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Introduction

The aim of this Master's thesis is to study the existence of solutions to a class of nonlinear
fractional elliptic equations involving gradient terms. The analysis relies on regularity
results for both the potential and gradient terms. The problems considered are mainly
inspired by the results obtained in the thesis [38] and the paper [3, 4].

The study of nonlinear partial di�erential equations is a very important topic in mod-
ern mathematical analysis, with many applications in physics, geometry, and applied
sciences. In recent years, a lot of research has focused on nonlocal operators. In particu-
lar, the fractional Laplacian (−∆)s for s ∈ (0, 1) generalizes the classical Laplace operator
and is used to model phenomena like long-range interactions, anomalous di�usion, and
jump processes [7, 14, 36].

The main objective of this thesis is to prove the global fractional Calderón-

Zygmund regularity for the weak solution of the fractional Poisson problem with
Dirichlet boundary conditions: {

(−∆)su = f in Ω

u = 0 in RN \ Ω

where Ω ⊂ RN , N ≥ 2, is a bounded domain with C2 boundary, f ∈ Lm(Ω) for some
m ≥ 1, and s ∈ (0, 1). The fractional Laplacian is de�ned using the principal value by:

(−∆)su(x) = CN,s P.V.
∫
RN

u(x)− u(y)

|x− y|N+2s
dy

where CN,s is a normalization constant depending on N and s:

CN,s := 22sπ−N
2
Γ(N

2
+ s)

Γ(1− s)
.

This operator is well known in the literature; we refer to [27, 32, 28] for a general intro-
duction to its properties and to [9] for variational methods in this framework.

Understanding the regularity of solutions to these problems is fundamental for both
theory and applications. Classical Calderón-Zygmund theory was �rst developed for
second-order elliptic equations [19, 33] to give sharp integrability estimates for solutions
based on the data f . In the fractional case, extending this theory is much more di�cult
because of the nonlocal nature of the operator and the boundary e�ects. Some related
regularity results in the nonlocal setting can be found in [8, 17, 18, 26].

In this work, our approach is based on the fractional Green's function Gs(x, y)
associated to the problem. This allows us to write the unique weak solution explicitly as:

u(x) =

∫
Ω

Gs(x, y)f(y) dy

Sharp pointwise estimates for the Green function and its fractional derivatives were
established in [11, 16, 15, 20], and they play a central role in our analysis. Using these
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estimates, we obtain precise regularity results for the nonlocal gradient terms (−∆)t/2u
and ∇tu, for s ≤ t < min{1, 2s}, in Lebesgue spaces Lp(RN), Bessel potential spaces
Lt,p(RN), and fractional Sobolev spaces W t,p(RN) [6, 34, 35]. These regularity results are
obtained globally, over the whole space RN . This is an important improvement over the
local estimates found in [17, 12]. The main results of this thesis are directly connected to
the work of [3].

As an application of this regularity theory, we study the existence and non-existence
of weak solutions for a class of nonlinear problems of Kardar-Parisi-Zhang (KPZ) type
[23], which include nonlocal gradient terms:{

(−∆)su = |Dtu|q + λf(x) in Ω

u = 0 in RN \ Ω

where Dt represents either the half t-Laplacian (−∆)t/2 or the Riesz t-gradient ∇t

[31, 30, 37], and q > 1, λ > 0 are real parameters. These equations come from models
in surface growth theory and stochastic interface dynamics [22, 24, 21]. Their analysis is
di�cult due to the combination of nonlocal operators and gradient nonlinearities. Similar
fractional KPZ problems have been studied in [2, 4, 1, 5, 25].

The thesis is organized as follows. Chapter 1 introduces the necessary analytical
tools, provides key integral estimates, and develops the functional framework, including
classical and fractional Sobolev spaces [27, 6, 13], Bessel potential spaces [34, 35], and
estimates for the fractional Green's function [11, 16]. Chapter 2 presents the main
regularity theorems, establishing the global fractional Calderón-Zygmund theory and its
consequences in fractional spaces [3], as well as compactness results. Finally, Chapter 3
applies this theory to KPZ problems [4, 1], proving existence results with Schauder's �xed
point theorem [13] and non-existence results using energy arguments and sharp boundary
estimates [28, 29].
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Table of symbols

