgoz and Civalek [183] developed a
modified couple stress sinusoidal model to investigate the thermal-mechanical buckling
properties of simply supported functionally graded materials (FG).
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Table 2: HSDT shape functions and corresponding displacement fields.

Reference Shape function f(z) Displacement field

Aydogdu [179] f(z) = zα−2(z/h)2/ ln α, α > 0

ux(x, z, t) = u(x, t) − z
∂w

∂x
+ f(z)ϕx(x, t),

uz(x, z, t) = w(x, t)

Karama et al. [99] f(z) = ze−2(z/h)2

Touratier [98] f(z) = h
π sin

(
πz
h

)
Soldatos [177] f(z) = h sinh

(
z
h

)
− z cosh

( 1
2
)

Shimpi [184] f(z) =
[

5
3
(

z
h

)2 − 1
4

]
z

ux(x, z, t) = u(x, t) − z
∂wb

∂x
− f(z)∂ws

∂x
,

uz(x, z, t) = wb(x, t) + ws(x, t)

Thai and Choi [185] f(z) = 4z3

3h2

Thai and Vo [185, 186] f(z) = z − h
π sin

(
πz
h

)
Darijani and
Mohammadabadi [174]

f(z) = z5

20h4 − z3

24h2 + 63z
64 + α

Darijani and Shahdadi
[187]

f(z) =
z
[
− 121

16 + 455
4
(

z
h

)2 − 483
(

z
h

)4 + 660
(

z
h

)6
]

Xiang et al. [188] f(z) = 1
n

( 2
h

)n−1
zn, with n =

3, 5, 7, 9, . . .
ux(x, z, t) = u(x, t) − zϕx(x, t) + f(z)

(
ϕx(x, t) + ∂w

∂x

)
,

uz(x, z, t) = w(x, t)
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Table 3: Q3D shape functions and corresponding displacement fields.

Reference Shape function(s) Displacement field

Thai and Kim [114] f(z) = z − h
π sin

(
πz
h

)
ux(x, z, t) = u(x, t) − z

∂wb

∂x
− f(z)∂ws

∂x
,

uz(x, z, t) = wb(x, t) + ws(x, t) + g(z)wz(x, t)
Sobhy and Radwan [189] f(z) = z −

z cosh
(

π
2
)

− h
π sin

(
πz
h

)
cosh(π

2 ) − 1
Thai et al. [117] f(z) = z − h sinh

(
z
h

)
+ z cosh

(
z
h

)
Lei et al. [190]; Trinh et al. [191] f(z) = 4z3

3h2 , g(z) = 1 − f ′(z)

Reddy and Kim [192] – ux(x, z, t) = u(x, t) + zθx + z2ϕx + z3ψx,

uz(x, z, t) = w(x, t) + zθz + z2ϕz

Nguyen et al. [193] f(z) = πz
(
−1 + 9z2

5h2 − 28z4

25h4

)
, g(z) = 1

8f
′(z),

f(z) = z
(
8 − 10z2

3h2 − 6z4

5h4 + 8z6

7h6

)
, g(z) = 3

20f
′(z)

ux(x, z, t) = u(x, t) − z
∂wb

∂x
− f(z)∂ws

∂x
,

uz(x, z, t) = wb(x, t) + ws(x, t) + g(z)wz(x, t)
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7 Conclusion

This chapter has established the theoretical foundation for the present study by
systematically reviewing the hierarchy of beam theories. The review traced the
evolution of kinematic assumptions, beginning with the constraints of Classical Beam
Theory (CBT) and the introduction of shear effects in First-Order Shear Deformation
Theory (FSDT). It continued through the advanced formulations of Higher-Order
(HSDT) and Refined Beam Theories (RBT), culminating in the quasi-3D theories that
offer a more complete description of the beam’s kinematics. The primary objective of
this literature survey was to identify a theoretical framework that balances analytical
accuracy with computational feasibility for modeling complex microstructures. Based
on this analysis, the quasi-3D shear deformation theory has been selected as the optimal
model for this research. Its unique capability to account for both transverse shear and
thickness stretching effects makes it particularly well-suited for capturing the intricate
electromechanical coupling present in magnetoelectric microbeams. Accordingly, the
central contribution of this thesis will be the implementation and application of
this quasi-3D theory to investigate the bending and free vibration response of such
microstructures. The validity and robustness of the proposed model will be established
through a comparative analysis, where our findings will be benchmarked against results
derived from the other prominent theories discussed in this chapter, thereby situating
our contribution within the broader landscape of structural mechanics.
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Variational Formulation for Magneto-Electro Functionally Graded Microbeams based on a Quasi-3D
Beam Theory

1 Introduction

The development of magneto-electro-elastic (MEE) functionally graded microbeams
has attracted considerable attention due to their potential applications in advanced
microelectromechanical systems (MEMS), sensors, actuators, and energy harvesters.
The integration of mechanical, electrical, magnetic, and thermal fields within a single
structural element offers unique advantages in multifunctionality and adaptability.
However, accurately modeling the behavior of such microstructures requires advanced
formulations that can capture both material gradation effects and small-scale
phenomena.

In this chapter, we present the variational formulation for MEE functionally graded
microbeams based on a quasi-3D beam theory, which accounts for both transverse
shear deformation and thickness stretching effects without relying on shear correction
factors. Three distinct microbeam configurations are considered:

1. Magneto-Electro Functionally Graded Sandwich Microbeams.

2. Magneto-Electro Bilaterally Coated Functionally Graded Microbeams.

3. Magneto-Electro Bi-Coated Functionally Graded Microbeams.

For each model, detailed derivations of the kinetic energy, strain energy, and virtual
work expressions are provided, establishing the foundation for subsequent governing
equations through Hamilton’s principle. This systematic approach enables a unified
framework to analyze the dynamic and static behavior of advanced MEE microbeam
structures under various loading and boundary conditions.

2 General formulation

The total strain energy in this particular situation is as follow:

U = 1
2

∫ L

0

∫
A

(σijεij + mijχij − DiEi − BiHi) dAdx (39)

The equations representing “transversely isotropic magneto-electro-elastic
materials” are provided in accordance with the extended MCST [10, 13, 194].
Where σij, mij, Di, Bi represent the “Cauchy stress tensor, deviatoric couple stress
tensor, electric displacements, and magnetic fluxes”:
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

σxx

σyy

σzz

σyz

σzx

σxy



=



C11 C12 C13 0 0 0
C12 C22 C23 0 0 0
C13 C23 C33 0 0 0
0 0 0 C44 0 0
0 0 0 0 C55 0
0 0 0 0 0 C66





εxx

εyy

εzz

2εyz

2εzx

2εxy



−



0 0 q31

0 0 q32

0 0 q33

0 q24 0
q15 0 0
0 0 0




Hx

Hy

Hz

−



0 0 e31

0 0 e32

0 0 e33

0 e24 0
e15 0 0
0 0 0




Ex

Ey

Ez



(40)



mxx

myy

mzz

myz

mzx

mxy



=



A11 A12 A13 0 0 0
A12 A22 A23 0 0 0
A13 A23 A33 0 0 0
0 0 0 A44 0 0
0 0 0 0 A55 0
0 0 0 0 0 A66





χxx

χyy

χzz

2χyz

2χzx

2χxy



(41)


Dx

Dy

Dz

 =


0 0 0 0 e15 0
0 0 0 e24 0 0

e31 e32 e33 0 0 0





εxx

εyy

εzz

2εyz

2εzx

2εxy



+


s11 0 0
0 s22 0
0 0 s33




Ex

Ey

Ez

+


d11 0 0
0 d22 0
0 0 d33




Hx

Hy

Hz



(42)


Bx

By

Bz

 =


0 0 0 0 q15 0
0 0 0 q24 0 0

q31 q32 q33 0 0 0





εxx

εyy

εzz

2εyz

2εzx

2εxy



+


µ11 0 0
0 µ22 0
0 0 µ33




Hx

Hy

Hz

+


d11 0 0
0 d22 0
0 0 d33




Ex

Ey

Ez



(43)

The parameters Cαβ (α, β = 1, 2, . . . , 6) , Aαβ (α, β = 1, 2, . . . , 6) describe the
elastic stiffness tensor and the couple stress tensor, with:

Aαβ = Cαβl2 (44)

65



Variational Formulation for Magneto-Electro Functionally Graded Microbeams based on a Quasi-3D
Beam Theory

Where l is the material length scale parameter (MLSP). qiα, eiα, sij, µij, dij are
the piezomagnetic tensor, the piezoelectric tensor, the dielectric tensor, the magnetic
permeability tensor, and the magneto-dielectric tensor respectively. And εij, χxx are
“the strain tensor and the rotationally symmetric gradient tensor”, which are described
by the following equations:

εij = 1
2 (ui,j + uj,i) (45)

χs
ij = 1

2 (θi,j + θj,i) (46)

θi = 1
2eijkuk,j (47)

The variables ui and θi represent the components of the displacement vector and
rotation vectors, respectively. eijk is the permutation symbol. Also, Ei and Hi represent
the electric field and magnetic field intensities, respectively.

Ei = −Φ,i , Hi = −M,i (48)

Φ and M represent the “electric and magnetic potentials”, respectively

The distribution of electric and magnetic potentials in the thickness direction is
provided by [11]:

Φ(x, z, t) = − cos
(

π
h
z
)
γ (x, t) + 2z

h
γ0

M(x, z, t) = − cos
(

π
h
z
)
ζ (x, t) + 2z

h
ζ0

(49)

The spatial variations of electric potential in the x-direction are represented by
γ, while the external electric potential is denoted as γ0. ζ and ζ0 represent the
spatial variations of the magnetic potential in the x-direction and the external magnetic
potential, respectively

In accordance with the higher order quasi-3D beam theory, The current study posits
that the field of displacement at any random spot on the microbeam can be expressed
as follows:
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 u (x, z, t) = u0 (x, t) − z dwb

dx
+ f(z)dws

dx

w (x, z, t) = wb (x, t) + ws (x, t) + g (z) wz (x, t)
(50)

The transversal displacement is divided into two components, notably wb, ws and
wz, following this method. Here, u, wb, ws and wz represent the displacement in
the x-direction, the bending component, the shear component, and the stretching
component of the transverse displacement of the points on the neutral axis of the
beam, respectively. The selection of our function f(z) is governed by the shear function
provided by Reddy [109].

f (z) = z −
(

1 −
(

4z2

3h2

))
, g (z) =

(
1 − df

dz

)
(51)

By substituting equation 50 into equation 45, the non-zero components of the
deformation tensor are extracted as:


εxx = du

dx
− z d2wb

dx2 − f d2ws

dx2

εzz = dg
dz

wz

εxz = 1
2g
(

dws

dx
+ dwz

dx

) (52)

Replacing equation 50 into 47 and then 46 gives:


θx = 0

θy = 1
2

(
du
dz

− dw
dx

)
= −1

2

(
2dwb

dx
+
(

df1
dz

+ 1
)

dws

dx
+ f2

dwz

dx

)
θy = 0

(53)



χxx = 0
χyy = 0
χzz = 0

χyz = −1
4

(
d2f1
dz2

dws

dx
+ df2

dz
dwz

dx

)
χxz = 0

χxy = −1
4

(
2d2wb

dx2 +
(

df1
dz

+ 1
)

d2ws

dx2 + f2
d2wz

dx2

)
(54)

Introducing equation 49 into 48 yields:
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Hx = cos
(

π
h
z
) dζ

dx
,

Hz = −π
h

sin
(

πz
h

)
ζ − 2

h
ζ0,

Ex = cos
(

π
h
z
) dγ

dx
,

Ez = −π
h

sin
(

πz
h

)
γ − 2

h
γ0.

(55)

Given Equations 45-48, the constitutive equation 39 is derived as follows:

U = 1
2

∫ l

0

I1
(

du
dx

)2
− 2I2

du
dx

d2wb

dx2 − 2I3
du
dx

d2ws

dx2 + 2I4
d2wb

dx2
d2ws

dx2

+ I5
(

d2wb

dx2

)2
+ I6

(
d2ws

dx2

)2
+ I7w

2
z + 2I8

du
dx

wz − 2I9
d2wb

dx2 wz

− 2I10
d2ws

dx2 wz + I11

[(
dws

dx

)2
+
(

dwz

dx

)2
+ 2dws

dx
dwz

dx

]
+ 2I12

du
dx

γ − 2I13
d2wb

dx2 γ − 2I14
d2ws

dx2 γ + 2I15
du
dx

ζ − 2I16
d2wb

dx2 ζ

− 2I17
d2ws

dx2 ζ − 2I18
(

dws

dx
dγ
dx

− dwz

dx
dγ
dx

)
− 2I19

(
dws

dx
dζ
dx

− dwz

dx
dζ
dx

)
+ 2I20wzγ + 2I21wzζ − I22

(
dγ
dx

)2
− I23

(
dζ
dx

)2
− 2I24

dζ
dx

dγ
dx

− I25γ
2 − I26ζ

2 − 2I27γζ + D1
(

dws

dx

)2
+ D2

(
dwz

dx

)2
+ 2D3

dws

dx
dwz

dx

+ 4D4
(

d2wb

dx2

)2
+ 4D5

d2wb

dx2
d2ws

dx2 + 4D6
d2wb

dx2
d2wz

dx2 + 2D7
d2ws

dx2
d2wz

dx2

+ D8
(

d2ws

dx2

)2
+ D9

(
d2wz

dx2

)2
 dx

(56)
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With: 

{I1:6} =
∫ by

ay

∫ bz

az

C11 (1, z, f, zf, z2, f 2) dz dy,

{I8:10} =
∫ by

ay

∫ bz

az

C13
dg
dz

(1, z, f) dz dy,

{I12:14} =
∫ by

ay

∫ bz

az

e31
π
h

sin
(

πz
h

)
(1, z, f) dz dy,

{I18:19} =
∫ by

ay

∫ bz

az

g π
h

cos
(

πz
h

)
(e15, q15) dz dy,

{I22:24} =
∫ by

ay

∫ bz

az

(
π
h

cos
(

πz
h

))2
(s11, µ11, d11) dz dy,

{I7} =
∫ by

ay

∫ bz

az

C33
(

dg
dz

)2
dz dy,

{I11} =
∫ by

ay

∫ bz

az

C55 g2 dz dy,

{I15:17} =
∫ by

ay

∫ bz

az

q31
π
h

sin
(

πz
h

)
(1, z, f) dz dy,

{I20:21} =
∫ by

ay

∫ bz

az

dg
dz

π
h

sin
(

πz
h

)
(e33, q33) dz dy,

{I25:27} =
∫ by

ay

∫ bz

az

(
π
h

sin
(

πz
h

))2
(s33, µ33, d33) dz dy.

(57)


{D1:3} =

∫ by

ay

∫ bz

az

1
4A44

(
d2f
dz2 ,

(
dg
dz

)2
, d2f

dz2
dg
dz

)
dz dy,

{D4:9} =
∫ by

ay

∫ bz

az

1
4A66

(
1, df

dz
+ 1, g, g

(
df
dz

+ 1
)

,
(

df
dz

+ 1
)2

, g2
)

dz dy.

(58)

with the integral boundary
∫ by

ay
,
∫ bz

az
vary according to microbeams models.

The total kinetic energy can be written according to the Q3D theory:

T = 1
2

∫ l

0

[
J1
(
u̇2 + ẇ2

b + ẇ2
s + 2ẇbẇs

)
− 2J2u̇

dẇb

dx
− 2J3u̇

dẇs

dx

+ 2J4
dẇb

dx
dẇs

dx
+ J5

(
dẇb

dx

)2
+ J6

(
dẇs

dx

)2

+ J7ẇ
2
z + 2J8 (ẇbẇz + ẇsẇz)

]
dx.

(59)
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With: 

J1

J2

J3

J4

J5

J6

J7

J8



=
∫ by

ay

∫ bz

az

ρ



1

z

f

zf

z2

f 2

g2

g



dz dy (60)

Furthermore, the virtual work performed by the applied loades acting on the current
quasi-3D microbeam can be written as:

Wext =
∫ L

0
q0
(
wb(x, t) + ws(x, t) + g(z) wz(x, t)

)
dx (61)

3 Magneto-Electro Functionally Graded Sandwich (MEFGS)
Microbeams.

This section considers a microbeam of length L, width b, and thickness h, as shown
in figure 14, from which the microbeam is composed of a MEE core with a thickness hc

and two FG surface layers with thickness hu for the upper and hb for the bottom. The
total thickness h is given by the sum of hu+hc+hb. for a given thickness ratio, the values
of hu, hc, and hb are determined as fractions of h. These fractions can be generated
based on the specific ratio (ru − rc − rb) (e.g., 1-1-1 or 2-1-1). Each layer’s thickness
can be expressed as a fraction of h, hu = h ru

ru+rc+rb
, hc = h rc

ru+rc+rb
, hb = h rb

ru+rc+rb
.

Figure 14: Sandwich FG microbeam model with MEE core

The material characteristics are considered to change continuously in two opposite
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direction throughout the thickness (z-axis) in the upper and bottom layers based on
the power-law distribution [195]. The following equations describe the distribution of
material characteristics in FG materials:

P (z) = (P1 − P2) Vm (z) + P2 (62)

Vm(z) = 1 − Vc(z), Vc(z) =



(
h+2z
h−hc

)k
for z ∈ z±

b =
[
−hc

2 − hb, −hc

2

]
1 for z ∈ z±

c =
[
−hc

2 , hc

2

]
(

h−2z
h−hc

)k
for z ∈ z±

u =
[

hc

2 , hc

2 + hu

] (63)

Where P (z) represent “elastic stiffness, couple stress stiffness, piezoelectric
constant, piezomagnetic constant, dielectric constant, magnetic permeability constant,
magneto-dielectric constant and density”.

The boundaries borne of the stiffness coefficients in equations 57, 58 according to
the Magneto-Electro Functionally Graded Sandwich Microbeam model are as follow,
where the subscripts b, c, u denote bottom, core, and upper layers :
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

{I1:6} =
∫ b/2

−b/2

[ ∑
m∈{b,c,u}

∫ z+
m

z−
m

C
(m)
11 (z)F1(z) dz

]
dy,

I7 =
∫ b/2

−b/2

[ ∑
m∈{b,c,u}

∫ z+
m

z−
m

C
(m)
33 (z)

(
dg
dz

)2
dz

]
dy,

{I8:10} =
∫ b/2

−b/2

[ ∑
m∈{b,c,u}

∫ z+
m

z−
m

C
(m)
13 (z) dg

dz F2(z) dz
]
dy,

I11 =
∫ b/2

−b/2

[ ∑
m∈{b,c,u}

∫ z+
m

z−
m

C
(m)
55 (z) g2(z) dz

]
dy,

{I12:14} =
∫ b/2

−b/2

[ ∑
m∈{b,c,u}

∫ z+
m

z−
m

e
(m)
31 (z) π

h sin
(

πz
h

)
F2(z) dz

]
dy,

{I15:17} =
∫ b/2

−b/2

[ ∑
m∈{b,c,u}

∫ z+
m

z−
m

q
(m)
31 (z) π

h sin
(

πz
h

)
F2(z) dz

]
dy,

{I18:19} =
∫ b/2

−b/2

[ ∑
m∈{b,c,u}

∫ z+
m

z−
m

g(z) π
h cos

(
πz
h

)
(e(m)

15 , q
(m)
15 ) dz

]
dy,

{I20:21} =
∫ b/2

−b/2

[ ∑
m∈{b,c,u}

∫ z+
m

z−
m

dg
dz

π
h sin

(
πz
h

)
(e(m)

33 , q
(m)
33 ) dz

]
dy,

{I22:24} =
∫ b/2

−b/2

[ ∑
m∈{b,c,u}

∫ z+
m

z−
m

(
π
h cos

(
πz
h

))2
(s(m)

11 , µ
(m)
11 , d

(m)
11 ) dz

]
dy,

{I25:27} =
∫ b/2

−b/2

[ ∑
m∈{b,c,u}

∫ z+
m

z−
m

(
π
h sin

(
πz
h

))2
(s(m)

33 , µ
(m)
33 , d

(m)
33 ) dz

]
dy.

(64)

with the compact notations:

F1(z) = (1, z, f, zf, z2, f 2), F2(z) = (1, z, f).



{D1:3} =
∫ b/2

−b/2

∑
m∈{b,c,u}

∫ z+
m

z−
m

1
4A44 F3(z) dz dy,

{D4:9} =
∫ b/2

−b/2

∑
m∈{b,c,u}

∫ z+
m

z−
m

1
4A66 F4(z) dz dy,

(65)

where the compact notations are defined as

F3(z) =
(

d2f
dz2 ,

(
dg
dz

)2
, d2f

dz2
dg
dz

)
, F4(z) =

(
1, df

dz
+ 1, g, g

(
df
dz

+ 1
)

,
(

df
dz

+ 1
)2

, g2
)

.

The inertia coefficients in equation 60 are as follow according to the MEFGS
microbeam model :
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{J1, J2, J3, J4, J5, J6, J7, J8} =
∫ b/2

−b/2

∑
m∈{b,c,u}

∫ z+
m

z−
m

ρ F5(z) dz dy, (66)

where we define
F5(z) =

(
1, z, f, zf, z2, f 2, g2, g

)
,

4 Magneto-Electro Bilaterally Coated Functionally Graded
(MEBCFG) Microbeams.

This section considers a microbeam of length L, width b, and thickness h, as shown
in figure 15, from which the material characteristics are progressively graded from the
outer surfaces to the inner core.

Figure 15: MEBCFG microbeam model

The material characteristics are considered to change continuously in two opposite
direction throughout the thickness (z-axis) based on the power-law distribution [61].
The following equations describe the distribution of material characteristics in FG
materials:

P (z) = (P1 − P2)
(∣∣∣∣∣∣∣∣2z

h

∣∣∣∣− 1
∣∣∣∣)kz

+ P2 (67)

The boundaries borne of the stiffness coefficients in equations 57, 58 according
to the MEBCFG Microbeam model are as follows, where z ∈ z± =

[
−h

2 , h
2

]
and

y ∈ y± =
[
− b

2 , b
2

]
.
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

{I1:6} =
∫ b/2

−b/2

∫ h/2

−h/2
C11 (1, z, f, zf, z2, f 2) dz dy,

{I7} =
∫ b/2

−b/2

∫ h/2

−h/2
C33

(
dg
dz

)2
dz dy,

{I8:10} =
∫ b/2

−b/2

∫ h/2

−h/2
C13

dg
dz

(1, z, f) dz dy,

{I11} =
∫ b/2

−b/2

∫ h/2

−h/2
C55 g2 dz dy,

{I12:14} =
∫ b/2

−b/2

∫ h/2

−h/2
e31

π
h

sin
(

πz
h

)
(1, z, f) dz dy,

{I15:17} =
∫ b/2

−b/2

∫ h/2

−h/2
q31

π
h

sin
(

πz
h

)
(1, z, f) dz dy,

{I18:19} =
∫ b/2

−b/2

∫ h/2

−h/2
g π

h
cos
(

πz
h

)
(e15, q15) dz dy,

{I20:21} =
∫ b/2

−b/2

∫ h/2

−h/2
dg
dz

π
h

sin
(

πz
h

)
(e33, q33) dz dy,

{I22:24} =
∫ b/2

−b/2

∫ h/2

−h/2

(
π
h

cos
(

πz
h

))2
(s11, µ11, d11) dz dy,

{I25:27} =
∫ b/2

−b/2

∫ h/2

−h/2

(
π
h

sin
(

πz
h

))2
(s33, µ33, d33) dz dy.

(68)


{D1:3} =

∫ b/2

−b/2

∫ h/2

−h/2
1
4A44

(
d2f
dz2 ,

(
dg
dz

)2
, d2f

dz2
dg
dz

)
dz dy,

{D4:9} =
∫ b/2

−b/2

∫ h/2

−h/2
1
4A66

(
1, df

dz
+ 1, g, g

(
df
dz

+ 1
)

,
(

df
dz

+ 1
)2

, g2
)

dz dy.

(69)

The inertia coefficients in equation 60 are as follow according to the MEBCFG
microbeam model :

{J1, . . . , J8} =
∫ b/2

−b/2

∫ h/2

−h/2
ρ (1, z, f, zf, z2, f 2, g2, g) dz dy. (70)

5 Magneto-Electro Bi-Coated Functionally Graded
(MEBiCFG) Microbeams.

This section considers a microbeam of length L, width b, and thickness h, as shown
in figure 16 and 17 , from which the microbeam is composed of a MEE core and
non-piezo material in the surface.
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Figure 16: MEBiCFG microbeam model

The material characteristics are considered to change continuously in two direction
throughout the thickness (z-axis) and the width (y-axis) from the core to the external
surface based on the power-law distribution [196]. This study considers bi-coated FG
distribution pattern figure 17:

Figure 17: FG distribution pattern

The following equations describe the distribution of material characteristics in FG
materials [196]:
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P (z) = (P1 − P2) VF G (z) + P2 (71)

VF G−A (z) =
( |2z|

h

)kz

− 1
( |2y − b|

b

)ky

− 1
 (72)

The boundaries borne of the stiffness coefficients in equations 57, 58 according to
the MEBiCFG Microbeam model are the same as the MEBCFG Microbeam model,
and also the inertia coefficients in equation 60, where z ∈ z± =

[
−h

2 , h
2

]
and y ∈ y± =[

− b
2 , b

2

]
.

6 Conclusion

In this chapter, a comprehensive variational formulation was established for
magneto-electro functionally graded microbeams. Utilizing a quasi-3D beam theory,
which inherently accounts for transverse shear and thickness stretching effects without
the need for shear correction factors, the expressions for kinetic energy, strain energy,
and virtual work were meticulously derived. Three distinct configurations—namely,
Magneto-Electro Functionally Graded Sandwich, Bilaterally Coated, and Bi-Coated
Microbeams, were specifically addressed, providing a versatile framework. This detailed
formulation lays the groundwork for subsequent derivation of governing equations
and in-depth analysis of the static and dynamic responses of these advanced MEE
microstructures.
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Numerical Implementation using the Differential Quadrature Finite Element Method (DQ-FEM)

1 Introduction

In the preceding chapter, a comprehensive variational formulation was established
for magneto-electro functionally graded (MEE-FG) microbeams based on a quasi-3D
beam theory. The derived expressions for kinetic energy, strain energy, and virtual
work have set the foundation for the numerical implementation. In this chapter,
attention is directed toward the Differential Quadrature Finite Element Method
(DQ-FEM), a powerful hybrid numerical technique that integrates the accuracy
and efficiency of the Generalized Differential Quadrature Method (GDQM) with the
versatility of the Finite Element Method (FEM).

The primary motivation behind adopting DQ-FEM lies in its ability to achieve
spectral-like accuracy with relatively few nodes, while retaining the structural
flexibility of FEM. This makes it particularly suitable for modeling the static
and dynamic responses of MEE-FG microbeams, where strong coupling between
mechanical, electrical, magnetic, and thermal fields demands both robustness and
efficiency.

2 Formulation of the DQ-FEM

2.1 Differential Quadrature Approximation

The essence of DQ is that the derivative of a function at a given point can be
expressed as a weighted linear sum of the function values at all discrete sampling
points within the domain. For an arbitrary displacement or potential field q(x), we
assume [57, 59, 60, 61, 62]:

q(x) =
N∑

i=1
Li(x) qi, (73)

where Li(x) denotes the Lagrange interpolation polynomial, and qi = q(xi) are
the nodal values of the unknown variables (e.g., displacements u, wb, ws, wz, electric
potential γ, and magnetic potential ζ).

The nth-order derivative of a field variable F (x, t) at a discrete point xi is
approximated as:

∂nF (x, t)
∂xn

∣∣∣∣∣
xi

=
N∑

j=1
A

(n)
ij F (xj, t), i = 1, 2, . . . , N, (74)

where A
(n)
ij are the weighting coefficients of the nth-order derivative.
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2.2 Weighting Coefficients

The weighting coefficients A
(n)
ij are related to the derivatives of the Lagrange

interpolation functions. They are obtained as follows:

For the first derivative (n = 1):

A
(1)
ij = M(xi)

(xi − xj)M(xj)
, i ̸= j, i, j = 1, 2, . . . , N, (75)

A
(1)
ii = −

N∑
j=1
j ̸=i

A
(1)
ij , i = 1, 2, . . . , N, (76)

where
M(xi) =

N∏
k=1
k ̸=i

(xi − xk), M(xj) =
N∏

k=1
k ̸=j

(xj − xk). (77)

For higher-order derivatives (n > 1), the coefficients are computed by the
recurrence relation:

A
(n)
ij = n

A
(1)
ij A

(n−1)
ii −

A
(n−1)
ij

(xi − xj)

 , i ̸= j, i, j = 1, 2, . . . , N, n > 1, (78)

A
(n)
ii = −

N∑
j=1
j ̸=i

A
(n)
ij , i = 1, 2, . . . , N. (79)

2.3 Gauss–Lobatto Quadrature Rule

To evaluate integrals in the weak form, the Gauss–Lobatto quadrature rule is
adopted: ∫ 1

−1
F (x) dx =

N∑
j=1

CjF (xj), (80)

where Cj are the quadrature weights, given by:

C1 = CN = 2
N(N − 1) , Cj = 2

N(N − 1)[PN−1(xj)]2
, j ̸= 1, N, (81)

and xj are the Gauss–Lobatto nodes:

xj = − cos
(

j − 1
N − 1π

)
. (82)

The nodes are determined from the roots of the derivative of the Legendre
polynomials, which are computed by the recurrence relation:

PN+1(x) = 2N + 1
N + 1 xPN(x) − N

N + 1PN−1(x), (83)
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with
P0(x) = 1, P1(x) = x. (84)

The higher-order derivatives of Legendre polynomials can also be determined using
the recurrence formula:

P
(n)
N+1(x) = xP

(n)
N (x) + (N + n)P (n)

N (x). (85)

2.4 Transformation Matrix and Nodal Relations

In DQ-FEM, the relations between the field variables and their interpolated values
are expressed as:

u = Qū, wb = Qw̄b, ws = Qw̄s, γ = Qγ̄, ζ = Qζ̄, (86)

where Q is the transformation matrix:

Q =



1 0 0 · · · 0 0
A

(1)
1,1 A

(1)
1,2 A

(1)
1,3 · · · A

(1)
1,N−1 A

(1)
1,N

0 0 1 · · · 0 0
... ... ... . . . ... ...
0 0 0 · · · 0 1

A
(1)
N,1 A

(1)
N,2 A

(1)
N,3 · · · A

(1)
N,N−1 A

(1)
N,N


(87)

All types of nodal arrangement for differentiation and quadrature reside inside
the interval [−1, 1]. Consequently, to implement them in practice, the subsequent
adjustments from the interval [0, le] to [−1, 1] must be applied to the differential and
quadrature matrices.

C̄ = le
2 C, Ā1 = 2

le
A1, Ā2 = 4

le
2 A2 (88)

Were le is the length of the microbeam element.

3 Element Matrices

By substituting the above approximations into the variational formulation (strain
(equation 56), kinetic (equation 59) , and virtual works (equation 61) derived in
Chapter 5).
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Strain energy (DQ-FEM implementation)

U = 1
2

(
I1
[
QT A1T

CA1Q
]
u2 − 2I2

[
QT A1T

CA2Q
]
uwb − 2I3

[
QT A1T

CA2Q
]
uws

+ 2I4
[
QT A2T

CA2Q
]
wbws + I5

[
QT A2T

CA2Q
]
w2

b + I6
[
QT A2T

CA2Q
]
w2

s

+ I7
[
QT CQ

]
w2

z + 2I8
[
QT A1T

CQ
]
uwz − 2I9

[
QT A2T

CQ
]
wbwz

− 2I10
[
QT A2T

CQ
]
wswz + I11

[
QT A1T

CA1Q
] (

w2
s + w2

z + 2wswz

)
+ 2I12

[
QT A1T

CQ
]
uγ − 2I13

[
QT A2T

CQ
]
wbγ − 2I14

[
QT A2T

CQ
]
wsγ

+ 2I15
[
QT A1T

CQ
]
uζ − 2I16

[
QT A2T

CQ
]
wbζ − 2I17

[
QT A2T

CQ
]
wsζ

− 2I18
[
QT A1T

CA1Q
]
(wsγ − wzγ) − 2I19

[
QT A1T

CA1Q
]
(wsζ − wzζ)

+ 2I20
[
QT CQ

]
wzγ + 2I21

[
QT CQ

]
wzζ − I22

[
QT A1T

CA1Q
]
γ2

− I23
[
QT A1T

CA1Q
]
ζ2 − 2I24

[
QT A1T

CA1Q
]
γζ − I25

[
QT CQ

]
γ2

− I26
[
QT CQ

]
ζ2 − 2I27

[
QT CQ

]
γζ + D1

[
QT A1T

CA1Q
]
w2

s

+ D2
[
QT A1T

CA1Q
]
w2

z + 2D3
[
QT A1T

CA1Q
]
wswz + 4D4

[
QT A2T

CA2Q
]
w2

b

+ 4D5
[
QT A2T

CA2Q
]
wbws + 4D6

[
QT A2T

CA2Q
]
wbwz + 2D7

[
QT A2T

CA2Q
]
wswz

+ D8
[
QT A2T

CA2Q
]
w2

s + D9
[
QT A2T

CA2Q
]
w2

z

)
.

(89)

Kinetic energy (DQ-FEM implementation)

T = 1
2

(
J1
[
GT CG

](
u̇2 + ẇ2

b + ẇ2
s + 2ẇbẇs

)
− 2J2

[
GT CA(1)G

]
u̇ẇb − 2J3

[
GT CA(1)G

]
u̇ẇs

+ 2J4
[
GT A(1)T

CA(1)G
]
ẇbẇs + J5

[
GT A(1)T

CA(1)G
]
ẇ2

b + J6
[
GT A(1)T

CA(1)G
]
ẇ2

s

+ J7
[
GT CG

]
ẇ2

z + 2J8
[
GT CG

](
ẇbẇz + ẇsẇz

))
(90)

Virtual works (DQ-FEM implementation)

Wext = −q0
([

QT C
]

wb +
[
QT C

]
ws + f2

[
QT C

]
wz

)
(91)

81



Numerical Implementation using the Differential Quadrature Finite Element Method (DQ-FEM)

The governing equations are obtained by applying Lagrange’s principle to the
discretized DQ-FEM formulation. For each element, the vector of generalized nodal
variables is defined as

{q̄e} =
{
ū, w̄b, w̄s, w̄z, γ̄, ζ̄

}T
, (92)

where ū is the axial displacement vector, w̄b is the bending component of the transverse
displacement, w̄s is the shear component, w̄z is the thickness-stretching displacement,
while γ̄ and ζ̄ denote the electric and magnetic potential vectors, respectively.

The Lagrangian of the element is written as

Le = T e − U e, (93)

where T e is the kinetic energy and U e is the strain energy of the element. The
contribution of the external mechanical loading is introduced through the virtual work
δW e

ext. Therefore, Lagrange’s equation for each generalized coordinate q̄e
i is expressed

as
d

dt

(
∂Le

∂ ˙̄qe
i

)
− ∂Le

∂q̄e
i

= F e
i , i = 1, 2, . . . , ne, (94)

where ˙̄qe
i is the time derivative of the generalized coordinate, F e

i is the corresponding
generalized external force, and ne is the total number of generalized degrees of freedom
of the element.

Using the discretized expressions of the kinetic and strain energies, the element
energies can be written in quadratic matrix form as

T e = 1
2{ ˙̄qe}T [M e]{ ˙̄qe}, (95)

and
U e = 1

2{q̄e}T [Ke]{q̄e}, (96)

where [M e] and [Ke] are the elementary mass and stiffness matrices, respectively. The
external virtual work is written as

δW e
ext = {δq̄e}T {F e}, (97)

where {F e} is the elementary external load vector.

Substituting Eqs. (95)–(97) into Lagrange’s equation gives the elementary equations
of motion:

[M e]{¨̄qe} + [Ke]{q̄e} = {F e}. (98)
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It should be noted that the electric and magnetic potentials, γ̄ and ζ̄, do not
contribute to the kinetic energy. Consequently, the corresponding rows and columns
in the mass matrix associated with these potential variables are equal to zero, while
their coupling with the mechanical field appears through the stiffness matrix.

For free vibration analysis, the external load vector is set to zero and the generalized
displacement vector is assumed to be harmonic:

{q̄e(t)} = {q̂e}eiωt, (99)

where {q̂e} is the amplitude vector, ω is the natural circular frequency, and i =
√

−1.
Substituting Eq. (99) into Eq. (98) leads to the elementary eigenvalue problem:

(
[Ke] − ω2[M e]

)
{q̂e} = {0}. (100)

After assembling all elementary matrices using the standard finite element
procedure, the global governing equation is obtained as

[M ]{¨̄q} + [K]{q̄} = {F}, (101)

For harmonic free vibration, it becomes
(
[K] − ω2[M ]

)
{q̂} = {0}. (102)

For static bending, it becomes

[K]{q̄} = {F}, . (103)

The elementary mass matrix is:

[M e] =



[M e]11 [M e]12 [M e]13 0 0 0
[M e]22 [M e]23 [M e]24 0 0

[M e]33 [M e]34 0 0
[M e]44 0 0

0 0
sym 0


(104)
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where the mass matrix components are as follow:

[M e]11 = J1
[
QT CQ

]
, [M e]12 = −J2

[
QT CA1Q

]
,

[M e]13 = −J3
[
QT CA1Q

]
, [M e]22 = J1

[
QT CQ + J5 QT A1T

CA1Q
]

,

[M e]23 = J1
[
QT CQ + J4 QT A1T

CA1Q
]

, [M e]24 = J8
[
QT CQ

]
,

[M e]33 = J1
[
QT CQ + J6 QT A1T

CA1Q
]

, [M e]34 = J8
[
QT CQ

]
,

[M e]44 = J7
[
QT CQ

]
.

(105)

while the elementary strain matrix is:

[Ke] =



[Ke]11 [Ke]12 [Ke]13 [Ke]14 [Ke]15 [Ke]16

[Ke]22 [Ke]23 [Ke]24 [Ke]25 [Ke]26

[Ke]33 [Ke]34 [Ke]35 [Ke]36

[Ke]44 [Ke]45 [Ke]46

sym [Ke]55 [Ke]56

[Ke]66


(106)
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where the strain matrix components are as follow:

[Ke]11 = I1
[
QT A1T

CA1Q
]

,

[Ke]12 = −I2
[
QT A1T

CA2Q
]

,

[Ke]13 = −I3
[
QT A1T

CA2Q
]

,

[Ke]14 = I8
[
QT A1T

CQ
]

,

[Ke]15 = I14
[
QT A1T

CQ
]

,

[Ke]16 = I17
[
QT A1T

CQ
]

,

[Ke]22 = (I5 + 4D4)
[
QT A2T

CA2Q
]

,

[Ke]23 = (I4 + 2D5)
[
QT A2T

CA2Q
]

,

[Ke]24 = −I9
[
QT A2T

CQ
]

+ 2D6
[
QT A2T

CA2Q
]

,

[Ke]25 = −I15
[
QT A2T

CQ
]

,

[Ke]26 = −I18
[
QT A2T

CQ
]

,

[Ke]33 = (I6 + D8)
[
QT A2T

CA2Q
]

+ (I11 + D1)
[
QT A1T

CA1Q
]

,

[Ke]34 = −I10
[
QT A2T

CQ
]

+ (I13 + D3)
[
QT A1T

CA1Q
]

+ D7
[
QT A2T

CA2Q
]

,

[Ke]35 = −I16
[
QT A2T

CQ
]

− I20
[
QT A1T

CA1Q
]

,

[Ke]36 = −I19
[
QT A2T

CQ
]

− I21
[
QT A1T

CA1Q
]

,

[Ke]44 = I7
[
QT CQ

]
+ (I12 + D2)

[
QT A1T

CA1Q
]

+ D9
[
QT A2T

CA2Q
]

,

[Ke]45 = −I22
[
QT A1T

CA1Q
]

+ I24
[
QT CQ

]
,

[Ke]55 = −I26
[
QT A1T

CA1Q
]

− I29
[
QT CQ

]
,

[Ke]56 = −I28
[
QT A1T

CA1Q
]

− I31
[
QT CQ

]
,

[Ke]66 = −I27
[
QT A1T

CA1Q
]

− I30
[
QT CQ

]
.

(107)

The external load vector takes the form:

[F ] = {0, Fe2, Fe3, Fe4, 0, 0}T . (108)

Assembly of the global matrices follows the standard FEM procedure, leading to
the governing equation of motion:(

[K] − ω2[M ]
)

{q̄} = {F}, (109)
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where q̄ = {ū, w̄b, w̄s, w̄z, γ̄, ζ̄}T .

4 Boundary Conditions

In DQ-FEM, mechanical, electrical, and magnetic boundary conditions are imposed
similarly to FEM. This is accomplished by eliminating rows and columns of the
global matrices associated with constrained degrees of freedom:

• Simply Supported (S): First and penultimate rows/columns removed.

• Clamped (C): First, second, penultimate, and last rows/columns removed.

• Free (F): No elimination applied.

For electro-magnetic constraints:

γ = 0, ζ = 0 at clamped and simply supported ends.

This ensures that both displacement and potential boundary conditions are
accurately enforced within the numerical model.

5 Concluding Remarks

This chapter presented the numerical implementation of the quasi-3D
variational formulation of MEE-FG microbeams using DQ-FEM. The method
combines the accuracy of spectral methods with the flexibility of FEM, enabling
efficient and robust modeling of static and dynamic responses. The derived mass and
stiffness matrices provide the foundation for subsequent parametric studies and
validation, which will be detailed in the following chapter.
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1 Introduction

The preceding chapters have meticulously detailed the theoretical formulation of
three distinct magneto-electro-elastic functionally graded (MEE-FGM) microbeam
models namely the sandwich, the bilaterally coated, and the bi-coated configurations.
A robust computational framework was established by integrating a refined
quasi-3D/higher-order beam theory with the Modified Couple Stress Theory (MCST)
to capture both macroscopic deformations and microscopic size effects. The governing
equations, derived via Lagrange’s principle, were subsequently discretized and solved
using the highly efficient Differential Quadrature Finite Element Method (DQ-FEM).

This chapter now transitions from the development of the model to its application
and validation. It serves as the cornerstone of the thesis, where the predictive
capabilities of the proposed framework are rigorously tested and utilized to generate
new scientific insights into the complex behavior of these advanced microstructures.
The primary objectives of this chapter are twofold: first, to establish the accuracy
and reliability of the developed numerical models through a series of validation
and convergence studies against established literature; and second, to conduct a
comprehensive parametric investigation into the static bending and free vibration
responses of each microbeam configuration.

To achieve these objectives, the chapter is structured as follows. It begins with
a crucial validation section to confirm the integrity of the proposed DQ-FEM code.
Subsequently, the main body of the chapter is divided into three distinct sections,
each dedicated to one of the developed microbeam models. Within each section,
a detailed analysis of both static deflection under magneto-electro-mechanical loads
and free vibration characteristics will be presented. The influence of key design
parameters—including the material gradation index (p), the length-to-thickness ratio
(L/h), the material length scale parameter, and the MEE material composition—will
be systematically investigated and discussed. Ultimately, the results presented
herein aim to provide a deep understanding of the coupled multi-physics behavior
of these microbeams and offer valuable guidelines for the design and optimization of
next-generation micro-electromechanical systems (MEMS), such as sensors, actuators,
and energy harvesters.
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2 Model Validation and Convergence Study

In this section, based on literature works [10, 13, 197] the model used is a simply
supported (S-S) FG microbeam assumed to be composed of 50% − 50%BaTiO3 −
CoFe2O4 and epoxy [198]. A uniform continuous load q0 = 1/2000h N/m is applied
on the microbeam along the Oz axis. The shape cross section is taken as (b = 2h) and
(L = 20h), and (h = 14.42 µm). The material properties a indicated in table 4.

Table 4: Material properties of BaTiO3 − CoFe2O4 and epoxy.

BaTiO3 − CoFe2O4 Epoxy
Property 0%-100% 20%-80% 40%-60% 50%-50% 60%-40% 80%-20% 100%-0%

C11 286 262 238 226 214 190 166 4.889
C13 170 151.6 133.2 124 114.8 96.4 78 2.407
C33 269.5 248 226.5 215.75 205 183.5 162 4.889
C55 45.3 44.84 44.38 44.15 43.92 43.46 43 1.241
q31 580.3 464.24 348.18 290.15 232.12 116.06 0 0
q33 699.7 559.76 419.82 349.85 279.88 139.94 0 0
q15 550 440 330 275 220 110 0 0
e31 0 -0.88 -1.76 -2.2 -2.64 -3.52 -4.4 0
e33 0 3.72 7.44 9.3 11.16 14.88 18.6 0
e15 0 2.32 4.64 5.8 6.96 9.28 11.6 0
s11 0.08 2.3 4.53 5.64 6.75 8.98 11.2 0
s33 0.093 2.59 5.1 6.35 7.6 10.1 12.6 0
d11 0 2.6 4.58 5.38 6.02 7.04 0 0
d33 0 2020 2760 2740 2520 1550 0 0
µ11 590 473 356 297.5 239 122 5 0
µ33 157 127.6 98 83.5 68.8 39.4 10 0
ρ 5300 5400 5500 5550 5600 5700 5800 1180
MLSP 7.33 7.29 7.24 7.21 7.18 7.1 7 16.93

The units in table 4 are as follow: the piezoelectric constants are given in eij (C/m2 )
, the dielectric constants are given in sij(10−9C2/(N.m2)), the piezomagnetic
constants are given in qij(N/(A.m)), the magnetoelectric constants are given in
dij(10−12Ns/(V.C)), the magnetic constants are given in µij(10−6Ns2/C2), and the
density is given in ρ(kg/m3). The material length scale parameter is given in l (µm).

2.1 convergence analysis

To demonstrate the accuracy and high computational efficiency of the proposed
numerical method a convergence study is done figures 18, 19, 20, 21 and table 5, 6, 7.
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Figure 18: Convergence of the 1st frequency for a simply supported ME bilaterally
coated FG microbeam,k = 1, h = 20µm, b = 2h,L = 20h,BaT iO3(50%) −
CoFe2O4(50%)

Figure 19: Convergence of the mid span deflection for a simply supported
ME bilaterally coated FG microbeam,k = 1, h = 20µm, b = 2h, L =
20h,BaT iO3(50%) − CoFe2O4(50%)
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Figure 20: Convergence of the mid span electric potential for a simply supported
ME bilaterally coated FG microbeam,k = 1, h = 20µm, b = 2h, L =
20h,BaT iO3(50%) − CoFe2O4(50%)

Figure 21: Convergence of the mid span magnetic potential for a simply
supported ME bilaterally coated FG microbeam,k = 1, h = 20µm, b = 2h,L =
20h,BaT iO3(50%) − CoFe2O4(50%)

PS: The convergence results for all the microbeams models have a similar allure.

A convergence study was systematically conducted to check the numerical stability
and accuracy of the proposed models. The analysis showed that all of the microbeam
configurations studied in this work converged very quickly and well. Based on
these results, it was decided that 61 sampling points for the Differential Quadrature
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Table 5: Convergence results for the simply supported beam (SS) with respect to
the number of sampling points Ns.

Ns f1(MHz) f2(MHz) f3(MHz) w/h γ(V ) ζ(A)

5 1.982 10.061 21.538 0.149 -2.941 0.029
7 1.983 7.947 17.840 0.149 -2.941 0.029
9 1.983 7.914 17.745 0.149 -2.941 0.029
11 1.983 7.914 17.607 0.149 -2.941 0.029
13 1.983 7.914 16.611 0.149 -2.941 0.029
15 1.983 7.914 16.255 0.149 -2.941 0.029
17 1.983 7.914 16.151 0.149 -2.941 0.029
19 1.983 7.914 16.120 0.149 -2.941 0.029
21 1.983 7.914 16.121 0.149 -2.941 0.029
23 1.983 7.914 16.120 0.149 -2.941 0.029
25 1.983 7.914 16.120 0.149 -2.941 0.029
27 1.983 7.914 16.120 0.149 -2.941 0.029
29 1.983 7.914 16.120 0.149 -2.941 0.029
31 1.983 7.914 16.120 0.149 -2.941 0.029
33 1.983 7.914 16.120 0.149 -2.941 0.029
35 1.983 7.914 16.120 0.149 -2.941 0.029
37 1.983 7.914 16.120 0.149 -2.941 0.029
39 1.983 7.914 16.120 0.149 -2.941 0.029
41 1.983 7.914 16.120 0.149 -2.941 0.029
43 1.983 7.914 16.120 0.149 -2.941 0.029
45 1.983 7.914 16.120 0.149 -2.941 0.029
47 1.983 7.914 16.120 0.149 -2.941 0.029
49 1.983 7.914 16.120 0.149 -2.941 0.029
51 1.983 7.914 16.120 0.149 -2.941 0.029
53 1.983 7.914 16.120 0.149 -2.941 0.029
55 1.983 7.914 16.120 0.149 -2.941 0.029
57 1.983 7.914 16.120 0.149 -2.941 0.029
59 1.983 7.914 16.120 0.149 -2.941 0.029
61 1.983 7.914 16.120 0.149 -2.941 0.029
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Table 6: Convergence results for the clamped–clamped beam (CC) with respect to
the number of sampling points Ns.

Ns f1(MHz) f2(MHz) f3(MHz) w/h γ(V ) ζ(A)

5 50.272 143.095 26.000 0.030 -0.723 0.007
7 4.493 12.610 24.501 0.030 -1.153 0.011
9 4.493 12.361 24.152 0.030 -0.863 0.009
11 4.493 12.357 24.136 0.030 -1.042 0.010
13 4.493 12.357 24.136 0.030 -0.925 0.009
15 4.493 12.357 24.136 0.030 -1.007 0.010
17 4.493 12.357 24.136 0.030 -0.946 0.009
19 4.493 12.357 24.136 0.030 -0.993 0.010
21 4.493 12.357 24.136 0.030 -0.955 0.009
23 4.493 12.357 24.136 0.030 -0.987 0.009
25 4.493 12.357 24.136 0.030 -0.960 0.009
27 4.493 12.357 24.136 0.030 -0.983 0.009
29 4.493 12.357 24.136 0.030 -0.963 0.009
31 4.493 12.357 24.136 0.030 -0.980 0.009
33 4.493 12.357 24.136 0.030 -0.965 0.009
35 4.493 12.357 24.136 0.030 -0.979 0.009
37 4.493 12.357 24.136 0.030 -0.967 0.009
39 4.493 12.357 24.136 0.030 -0.977 0.009
41 4.493 12.357 24.136 0.030 -0.968 0.009
43 4.493 12.357 24.136 0.030 -0.976 0.009
45 4.493 12.357 24.136 0.030 -0.969 0.009
47 4.493 12.357 24.136 0.030 -0.976 0.009
49 4.493 12.357 24.136 0.030 -0.969 0.009
51 4.493 12.357 24.136 0.030 -0.975 0.009
53 4.493 12.357 24.136 0.030 -0.970 0.009
55 4.493 12.357 24.136 0.030 -0.975 0.009
57 4.493 12.357 24.136 0.030 -0.970 0.009
59 4.493 12.357 24.136 0.030 -0.974 0.009
61 4.493 12.357 24.136 0.030 -0.970 0.009
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Table 7: Convergence results for the clamped–free beam (CF) with respect to the
number of sampling points Ns.

Ns f1(MHz) f2(MHz) f3(MHz) w/h γ(V ) ζ(A)

5 0.707 4.435 21.562 0.509 -4.686 0.046
7 0.707 4.419 12.641 0.508 -2.158 0.023
9 0.707 4.419 12.338 0.508 -3.394 0.033
11 0.707 4.419 12.335 0.507 -2.712 0.028
13 0.707 4.419 12.335 0.507 -3.134 0.031
15 0.707 4.419 12.335 0.507 -2.847 0.029
17 0.707 4.419 12.335 0.507 -3.057 0.031
19 0.707 4.419 12.335 0.507 -2.894 0.030
21 0.707 4.419 12.335 0.507 -3.026 0.031
23 0.707 4.419 12.335 0.507 -2.916 0.030
25 0.707 4.419 12.335 0.507 -3.008 0.030
27 0.707 4.419 12.335 0.507 -2.930 0.030
29 0.707 4.419 12.335 0.507 -2.998 0.030
31 0.707 4.419 12.335 0.507 -2.939 0.030
33 0.707 4.419 12.335 0.507 -2.990 0.030
35 0.707 4.419 12.335 0.507 -2.945 0.030
37 0.707 4.419 12.335 0.507 -2.985 0.030
39 0.707 4.419 12.335 0.507 -2.949 0.030
41 0.707 4.419 12.335 0.507 -2.981 0.030
43 0.707 4.419 12.335 0.507 -2.952 0.030
45 0.707 4.419 12.335 0.507 -2.979 0.030
47 0.707 4.419 12.335 0.507 -2.955 0.030
49 0.707 4.419 12.335 0.507 -2.976 0.030
51 0.707 4.419 12.335 0.507 -2.957 0.030
53 0.707 4.419 12.335 0.507 -2.975 0.030
55 0.707 4.419 12.335 0.507 -2.958 0.030
57 0.707 4.419 12.335 0.507 -2.973 0.030
59 0.707 4.419 12.335 0.507 -2.959 0.030
61 0.707 4.419 12.335 0.507 -2.972 0.030
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Finite Element Method (DQFEM) were enough to get a stable and correct answer.
Consequently, this value was utilised for all resulting parametric studies to guarantee
both elevated accuracy and computational efficacy.

2.2 validation

Rigorous validation of the DQ-FEM code by comparing results for simplified cases
against published analytical and numerical solutions.

Figure 22: Comparative analysis of the bending of a doubly S-S microbeam exposed
to an even distribution of load
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Figure 23: Comparative analysis of electrical potential of a doubly S-S microbeam
exposed to an even distribution of load

Figure 24: Comparative analysis of magnetic potential of a doubly S-S microbeam
exposed to an even distribution of load

To validate our numerical method, we computed the semi-analytical model presented
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Table 8: Comparison of numerical results (b = 2h, L = 20h), 50% − 50%
BaTiO3–CoFe2O4

h(µm) Frequency (MHz)

1st mode 2nd mode 3rd mode
[10] Present [10] Present [10] Present

14.42 4.097 4.069 16.811 16.228 39.647 34.853
28.84 1.710 1.701 7.007 6.784 16.466 14.796

h(µm) w/h γ(V ) ζ(A)
[10] Present [10] Present [10] Present

14.42 0.0792 0.0793 -1.251 -1.229 0.0125 0.0122
28.84 0.0284 0.0283 -0.896 -0.877 0.0090 0.0087

in reference [10] and compared it with our method. As shown in Figures 22-24, the
results of our current model closely align in midspan with the semi-analytical results
from [10]. Our model give the exact shape of the bending , electrical potential and
magnetic potential, on the other hand the literature semi analytical model give only the
sinusoidal midspan value shape. This comparison supports the validity of the existing
model and demonstrates that the DQFEM, in conjunction with the refined high-order
beam theory, provides more accurate results at all locations, in contrast to analytical
methods, which only provide data at the midline. Table 8 presents a comparison of the
first, second and third frequencies, as well as the midspan deflection, electric potential,
and magnetic potential. The results in Table 8 further confirm the effectiveness and
validity of our model.

3 Parametric Analysis of the Sandwich MEE-FGM
Microbeam

In this section, for the upper and bottom outer surfaces layers an FG mixture of
(BaTiO3 − CoFe2O4) and epoxy is used, from which this mixture is controlled by
the power law of FG materials in equations 62 and 63. The inner core is an isotropic
material and it is composed of epoxy. The physical characteristics of these materials
are listed in Table 4.
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Figure 25: Deflection of MEE sandwich microbeam with various boundary
conditions,k = 1, h = 20µm, b = 2h,L = 20h, (1 − 1 − 1), BaT iO3(50%) −
CoFe2O4(50%)

Figure 26: Electric potential of MEE sandwich microbeam with various boundary
conditions,k = 1, h = 20µm, b = 2h,L = 20h, (1 − 1 − 1), BaT iO3(50%) −
CoFe2O4(50%)
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Figure 27: Magnetic potential of MEE sandwich microbeam with various boundary
conditions,k = 1, h = 20µm, b = 2h,L = 20h, (1 − 1 − 1), BaT iO3(50%) −
CoFe2O4(50%)

Figure 25 shows the bending response of a MEE sandwich microbeam with three
deferent boundary conditions as simply supported, clamped, and clamped free. As
noticed the simply supported example give high deflection then the clamped example,
and the clamped free give more important deflection. Then nature of the bending
response gives deferent electric and magnetic potential distribution along the length
of the beam as showed in figures 26 and 27 respectively. As represented in figure
26, electrical potential has positive value in all the points of the microbeam in simply
supported case, unlike the clamped free, the electric potential has negative value across
all the microbeam. In the clamped example it is noticed that the electric potential has
negative value near the boundary ends of the microbeam, but in the middle the value
is positive. All that is explained that the uniform load cause mechanical deformation
who generate electrical potential across the microbeam. In regions of the microbeam
where the material is compressed, the piezoelectric effect generates a positive electric
charge (V) and the piezomagnetic effect generates a negative magnetic charge (A), and
it is the opposites where the material is stretched, a negative electric and a positive
magnetic charge are generated. Tables 9-11 represent the deflection, electric potential,
and magnetic potential for a microbeam with simply supported boundary conditions
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with various layers thickness ratio and MEE core material mixture percentage and
also various FG gradations index for the upper and bottom layers. It is noticed that
with the increaser of the inner core thickness the deflection decreases, in parallel the
electric and magnetic potentials decrease. by increasing the surface layers thickness
the deflection, electric and magnetic potentials increase. This is due to the increased
proportion of epoxy materials which are more flexible compared to BaTiO3−CoFe2O4.
The electric potential and the magnetic potential are proportional to the percentage
of BaTiO3 − CoFe2O4 mixture.

Table 9: S–S sandwich microbeam midspan deflection with various layers thickness
ratio and MEE core material mixture percentage BaTiO3–CoFe2O4 (h =
20µm, b = 2h, L = 20h).

BaTiO3–CoFe2O4 k 1-1-1 1-2-1 2-1-2 1-0-1 2-2-1 2-1-1

20%-80% 0 -0.0447 -0.0447 -0.0447 -0.0447 -0.0447 -0.0447
0.5 -0.0716 -0.0646 -0.0770 -0.0849 -0.0688 -0.0750
1 -0.0968 -0.0809 -0.1105 -0.1326 -0.0902 -0.1053
10 -0.2523 -0.1574 -0.3693 -0.6712 -0.2086 -0.3201

40%-60% 0 -0.0488 -0.0488 -0.0488 -0.0488 -0.0488 -0.0488
0.5 -0.0778 -0.0703 -0.0837 -0.0922 -0.0748 -0.0815
1 -0.1048 -0.0878 -0.1196 -0.1432 -0.0978 -0.1140
10 -0.2681 -0.1691 -0.3879 -0.6878 -0.2228 -0.3378

50%-50% 0 -0.0511 -0.0511 -0.0511 -0.0511 -0.0511 -0.0511
0.5 -0.0814 -0.0736 -0.0875 -0.0963 -0.0783 -0.0852
1 -0.1094 -0.0917 -0.1246 -0.1491 -0.1021 -0.1188
10 -0.2766 -0.1756 -0.3978 -0.6963 -0.2305 -0.3473

60%-40% 0 -0.0537 -0.0537 -0.0537 -0.0537 -0.0537 -0.0537
0.5 -0.0852 -0.0771 -0.0916 -0.1008 -0.0820 -0.0892
1 -0.1143 -0.0960 -0.1301 -0.1554 -0.1068 -0.1241
10 -0.2857 -0.1825 -0.4080 -0.7049 -0.2387 -0.3572

80%-20% 0 -0.0597 -0.0597 -0.0597 -0.0597 -0.0597 -0.0597
0.5 -0.0941 -0.0853 -0.1011 -0.1111 -0.0906 -0.0985
1 -0.1256 -0.1058 -0.1426 -0.1698 -0.1174 -0.1361
10 -0.3054 -0.1980 -0.4298 -0.7224 -0.2568 -0.3784
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Table 10: S–S sandwich microbeam midspan electric potential with various layer
thickness ratios and MEE core material mixture percentage BaTiO3–CoFe2O4 (h =
20µm, b = 2h, L = 20h).

BaTiO3–CoFe2O4 k 1-1-1 1-2-1 2-1-2 1-0-1 2-2-1 2-1-1

20%-80% 0 0.9449 0.9449 0.9449 0.9449 0.9449 0.9449
0.5 1.4394 1.3045 1.5476 1.7064 1.3851 1.5071
1 1.8800 1.5836 2.1428 2.5699 1.7567 2.0419
10 4.3303 2.8067 6.1661 10.7477 3.6328 5.4012

40%-60% 0 1.0476 1.0476 1.0476 1.0476 1.0476 1.0476
0.5 1.5895 1.4419 1.7080 1.8816 1.5301 1.6637
1 2.0687 1.7461 2.3541 2.8171 1.9346 2.2446
10 4.6731 3.0621 6.5780 11.1912 3.9393 5.7887

50%-50% 0 1.1005 1.1005 1.1005 1.1005 1.1005 1.1005
0.5 1.6659 1.5120 1.7894 1.9704 1.6040 1.7432
1 2.1637 1.8284 2.4599 2.9401 2.0244 2.3463
10 4.8342 3.1870 6.7624 11.3599 4.0860 5.9658

60%-40% 0 1.1574 1.1574 1.1574 1.1574 1.1574 1.1574
0.5 1.7474 1.5869 1.8762 2.0650 1.6829 1.8281
1 2.2644 1.9160 2.5719 3.0697 2.1197 2.4540
10 4.9991 3.3175 6.9469 11.5183 4.2375 6.1446

80%-20% 0 1.2876 1.2876 1.2876 1.2876 1.2876 1.2876
0.5 1.9321 1.7570 2.0725 2.2784 1.8617 2.0200
1 2.4903 2.1136 2.8221 3.3579 2.3340 2.6950
10 5.3506 3.6036 7.3283 11.8226 4.5645 6.5190
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Table 11: S–S sandwich microbeam midspan magnetic potential with various layer
thickness ratios and MEE core material mixture percentage BaTiO3–CoFe2O4 (h =
20µm, b = 2h, L = 20h).

BaTiO3–CoFe2O4 k 1-1-1 1-2-1 2-1-2 1-0-1 2-2-1 2-1-1

20%-80% 0 -0.0100 -0.0100 -0.0100 -0.0100 -0.0100 -0.0100
0.5 -0.0152 -0.0138 -0.0163 -0.0180 -0.0146 -0.0159
1 -0.0198 -0.0167 -0.0225 -0.0270 -0.0185 -0.0215
10 -0.0443 -0.0293 -0.0607 -0.0956 -0.0375 -0.0541

40%-60% 0 -0.0107 -0.0107 -0.0107 -0.0107 -0.0107 -0.0107
0.5 -0.0161 -0.0146 -0.0173 -0.0191 -0.0155 -0.0169
1 -0.0209 -0.0177 -0.0238 -0.0285 -0.0196 -0.0227
10 -0.0460 -0.0307 -0.0624 -0.0961 -0.0391 -0.0558

50%-50% 0 -0.0110 -0.0110 -0.0110 -0.0110 -0.0110 -0.0110
0.5 -0.0165 -0.0150 -0.0178 -0.0196 -0.0159 -0.0173
1 -0.0214 -0.0181 -0.0243 -0.0291 -0.0201 -0.0232
10 -0.0465 -0.0313 -0.0628 -0.0957 -0.0397 -0.0564

60%-40% 0 -0.0112 -0.0112 -0.0112 -0.0112 -0.0112 -0.0112
0.5 -0.0168 -0.0153 -0.0181 -0.0199 -0.0162 -0.0176
1 -0.0218 -0.0184 -0.0247 -0.0295 -0.0204 -0.0236
10 -0.0468 -0.0316 -0.0628 -0.0947 -0.0400 -0.0564

80%-20% 0 -0.0109 -0.0109 -0.0109 -0.0109 -0.0109 -0.0109
0.5 -0.0163 -0.0148 -0.0174 -0.0192 -0.0157 -0.0170
1 -0.0209 -0.0178 -0.0237 -0.0282 -0.0196 -0.0226
10 -0.0439 -0.0300 -0.0584 -0.0868 -0.0378 -0.0527
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Figure 28: Simply supported sandwich microbeam midspan deflection with
various thickness and MEE core material mixture percentage BaTiO3 − CoFe2O4
( kz = 1, b = 2h, L = 20h, (1 − 1 − 1))

Figure 29: Simply supported sandwich microbeam midspan Electric potential with
various thickness and MEE core material mixture percentage BaTiO3 − CoFe2O4
( kz = 1, b = 2h, L = 20h, (1 − 1 − 1))
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Figure 30: Simply supported sandwich microbeam midspan Magnetic potential with
various thickness and MEE core material mixture percentage BaTiO3 − CoFe2O4
( kz = 1, b = 2h, L = 20h, (1 − 1 − 1))

Figures 28, 29 and 30 illustrates the midspan “deflection, electric potential, and
magnetic potential for a doubly S-S microbeam versus the thickness of the beam
with various MEE inner material mixture percentage of BaTiO3 − CoFe2O4, and
a layer’s thickness ratio 1-1-1. It is noticed that midspan deflection decrease with
the augmentation of the thickness, this is physically reasonable because thicker
beams tend to be stiffer and can resist bending or deflection more effectively under
the same load. The deflection and the electrical potential increase according to
the increase of the BaTiO3 percentage, which means that it generates an electric
charge when mechanically deformed. A higher percentage of BaTiO3 would increase
the beam’s piezoelectric response, causing greater electrical potential, and also the
electric potential decrease with higher value of the thickness. However, the magnetic
potential magnitude increases when the percentage of CoFe2O4 increase, but compared
to the expansion of the thickness the magnetic potential decrease. As the beam
becomes thicker, the mechanical strain induced by bending is distributed over a larger
cross-sectional area, leading to a reduced deformation. Since the piezoelectric and
piezomagnetic effects depends on the deformation, the electric and magnetic potentials
decrease with increasing thickness.
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Figure 31: Simply supported sandwich microbeam midspan deflection with various
FG fraction index and MEE core material mixture percentage BaTiO3 −CoFe2O4
( h = 20µm, b = 2h, L = 20h, (1 − 1 − 1))

Figure 32: Simply supported sandwich microbeam midspan Electric potential with
various FG fraction index and MEE core material mixture percentage BaTiO3 −
CoFe2O4 ( h = 20µm, b = 2h, L = 20h, (1 − 1 − 1))
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Figure 33: Simply supported sandwich microbeam midspan Magnetic potential with
various FG fraction index and MEE core material mixture percentage BaTiO3 −
CoFe2O4 ( h = 20µm, b = 2h, L = 20h, (1 − 1 − 1))

To demonstrate the influence of the material gradation of the upper and bottom
layers, figures 31, 32 and 33 shows the midspan deflection, electric, and magnetic
potentials over the variation of the FG material gradation index. As it is known
form table 1, the external material (epoxy) is less dense and less rigid than the inner
MEE material BaTiO3 − CoFe2O4, and according to material distribution formula
in equation (1), when the index kz = 0 means that the microbeam’s upper and
bottom layers is 100% BaTiO3 − CoFe2O4 and by increasing the volume fraction
index the mixture tends towards the external materials (epoxy). all this explains why
the midspan deflection increase in figure 31 as the volume fraction index increase. The
increase of the deflection lead to the increase of magnitudes of the electric and magnetic
potentials. In figures 32 and 33 it is noticed that the more FG index increases the more
we get higher electric and magnetic potentials. It is deduced that high value of FG
index is more efficient then when we have a microbeam with 100% BaTiO3 −CoFe2O4

mixture. In figures 35 and the magnetic potential has an optimal value between
50% − 50% and 60% − 40% of BaTiO3 − CoFe2O4 mixture, and this value increase
more with the increase of FG index of the upper and bottom layers. The goal in this
illustration (figures 34, 35) is to make the mixture BaTiO3 −CoFe2O4 more flexible by
adding the epoxy material, but keeping the maximum electrical and magnetic efficiency.
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Figure 34: Electric potential at simply supported microbeam midspan with various
FG fraction index and MEE inner material mixture percentage BaTiO3 −CoFe2O4
( h = 20µm, b = 2h, L = 20h, (1 − 1 − 1))

Figure 35: Magnetic potential at simply supported microbeam midspan with various
FG fraction index and MEE inner material mixture percentage BaTiO3 −CoFe2O4
( h = 20µm, b = 2h, L = 20h, (1 − 1 − 1))
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Table 12: Natural frequency (MHz) of S–S sandwich MEE FG microbeam (h =
20µm, b = 2h, L = 20h).

BaTiO3–CoFe2O4 k 1-1-1 1-2-1 2-1-2 1-0-1 2-2-1 2-1-1

0%-100% 0 3.0009 3.0009 3.0009 3.0009 3.0009 3.0009
0.5 2.6044 2.6727 2.5641 2.5248 2.6293 2.5778
1 2.3641 2.4816 2.2923 2.2197 2.4074 2.3169
10 1.7208 1.9782 1.5614 1.3939 1.8166 1.6159

20%-80% 0 2.8546 2.8546 2.8546 2.8546 2.8546 2.8546
0.5 2.4830 2.5467 2.4455 2.4095 2.5062 2.4582
1 2.2581 2.3675 2.1916 2.1252 2.2984 2.2143
10 1.6598 1.8973 1.5156 1.3729 1.7478 1.5646

40%-60% 0 2.7068 2.7068 2.7068 2.7068 2.7068 2.7068
0.5 2.3605 2.4195 2.3259 2.2931 2.3819 2.3376
1 2.1513 2.2526 2.0902 2.0301 2.1885 2.1110
10 1.5992 1.8163 1.4703 1.3523 1.6792 1.5136

50%-50% 0 2.6321 2.6321 2.6321 2.6321 2.6321 2.6321
0.5 2.2987 2.3554 2.2656 2.2344 2.3192 2.2768
1 2.0975 2.1947 2.0391 1.9822 2.1332 2.0590
10 1.5689 1.7757 1.4478 1.3421 1.6449 1.4882

60%-40% 0 2.5568 2.5568 2.5568 2.5568 2.5568 2.5568
0.5 2.2364 2.2907 2.2048 2.1752 2.2561 2.2155
1 2.0434 2.1364 1.9877 1.9341 2.0775 2.0067
10 1.5387 1.7350 1.4254 1.3320 1.6106 1.4629

80%-20% 0 2.4040 2.4040 2.4040 2.4040 2.4040 2.4040
0.5 2.1103 2.1598 2.0817 2.0555 2.1282 2.0913
1 1.9340 2.0185 1.8840 1.8368 1.9649 1.9009
10 1.4783 1.6532 1.3809 1.3120 1.5418 1.4126

100%-0% 0 2.2473 2.2473 2.2473 2.2473 2.2473 2.2473
0.5 1.9814 2.0258 1.9560 1.9331 1.9974 1.9645
1 1.8226 1.8981 1.7783 1.7378 1.8501 1.7933
10 1.4179 1.5706 1.3367 1.2923 1.4728 1.3624
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Table 13: Natural frequency (MHz) of S–S sandwich MEE FG microbeam (h =
20µm, b = 2h, L = 5h).

BaTiO3–CoFe2O4 k 1-1-1 1-2-1 2-1-2 1-0-1 2-2-1 2-1-1

0%-100% 0 47.2916 47.2916 47.2916 47.2916 47.2916 47.2916
0.5 41.1713 42.2333 40.5404 39.9204 41.5587 40.7551
1 37.4306 39.2669 36.3010 35.1478 38.1089 36.6893
10 25.0912 28.8436 24.0779 22.0434 26.2430 24.2694

20%-80% 0 44.9860 44.9860 44.9860 44.9860 44.9860 44.9860
0.5 39.2521 40.2426 38.6666 38.0975 39.6129 38.8654
1 35.7532 37.4636 34.7073 33.6535 36.3840 35.0659
10 24.6506 28.1325 23.7786 21.7129 25.7067 23.9241

40%-60% 0 42.6567 42.6567 42.6567 42.6567 42.6567 42.6567
0.5 37.3158 38.2338 36.7762 36.2581 37.6497 36.9591
1 34.0637 35.6463 33.1026 32.1487 34.6463 33.4313
10 24.2175 27.4286 23.3300 21.3876 25.1785 23.5847

50%-50% 0 41.4802 41.4802 41.4802 41.4802 41.4802 41.4802
0.5 36.3391 37.2203 35.8227 35.3302 36.6594 35.9975
1 33.2127 34.7303 32.2946 31.3910 33.7708 32.6081
10 24.0035 27.0790 22.9739 21.2270 24.9173 23.4170

60%-40% 0 40.2938 40.2938 40.2938 40.2938 40.2938 40.2938
0.5 35.3554 36.1994 34.8624 34.3956 35.6618 35.0290
1 32.3566 33.8084 31.4819 30.6289 32.8898 31.7800
10 23.7913 26.7307 22.6194 21.0676 24.6579 23.2221

80%-20% 0 37.8850 37.8850 37.8850 37.8850 37.8850 37.8850
0.5 33.3619 34.1298 32.9168 32.5021 33.6402 33.0668
1 30.6252 31.9422 29.8391 29.0888 31.1077 30.1060
10 23.3713 26.0374 21.9145 20.7527 24.1437 22.4243

100%-0% 0 35.4154 35.4154 35.4154 35.4154 35.4154 35.4154
0.5 31.3249 32.0137 30.9291 30.5678 31.5739 31.0619
1 28.8614 30.0383 28.1671 27.5224 29.2913 28.4017
10 22.5156 24.9286 21.2149 20.4430 23.3858 21.6301

The natural frequency of a simply supported MEE FG microbeam composed of
two materials (BaTiO3 − CoFe2O4 and epoxy). As it is noticed in tables 12-13
there is a decrease in the value of natural frequency with respect to the increase in
length-thickness ratio. Also, the natural frequency decrease with the rise of the FG
gradation index. The value of natural frequency is higher when the MEE mixture is
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composed of 100% CoFe2O4 and it begins to decrease by increasing the percentage of
BaTiO3.

4 Parametric Analysis of the Bilaterally Coated MEE-FGM
Microbeam

In this section, the microbeam model is composed of an FG mixture of (BaTiO3 −
CoFe2O4) and epoxy, from which this mixture is controlled by the power law of FG
materials in equation 67. The inner core is an isotropic material and it is composed of
epoxy. The physical characteristics of these materials are listed in Table 4.

Figure 36: Deflection of MEE bilaterally microbeam with various boundary
conditions (kz = 1, h = 20µm, b = 2h, L = 20h, BaTiO3 (50%)-CoFe2O4(50%)
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Figure 37: Deflection of MEE bilaterally microbeam with CF boundary conditions
(kz = 1, h = 20µm, b = 2h, L = 20h, BaTiO3 (50%)-CoFe2O4(50%)

Figure 38: Electric potential of MEE bilaterally microbeam with various boundary
conditions (kz = 1, h = 20µm, b = 2h, L = 20h, BaTiO3 (50%)-CoFe2O4(50%)
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Figure 39: Magnetic potential of MEE bilaterally microbeam with CF boundary
conditions (kz = 1, h = 20µm, b = 2h, L = 20h, BaTiO3 (50%)-CoFe2O4(50%)

In Figures 36-37, we demonstrated the bending response of the
magneto-electro-elastic (MEE) bilaterally supported microbeam under different
boundary conditions (simply supported, clamped, and clamped-free). The observed
variations in deflection arise due to differences in constraint stiffness. The simply
supported beam experiences the highest deflection as it lacks rotational constraints at
the ends, whereas the clamped beam exhibits reduced deflection due to restricted end
rotations. The clamped-free (cantilever) configuration shows the highest deflection
at the free end due to the absence of support at one end. This deflection pattern
influences the distribution of electric and magnetic potentials along the beam length,
as illustrated in Figures 38 and 39. The electromechanical coupling in the system arises
due to the piezoelectric and piezomagnetic effects. When the beam undergoes bending,
the induced strain leads to charge polarization. The regions experiencing compression
generate a positive electric charge (due to the direct piezoelectric effect) and a negative
magnetic charge (due to the piezomagnetic effect), whereas the tensioned regions
exhibit the opposite effect. This explains why, in the simply supported case, the
electric potential (V) is uniformly positive (Figures 38), while in the clamped-free
case, it is uniformly negative. The clamped configuration results in a more complex
charge distribution due to localized constraint effects at the boundaries.
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Figure 40: Simply supported microbeam midspan deflection with various
thickness and MEE inner material mixture percentage BaTiO3 −
CoFe2O4 (kz = 1, b = 2h, L = 20h, )

Figure 41: Electric potential at simply supported microbeam midspan with
various thickness and MEE inner material mixture percentage BaTiO3 −
CoFe2O4 (kz = 1, b = 2h, L = 20h, )
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Figure 42: Magnetic potential at simply supported microbeam midspan with
various thickness and MEE inner material mixture percentage BaTiO3 −
CoFe2O4 (kz = 1, b = 2h, L = 20h, )

Figures 40, 41 and 42 illustrate the midspan deflection, electric potential, and
magnetic potential as functions of beam thickness and inner material composition.
The inverse relationship between thickness and deflection is expected, as thicker
beams possess higher flexural rigidity, making them more resistant to deformation
under the same applied load. Regarding electromechanical behavior, increasing the
proportion of BaTiO3 enhances the piezoelectric response, leading to higher electric
potential generation. This occurs because BaTiO3 is a piezoelectric ceramic with a
high electromechanical coupling coefficient, meaning it efficiently converts mechanical
deformation into electrical energy. Conversely, CoFe2O4 exhibits strong piezomagnetic
properties, leading to higher magnetic potential generation. However, as the beam
thickness increases, both electric and magnetic potentials decrease because strain
distribution becomes more uniform, reducing localized stress concentrations that drive
charge generation. This behavior aligns with the fundamental principles of piezoelectric
and piezomagnetic materials, where mechanical strain directly affects charge separation
and potential generation.
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Figure 43: Simply supported microbeam midspan deflection with various
FG fraction index and MEE inner material mixture percentage BaTiO3 −
CoFe2O4 (h = 20µm, b = 2h, L = 20h, )

Figure 44: Electric potential at simply supported microbeam midspan with
various FG fraction index and MEE inner material mixture percentage BaTiO3 −
CoFe2O4 (h = 20µm, b = 2h, L = 20h, )
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Figure 45: Magnetic potential at simply supported microbeam midspan with
various FG fraction index and MEE inner material mixture percentage BaTiO3 −
CoFe2O4 (h = 20µm, b = 2h, L = 20h, )

Figures 43, 44 and 45 depict the influence of the functionally graded (FG) material
gradation index on the midspan deflection and electromechanical potentials. As
the gradation index kz increases, the beam composition transitions from a fully
magneto-electro-elastic core (BaTiO3 −CoFe2O4) to an outer epoxy-rich composition.
Given that epoxy is significantly more flexible and less dense than the ceramic phases,
the beam exhibits increased deflection due to reduced overall stiffness. The electrical
and magnetic potentials initially increase with the FG index, peaking at a critical range
(kz = [6 : 20]), before stabilizing. This behavior suggests that an optimal material
gradation exists where electromechanical efficiency is maximized. The increasing
deflection enhances charge generation up to a certain threshold, beyond which further
material gradation reduces effective coupling due to the dominance of the epoxy phase.
This insight is crucial for optimizing FG microbeam designs to balance mechanical
flexibility and electromechanical efficiency.
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Figure 46: Electric and magnetic potentials distribution of simply supported
microbeam with kz = 5, h = 20µm, b = 2h, L = 20h, BaT iO3 (50%) −
CoFe2O4 (50%)

Figure 47: Electric and magnetic potentials distribution of clamped microbeam with
kz = 5, h = 20µm, b = 2h, L = 20h, BaT iO3 (50%) − CoFe2O4 (50%)
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Figure 48: Electric and magnetic potentials distribution of clamped free microbeam
with kz = 5, h = 20µm, b = 2h, L = 20h, BaT iO3 (50%) − CoFe2O4 (50%)

Figures 46, 47 and 48 illustrate the distribution of electric and magnetic potentials
across the xOz surface of a magneto-electro-elastic microbeam under different boundary
conditions: simply supported (Figure 46), clamped (Figure 50), and clamped-free
(Figure 48). It is evident that the electric and magnetic potential distributions for
the simply supported (Figure 46) and clamped (Figure 47) beams exhibit central
symmetry. For the simply supported beam, the maximum values of both electric and
magnetic potentials occur at the center. In contrast, for the clamped beam, the highest
potentials are found at three locations: near the embedding points and in the center.
In the case of the clamped-free beam, the electric and magnetic potentials are primarily
concentrated near the embedding location. In conclusion, the high values of electric
and magnetic potentials correspond to areas where bending-induced deformations are
most significant.

Figure 49-52 presents the variations in deflection, electrical potential, magnetic
potential, and natural frequency respectively for different microbeam thicknesses,
considering the length-to-thickness ratio in both the current (MCST) and classical
models. With BaTiO3 (50%)−CoFe2O4 (50%). In the numerical analysis, the current
model accounts for the couple stress effect, which is incorporated using the Modified
Length Scale Parameter (MLSP) l ̸= 0 (as defined in Equation 44). Conversely, the
classical model is derived using the same governing equation but with l = 0, meaning
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that it does not consider the microstructural effects introduced by MCST. The results
indicate that the deflection, electrical potential, and magnetic potential predicted by
the current model are consistently lower than those obtained using the classical model
across all tested cases. This discrepancy arises due to the inclusion of the couple
stress effect in the MCST model, which introduces additional material stiffness at
the microscale. As expected, the difference between the two models becomes more
pronounced as the microbeam thickness decreases. This behavior is due to the fact that
size-dependent effects become more significant at smaller scales, where the influence of
microstructural mechanics cannot be neglected. In other words, the classical model,
which disregards these effects, tends to overestimate the response of the microbeam
in comparison to the MCST-based model. The increasing stiffness introduced by
the couple stress theory results in reduced deflection and altered electrical/magnetic
responses, as well as higher natural frequencies. Additionally, it is observed that as the
length-to-thickness ratio increases, the microbeam becomes more flexible, leading to a
greater deflection. This increase in deflection consequently enhances both the electrical
and magnetic potentials. On the other hand, the natural frequencies exhibit an inverse
relationship with the length-to-thickness ratio, decreasing as the microbeam becomes
thinner. This trend is attributed to the reduced stiffness associated with higher
length-to-thickness ratios, which lowers the beam’s resistance to dynamic vibrations.

Figure 49: Deflection with respect to length-thickness ratio of simply supported
microbeam with kz = 5, b = 2h
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Figure 50: Electric potential with respect to length-thickness ratio of simply
supported microbeam with kz = 5, b = 2h

Figure 51: Magnetic potential with respect to length-thickness ratio of simply
supported microbeam with kz = 5, b = 2h
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Figure 52: Natural frequencies with respect to length-thickness ratio of simply
supported microbeam with kz = 5, b = 2h

Table 14 shows the natural frequencies of a simply supported magneto-electro
functionally graded microbeam made of BaTiO3 − CoFe2O4 and epoxy composite
material. Here, natural frequencies are influenced by the thickness h(µm) and the
power-law compositional gradient index kz, with different percentages of BaTiO3

and CoFe2O4. As the thickness h(µm) increases from 20µm to 100µm, the natural
frequencies decrease across all material distributions and power-law indices. This is
expected as thicker beams generally have lower resonant frequencies due to increased
mass and flexibility. The material BaTiO3 − CoFe2O4 distribution percentages
(ranging from 0%−100% to 100%−0%) also impact the natural frequencies. Generally,
as the proportion of BaTiO3 increases, the natural frequency decreases. For instance,
at h = 20µm and kz = 0, the natural frequency changes from 3.0009MHz (0%−100%)
to 2.2472MHz (100% − 0%). This suggests that a higher content of BaTiO3

(0% − 100%) corresponds to higher stiffness and thus higher natural frequency, while
increasing CoFe2O4 content (100% − 0%) reduces the stiffness, lowering the natural
frequency. For each thickness h(µm), as kz increases from 0 to 20, there is a notable
decline in natural frequency, regardless of the BaTiO3 − CoFe2O4 distribution. For
instance, at h = 20µm, with a 0% − 100% distribution, natural frequency decreases
from 3.0009MHz at kz = 0 to 1.3352MHz at kz = 20. Higher kz values indicate a
more percentage of epoxy in material gradation composition, which lowers stiffness and
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Table 14: Natural frequency (MHz) of simply supported MEE FG microbeam
(b = 2h, L = 20h)

h(µm) kz BaTiO3 − CoFe2O4

0%-100% 20%-80% 40%-60% 50%-50% 60%-40% 80%-20% 100%-0%

20

0 3.0009 2.8571 2.7108 2.6363 2.5613 2.4071 2.2472
0.5 2.5250 2.4124 2.2975 2.2391 2.1802 2.0589 1.9332
1 2.2200 2.1283 2.0348 1.9872 1.9393 1.8404 1.7380
5 1.5182 1.4840 1.4491 1.4313 1.4135 1.3766 1.3386
10 1.3919 1.3731 1.3539 1.3441 1.3344 1.3141 1.2932
15 1.3538 1.3411 1.3282 1.3216 1.3150 1.3013 1.2872
20 1.3352 1.3260 1.3166 1.3118 1.3070 1.2970 1.2867

40

0 1.3578 1.2891 1.2191 1.1836 1.1476 1.0739 0.9974
0.5 1.0979 1.0449 0.9909 0.9634 0.9356 0.8786 0.8194
1 0.9270 0.8847 0.8415 0.8196 0.7973 0.7518 0.7045
5 0.5204 0.5078 0.4950 0.4885 0.4820 0.4687 0.4550
10 0.4603 0.4548 0.4492 0.4464 0.4436 0.4378 0.4318
15 0.4502 0.4469 0.4435 0.4418 0.4401 0.4366 0.4330
20 0.4481 0.4458 0.4435 0.4423 0.4411 0.4387 0.4362

100

0 0.5260 0.4989 0.4713 0.4572 0.4430 0.4139 0.3836
0.5 0.4189 0.3980 0.3768 0.3660 0.3550 0.3326 0.3092
1 0.3475 0.3310 0.3141 0.3055 0.2968 0.2789 0.2604
5 0.1722 0.1677 0.1633 0.1610 0.1587 0.1541 0.1494
10 0.1473 0.1458 0.1442 0.1434 0.1427 0.1411 0.1395
15 0.1449 0.1441 0.1433 0.1429 0.1425 0.1417 0.1408
20 0.1455 0.1450 0.1445 0.1442 0.1440 0.1434 0.1429

thus reduces the natural frequency. In summary, increasing thickness h, higher content
of CoFe2O4, and larger power-law index kz all contribute to lower natural frequencies.
These parameters offer tunability in the design of microbeam resonators by adjusting
stiffness through material composition and geometric factors.

5 Parametric Analysis of the Bi-Coated MEE-FGM
Microbeam

In this section, the microbeam model is composed of an FG mixture of (BaTiO3 −
CoFe2O4) and epoxy, from which this mixture is controlled by the power law of FG
materials in equations 71-72. The inner core is an isotropic material and it is composed
of epoxy. The physical characteristics of these materials are listed in Table 4.

Figures 53-55 shows the bending response of a MEE bi-coated microbeam with
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three deferent boundary conditions as simply supported, clamped, and clamped free,
for various FG fraction index and 50% − 50% MEE mixture. As noticed the simply
supported example give high deflection then the clamped example, and the clamped
free give more important deflection. The nature of the bending response gives
deferent electric and magnetic potential distribution along the length of the beam. As
represented, electrical potential has positive value in all the points of the microbeam
in simply supported case, unlike the clamped free, the electric potential has negative
value across all the microbeam. In the clamped example it is noticed that the electric
potential has negative value near the boundary ends of the microbeam, but in the
middle the value is positive. All that is explained that the uniform load cause
mechanical deformation who generate electrical potential across the microbeam. In
regions of the microbeam where the material is compressed, the piezoelectric effect
generates a positive electric charge (V) and the piezomagnetic effect generates a
negative magnetic charge (A), and it is the opposites where the material is stretched,
a negative electric and a positive magnetic charge are generated.

Figure 53: Deflection, electric potential and magnetic potential along the length
of Simply supported microbeam with various FG fraction index and 50% − 50%
BaTiO3 − CoFe2O4 ( b = 2h, L = 20h)
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Figure 54: Deflection, electric potential and magnetic potential along the length
of clamped microbeam with various FG fraction index and 50% − 50% BaTiO3 −
CoFe2O4 ( b = 2h, L = 20h)

Figure 55: Deflection, electric potential and magnetic potential along the length of
clamped free microbeam with various FG fraction index and 50% − 50% BaTiO3 −
CoFe2O4 ( b = 2h, L = 20h)
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Figures 56-58 illustrates the midspan “deflection, electric potential, and magnetic
potential” for a doubly simply supported (figure 56), doubly clamped (figure 57), and
clamped free (figure 58) versus the thickness of the beam with various FG gradation
index and a 50%−50% MEE inner material mixture percentage of BaTiO3−CoFe2O4.
It is noticed that midspan deflection decrease with the augmentation of the thickness,
this is physically reasonable because thicker beams tend to be stiffer and can resist
bending or deflection more effectively under the same load. It is noticed for the
three cases of boundary conditions the more the deflection decreases the less electric
and magnetic potential there will be. As the beam becomes thicker, the mechanical
strain induced by bending is distributed over a larger cross-sectional area, leading to a
reduced deformation. Since the piezoelectric and piezomagnetic effects depends on the
deformation, the electric and magnetic potentials decrease with increasing thickness.

Figure 56: Simply supported microbeam midspan deflection, electric potential and
magnetic potential with respect to the thickness, FG fraction index and 50% − 50%
BaTiO3 − CoFe2O4 ( b = 2h, L = 20h)
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Figure 57: clamped microbeam midspan deflection, electric potential and magnetic
potential with respect to the thickness, FG fraction index and 50%−50%BaTiO3 −
CoFe2O4 ( b = 2h, L = 20h)

Figure 58: Clamped free microbeam midspan deflection, electric potential and
magnetic potential with respect to the thickness, FG fraction index and 50% −
50%BaTiO3 − CoFe2O4 ( b = 2h, L = 20h)
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Table 15: Midspan deflection with various FG fraction index and MEE core material
mixture percentage BaTiO3 − CoFe2O4 (h = 20µm, b = 2h, L = 20h).

BaTiO3-CoFe2O4 kz
S-S C-C C-F

ky = 0.5 ky = 1 ky = 5 ky = 0.5 ky = 1 ky = 5 ky = 0.5 ky = 1 ky = 5

20%–80%
0.5 0.4334 0.3363 0.2329 0.0867 0.0673 0.0466 1.4744 1.1443 0.7924
1 0.3161 0.2345 0.1551 0.0633 0.0470 0.0311 1.0756 0.7980 0.5278
5 0.1738 0.1224 0.0771 0.0348 0.0245 0.0154 0.5914 0.4165 0.2625

40%–60%
0.5 0.4552 0.3563 0.2489 0.0911 0.0713 0.0498 1.5483 1.2120 0.8470
1 0.3356 0.2508 0.1671 0.0672 0.0502 0.0335 1.1419 0.8534 0.5685
5 0.1872 0.1325 0.0839 0.0375 0.0265 0.0168 0.6371 0.4508 0.2854

50%–50%
0.5 0.4668 0.3670 0.2578 0.0934 0.0735 0.0516 1.5878 1.2486 0.8770
1 0.3463 0.2598 0.1738 0.0693 0.0520 0.0348 1.1779 0.8839 0.5912
5 0.1947 0.1382 0.0877 0.0390 0.0277 0.0176 0.6625 0.4701 0.2983

60%–40%
0.5 0.4789 0.3784 0.2672 0.0958 0.0757 0.0535 1.6291 1.2873 0.9090
1 0.3575 0.2694 0.1810 0.0716 0.0539 0.0362 1.2162 0.9166 0.6156
5 0.2028 0.1443 0.0918 0.0406 0.0289 0.0184 0.6901 0.4911 0.3124

80%–20%
0.5 0.5051 0.4033 0.2881 0.1011 0.0807 0.0577 1.7179 1.3718 0.9801
1 0.3822 0.2908 0.1972 0.0765 0.0582 0.0395 1.3001 0.9891 0.6707
5 0.2211 0.1584 0.1014 0.0443 0.0317 0.0203 0.7522 0.5389 0.3448

The results presented in Tables 15 , 16, and 17 provide a comprehensive analysis of
the midspan deflection, electric potential, and magnetic potential for a bi-coated FG
microbeam composed of an internal MEE core material (BaTiO3 − CoFe2O4 mixture)
and an external epoxy layer. The analysis reveals that the mechanical and functional
properties of the beam are significantly influenced by the FG gradation indices ky and
kz, as well as the varying percentages of the MEE mixture. Specifically, the midspan
deflection increases with higher BaTiO3 content, indicating that greater proportions
of BaTiO3 make the beam more flexible. Conversely, increasing the values of ky

and kz reduces the deflection, suggesting that steeper gradation profiles enhance the
stiffness of the microbeam, which means low deflection, because the increase in FG
gradation index led to the increase of the BaTiO3 − CoFe2O4 mixture proportion and
the reduce of the epoxy proportion. Among the boundary conditions, the deflection
is smallest for the clamped-free (C-F) condition and largest for the simply supported
(S-S) condition, with the clamped-clamped (C-C) condition lying in between. For
the electric potential, the absolute values increase with higher BaTiO3 content due
to its significant contribution to the piezoelectric effect. Higher ky and kz values
suppress the piezoelectric response, reducing the absolute value of the electric potential.
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Table 16: Midspan Electric potential with various FG fraction index and MEE core
material mixture percentage BaTiO3 − CoFe2O4 (h = 20µm, b = 2h, L = 20h).

BaTiO3-CoFe2O4 kz
S-S C-C C-F

ky = 0.5 ky = 1 ky = 5 ky = 0.5 ky = 1 ky = 5 ky = 0.5 ky = 1 ky = 5

20%–80%
0.5 -8.325 -6.460 -4.473 -2.735 -2.122 -1.470 -8.453 -6.560 -4.541
1 -6.125 -4.544 -3.005 -2.015 -1.495 -0.989 -6.211 -4.608 -3.047
5 -3.493 -2.460 -1.550 -1.152 -0.812 -0.512 -3.532 -2.487 -1.568

40%–60%
0.5 -8.878 -6.948 -4.855 -2.917 -2.283 -1.595 -9.014 -7.055 -4.930
1 -6.604 -4.936 -3.288 -2.173 -1.624 -1.082 -6.696 -5.004 -3.333
5 -3.821 -2.704 -1.711 -1.261 -0.892 -0.565 -3.863 -2.734 -1.730

50%–50%
0.5 -9.127 -7.176 -5.040 -2.998 -2.358 -1.656 -9.266 -7.286 -5.117
1 -6.830 -5.125 -3.427 -2.247 -1.686 -1.128 -6.924 -5.196 -3.475
5 -3.984 -2.827 -1.793 -1.314 -0.933 -0.592 -4.028 -2.858 -1.813

60%–40%
0.5 -9.377 -7.409 -5.231 -3.081 -2.434 -1.719 -9.520 -7.522 -5.311
1 -7.061 -5.321 -3.574 -2.324 -1.751 -1.176 -7.159 -5.395 -3.623
5 -4.155 -2.957 -1.881 -1.371 -0.976 -0.621 -4.201 -2.990 -1.902

80%–20%
0.5 -9.901 -7.906 -5.648 -3.253 -2.598 -1.856 -10.051 -8.026 -5.733
1 -7.558 -5.749 -3.899 -2.487 -1.892 -1.283 -7.662 -5.828 -3.952
5 -4.535 -3.249 -2.079 -1.496 -1.072 -0.686 -4.585 -3.284 -2.102

Similar to the deflection, the electric potential is most negative for the S-S condition
and least negative for the C-F condition. Regarding the magnetic potential, higher
CoFe2O4 content enhances this property, while higher BaTiO3 content reduces it.
steeper gradation profiles also decrease the magnetic potential, indicating that these
profiles reduce the magnetostrictive effect. The magnetic potential follows a trend
similar to the electric potential, with the highest values observed under S-S conditions
and the lowest under C-F conditions. Overall, the choice of material composition and
gradation indices depends on the specific requirements of the application, balancing
mechanical, piezoelectric, and magnetostrictive properties. For applications requiring
high piezoelectric response, a higher BaTiO3 content and lower ky and kz values are
recommended, whereas for applications demanding high magnetostrictive response,
a higher CoFe2O4 content and lower ky and kz values are preferred. To minimize
deflection for structural integrity, steeper gradation profiles should be used. By
carefully selecting these parameters, engineers can optimize the performance of the FG
beam for various multifunctional applications, ensuring that the desired mechanical
and functional properties are achieved.
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Table 17: Midspan Magnetic potential with various FG fraction index and MEE core
material mixture percentage BaTiO3 − CoFe2O4 (h = 20µm, b = 2h, L = 20h).

BaTiO3-CoFe2O4 kz
S-S C-C C-F

ky = 0.5 ky = 1 ky = 5 ky = 0.5 ky = 1 ky = 5 ky = 0.5 ky = 1 ky = 5

20%–80%
0.5 0.0873 0.0677 0.0469 0.0278 0.0216 0.0149 0.0913 0.0708 0.0490
1 0.0644 0.0478 0.0316 0.0206 0.0153 0.0101 0.0669 0.0496 0.0328
5 0.0369 0.0260 0.0164 0.0120 0.0085 0.0053 0.0378 0.0266 0.0168

40%–60%
0.5 0.0895 0.0700 0.0489 0.0285 0.0223 0.0156 0.0935 0.0732 0.0511
1 0.0667 0.0499 0.0332 0.0214 0.0160 0.0107 0.0693 0.0518 0.0345
5 0.0388 0.0275 0.0174 0.0126 0.0089 0.0057 0.0398 0.0281 0.0178

50%–50%
0.5 0.0900 0.0708 0.0497 0.0287 0.0226 0.0158 0.0940 0.0739 0.0519
1 0.0675 0.0507 0.0339 0.0217 0.0163 0.0109 0.0700 0.0526 0.0352
5 0.0396 0.0281 0.0178 0.0129 0.0091 0.0058 0.0405 0.0288 0.0183

60%–40%
0.5 0.0897 0.0709 0.0501 0.0286 0.0226 0.0160 0.0936 0.0740 0.0522
1 0.0677 0.0511 0.0343 0.0218 0.0164 0.0110 0.0702 0.0529 0.0355
5 0.0401 0.0285 0.0181 0.0131 0.0093 0.0059 0.0410 0.0292 0.0186

80%–20%
0.5 0.0829 0.0662 0.0473 0.0266 0.0212 0.0152 0.0861 0.0688 0.0491
1 0.0634 0.0482 0.0327 0.0205 0.0156 0.0106 0.0655 0.0498 0.0338
5 0.0382 0.0274 0.0175 0.0125 0.0089 0.0057 0.0390 0.0280 0.0179

Figures 59–61 present the results from Tables 15–17, illustrating the electrical and
magnetic potentials under various boundary conditions for a 50% − 50% BaTiO3 −
CoFe2O4 mixture. It is observed that an increase in ky and kz leads to a decrease in
electrical and magnetic potentials. This is attributed to the fact that higher values of
ky and kz correspond to a greater proportion of the magnetoelectric (MEE) BaTiO3 −
CoFe2O4 composite and a lower content of epoxy. Since BaTiO3 − CoFe2O4 is more
rigid than epoxy, this results in increased stiffness of the microbeam, reducing its
deflection. However, greater flexibility is essential for achieving higher electrical and
magnetic efficiency. Therefore, it is concluded that a higher proportion of the MEE
material does not necessarily enhance electrical and magnetic output. The presence
of epoxy increases flexibility, which, in turn, enhances the electrical and magnetic
potentials.

In figure 62-64 the magnetic potential has an optimal value between 50% − 50%
and 60% − 40% of BaTiO3 − CoFe2O4 mixture, and this value increase more with
the increase of FG index. The goal in this illustration is to make the mixture
BaTiO3 − CoFe2O4 more flexible by adding the epoxy material, but keeping the
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maximum electrical and magnetic efficiency.

Figure 59: Electric and magnetic potentials at simply supported microbeam
midspan with various FG fraction index and 50% − 50%BaTiO3 −
CoFe2O4 (h = 20µm, b = 2h, L = 20h)

Figure 60: Electric and magnetic potentials at clamped microbeam
midspan with various FG fraction index and 50% − 50%BaTiO3 −
CoFe2O4 (h = 20µm, b = 2h, L = 20h)
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Figure 61: Electric and magnetic potentials at clamped microbeam
midspan with various FG fraction index and 50% − 50%BaTiO3 −
CoFe2O4 (h = 20µm, b = 2h, L = 20h)

Figure 62: Electric and magnetic potentials at simply supported microbeam
midspan with various FG fraction index and MEE inner material mixture percentage
BaTiO3 − CoFe2O4 (h = 20µm, b = 2h, L = 20h)
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Figure 63: Electric and magnetic potentials at clamped microbeam midspan with
various FG fraction index and MEE inner material mixture percentage BaTiO3 −
CoFe2O4 (h = 20µm, b = 2h, L = 20h)

Figure 64: Electric and magnetic potentials at clamped free microbeam third-span
with various FG fraction index and MEE inner material mixture percentage
BaTiO3 − CoFe2O4 (h = 20µm, b = 2h, L = 20h)

The natural frequency of a simply supported MEE FG microbeam composed of
two materials ( BaTiO3 − CoFe2O4 and epoxy). As it is noticed in tables 18-19
there is a decrease in the value of natural frequency with respect to the increase in
length-thickness ratio. Also, the natural frequency decrease with the rise of the FG
gradation index. The value of natural frequency is higher when the MEE mixture is
composed of 100%CoFe2O4 and it begins to decrease by increasing the percentage of
BaTiO3.
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Table 18: Natural frequency (MHz) with various FG fraction index and MEE core
material mixture percentage BaTiO3 − CoFe2O4 (h = 20µm, b = 2h, L = 20h, )

BaTiO3-CoFe2O4 kz
S-S C-C C-F

ky = 0.5 ky = 1 ky = 5 ky = 0.5 ky = 1 ky = 5 ky = 0.5 ky = 1 ky = 5

20%–80%
0.5 1.6646 1.8223 2.1981 3.7726 4.1301 4.9818 0.5933 0.6495 0.7835
1 1.7670 1.9402 2.3404 4.0048 4.3973 5.3042 0.6298 0.6915 0.8341
5 1.9003 2.0802 2.4916 4.3070 4.7146 5.6470 0.6772 0.7413 0.8880

40%–60%
0.5 1.6190 1.7609 2.1054 3.6693 3.9908 4.7716 0.5770 0.6276 0.7504
1 1.7095 1.8657 2.2336 3.8744 4.2284 5.0621 0.6092 0.6649 0.7961
5 1.8273 1.9901 2.3696 4.1415 4.5105 5.3706 0.6512 0.7092 0.8445

50%–50%
0.5 1.5961 1.7299 2.0585 3.6174 3.9207 4.6653 0.5689 0.6165 0.7337
1 1.6805 1.8281 2.1796 3.8088 4.1433 4.9398 0.5989 0.6515 0.7768
5 1.7905 1.9447 2.3081 4.0581 4.4077 5.2311 0.6381 0.6931 0.8226

60%–40%
0.5 1.5731 1.6988 2.0112 3.5653 3.8502 4.5581 0.5607 0.6055 0.7168
1 1.6514 1.7904 2.1252 3.7429 4.0578 4.8165 0.5886 0.6381 0.7574
5 1.7536 1.8991 2.2461 3.9744 4.3044 5.0905 0.6249 0.6768 0.8005

80%–20%
0.5 1.5269 1.6360 1.9152 3.4605 3.7078 4.3406 0.5442 0.5831 0.6826
1 1.5929 1.7141 2.0148 3.6101 3.8849 4.5663 0.5677 0.6109 0.7181
5 1.6791 1.8069 2.1203 3.8056 4.0954 4.8056 0.5984 0.6440 0.7557

Table 19: Natural frequency (MHz) with various FG fraction index and MEE core
material mixture percentage BaTiO3 − CoFe2O4 (h = 20µm, b = 2h, L = 5h, )

BaTiO3-CoFe2O4 kz
S-S C-C C-F

ky = 0.5 ky = 1 ky = 5 ky = 0.5 ky = 1 ky = 5 ky = 0.5 ky = 1 ky = 5

20%80%
0.5 26.2953 28.7982 34.7054 59.4112 65.0726 78.4020 9.4349 10.3308 12.4563
1 27.9352 30.6836 36.9650 63.1286 69.3460 83.5145 10.0190 11.0025 13.2644
5 30.0746 32.9288 39.3703 67.9822 74.4386 88.9588 10.7799 11.8013 14.1242

40%60%
0.5 25.5762 27.8282 33.2417 57.7871 62.8813 75.0957 9.1767 9.9826 11.9308
1 27.0265 29.5065 35.2788 61.0759 66.6866 79.7053 9.6928 10.5802 12.6592
5 28.9199 31.5046 37.4440 65.3729 71.2198 84.6066 10.3657 11.2907 13.4330

50%50%
0.5 25.2150 27.3396 32.5015 56.9711 61.7776 73.4238 9.0470 9.8072 11.6650
1 26.5694 28.9134 34.4266 60.0435 65.3465 77.7804 9.5288 10.3674 12.3534
5 28.3389 30.7873 36.4717 64.0599 69.5986 82.4098 10.1573 11.0334 13.0841

60%40%
0.5 24.8524 26.8483 31.7550 56.1522 60.6677 71.7375 8.9168 9.6308 11.3970
1 26.1104 28.3168 33.5675 59.0064 63.9986 75.8394 9.3641 10.1534 12.0450
5 27.7550 30.0657 35.4921 62.7405 67.9677 80.1964 9.9479 10.7747 12.7326

80%20%
0.5 24.1230 25.8567 30.2402 54.5048 58.4276 68.3158 8.6549 9.2749 10.8532
1 25.1855 27.1116 31.8244 56.9168 61.2752 71.9016 9.0321 9.7210 11.4194
5 26.5772 28.6075 33.5058 60.0786 64.6718 75.7087 9.5255 10.2519 12.0199
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General Conclusion

This thesis presented a comprehensive investigation into the static and

dynamic behavior of sandwich, bilaterally coated, and bi-coated functionally

graded (FG) magneto-electro-elastic (MEE) microbeams. The study employed

a quasi-3D high-order beam theory in combination with the Differential

Quadrature Finite Element Method (DQ-FEM), incorporating the Modified

Couple Stress Theory (MCST) to account for microstructural effects. The

proposed numerical framework was validated against existing literature,

demonstrating a high degree of accuracy in predicting deflections, natural

frequencies, and electromechanical potentials under various loading and

boundary conditions.

The key findings of this research can be summarized as follows:

1. Microstructural effects and beam thickness: Incorporating MCST

revealed that size-dependent effects introduce additional stiffness at the

microscale. Thinner beams exhibited larger deflections and higher electric

and magnetic potentials, whereas thicker beams resisted deformation,

resulting in lower potentials and increased natural frequencies. The

discrepancy between classical and MCST-based models became more

pronounced for small-scale beams, highlighting the importance of

accounting for microstructural influences in MEE microbeam design.

2. Material composition and gradation effects: The proportion of

BaTiO3 significantly enhanced the piezoelectric response, increasing

134



Conclusion

deflections and electric potentials, while CoFe2O4 content strengthened

the magnetostrictive response, raising magnetic potentials. Functionally

graded material (FGM) profiles strongly influenced the mechanical

and electromechanical properties: steeper gradation increased stiffness,

reducing deflection and piezoelectric/magnetic effects, while optimized FG

combinations achieved maximum electrical and magnetic outputs.

3. Boundary conditions and structural configuration: Boundary

conditions significantly impacted both mechanical and electromechanical

responses. Simply supported beams exhibited the largest deflections

and highest negative electric potentials, while clamped or clamped-free

configurations provided more uniform distribution of potentials and higher

stiffness. Sandwich, bilaterally coated, and bi-coated configurations

displayed distinct behaviors, emphasizing the role of structural layering

in tuning MEE responses.

4. Dynamic behavior: Natural frequencies were sensitive to beam geometry,

FG gradation, and material composition. Increased length-to-thickness

ratios or higher BaTiO3 content generally reduced natural frequencies,

while CoFe2O4-rich compositions increased vibrational stiffness. The

results confirm that both mechanical and vibrational properties are highly

sensitive to material distribution and microstructural effects.

Overall, the findings of this thesis demonstrate that the careful selection

of material composition, gradation profile, and beam geometry allows

precise control of the mechanical, electrical, and magnetic responses of

MEE microbeams. The developed quasi-3D DQ-FEM framework, validated

with MCST, provides a robust tool for designing next-generation smart

microstructures and functionally graded materials at the microscale.
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Future work may include the investigation of nonlinear mechanical and

electromechanical effects, temperature-dependent behavior, and experimental

validation to further enhance the predictive capability and applicability of the

proposed models.
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Abstract

This thesis investigates the static bending and free vibration of functionally graded magneto-electro-elastic
(FG-MEE) microbeams in sandwich, coated, and bi-coated forms. Refined higher-order and quasi-3D beam
theories are combined with the Differential Quadrature Finite Element Method (DQ-FEM) to capture
electromechanical coupling. Material gradation is modeled by a power-law distribution, ensuring smooth
property transitions between MEE and non-MEE layers. The Modified Couple Stress Theory (MCST)
is incorporated to account for size-dependent effects, and governing equations are derived via Lagrange’s
theorem and Gauss–Lobatto discretization. Validation with published results confirms the model’s accuracy
and efficiency. Results show that material composition, gradation index, and geometry strongly affect static
and dynamic responses. Increasing BaTiO3 enhances piezoelectric deflection, while CoFe2O4 strengthens
magnetostrictive effects. Higher gradation indices and slenderness ratios increase stiffness but reduce
electromechanical potentials. Natural frequencies are highly sensitive to boundary conditions. The framework
offers an efficient tool for optimizing FG-MEE microbeams in smart microsystems.
keywords: FGMs; magneto-electro-elastic microbeams; higher-order beam theories; MCST; DQ-FEM.
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Résumé

Cette thèse analyse le flambement statique et les vibrations libres de micro-poutres
magnéto-électro-élastiques (FG-MEE) en configurations sandwich, revêtues et bi-revêtues. Des théories de
poutres d’ordre supérieur et quasi-3D sont combinées à la méthode DQ-FEM pour modéliser le couplage
électromécanique. La gradation est décrite par une loi puissance assurant une transition continue entre
matériaux MEE et non-MEE. La théorie des contraintes de couple modifiée (MCST) intègre les effets de taille,
et les équations gouvernantes sont établies via le théorème de Lagrange et la discrétisation de Gauss–Lobatto.
La validation confirme la précision et l’efficacité du modèle. Les résultats montrent que la composition,
l’indice de gradation et la géométrie influencent fortement la réponse. L’augmentation du BaTiO3 amplifie
la flexibilité piézoélectrique, tandis que CoFe2O4 renforce les effets magnétostrictifs. Des indices plus élevés
accroissent la rigidité mais réduisent les potentiels électromagnétiques. Les fréquences naturelles sont sensibles
aux conditions aux limites. Ce cadre offre un outil efficace pour optimiser les microstructures FG-MEE.
mots-clés: FGM ; micro-poutres magnéto-électro-élastiques ; théories de poutres d’ordre supérieur ; MCST
; DQ-FEM.
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