Symbol Meaning

x = (x1, x2, . . . , xd) Element of Rd

|x| =
√
x21 + x22 + · · ·+ x2N The modulus of x ∈ RN

∇u The gradient of u
∆u The Laplacian of u
∇su The Riesz s-gradient of u
(−∆)su The fractional Laplacian of u
Gs The Green's function associated to (−∆)s

Fu The Fourier transform of u
Ω ⊂ Rd Bounded domain
∂Ω Boundary of Ω
DΩ (RN × RN) \ (Ωc × Ωc)
Ωc Complement of Ω in Rd

Ω The closure of Ω ⊂ RN

Br(x) A ball of center x ∈ RN and radius r
A ⊂ B A is a subset of B
A ⋐ B A ⊂ B such that A ⊂ B
|Ω| The Lebesgue measure of Ω ⊂ RN

SN−1 The unit sphere in RN

σ(SN−1) The (N − 1)-dimensional measure of SN−1

δ(x) The distance from x to ∂Ω
χΩ The indicator function of Ω
C0(Ω) The space of continuous functions on Ω
C0(Ω) The space of continuous functions on Ω with com-

pact support
C0,β(Ω) The space of Hölder continuous functions on Ω

with exponent β
Ck(Ω) The space of continuous functions of class k di�er-

entiability on Ω
C∞(Ω) The space of smooth functions on Ω
C∞

0 (Ω) The space of C∞(Ω) functions with compact sup-
port

S (RN) Schwartz space
Lp(Ω) The Lebesgue space on Ω, for 1 ≤ p <∞
L∞(Ω) The space of essentially bounded functions on Ω
Mp(Ω) The weak Lebesgue space on Ω (Marcinkiewicz

space)
p′ = p

p−1
The conjugate exponent of p

W k,p(Ω) The Sobolev space of functions with weak deriva-
tives up to order k in Lp(Ω)

W k,p
0 (Ω) The closure of C∞

0 (Ω) in W k,p(Ω)
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Symbol Meaning

Hk(Ω) The Hilbert-Sobolev space W k,2(Ω)

Hk
0 (Ω) The Hilbert-Sobolev space W k,2

0 (Ω)

p∗ =
Np

N − kp
The Sobolev critical exponent, for kp < N

W s,p(Ω) The fractional Sobolev space of order s ∈ (0, 1)
and integrability p

W s,p
0 (Ω)

{
u ∈W s,p(RN) : u = 0 in RN \ Ω

}
Hs(Ω) The fractional Hilbert-Sobolev space W s,2(Ω)

Hs
0(Ω) The space W s,2

0 (Ω)

p∗s =
Np

N − sp
The fractional Sobolev critical exponent, for sp <
N

Ls,p(RN) The Bessel potential space of order s ≥ 0 and in-
tegrability p

Ls,p
0 (Ω)

{
u ∈ Ls,p(RN) : u ≡ 0 in RN \ Ω

}
Js The Bessel potential operator of order s, Js(u) :=

F−1
(
(1 + | · |2)− s

2F(u)
)
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Chapter 1

Preliminaries,Useful Tools and

functional spaces

In this chapter, we introduce some basic calculus tools and technical results. These tools
will help us later to prove our main theorems and estimates. We also give the de�nitions
of the functional spaces used throughout this work. Let us begin with the preliminary
tools and integral estimates.

1.1 Useful tools and Preliminaries Integrals estimates

We start with some useful algebraic and analytical lemmas, for the proof see [38].

Lemma 1.1.1 (Young's inequality). Let take a, b > 0 and p, q ∈ (0,∞) such that 1
p
+ 1

q
= 1

then we have :

ab ≤ tpap

p
+

bq

tqq

for all t ∈ (0,∞)

Lemma 1.1.2. Let λ > 0 then:

ln
1

x
≤ 1

xλ
+

1

λ
(ln

1

λ
− 1)

for all x ∈ (0,∞)

Proof. We de�ne the function f : (0,∞) → [0,∞) given by f(x) := x−λ+ lnx+ 1
λ
(ln 1

λ
−1)

and we see that lim
x→0+

f(x) = lim
x→∞

f(x) = ∞. And moreover , f is derivable and f ′(x) = 0

if and only if x = λ
1
λ = x∗. Thus give us that f admit a global minimum on (0,∞) at

x = x∗ .Since f(x∗) = 0, we obtain the desired inequality above.

Lemma 1.1.3. Let p > 0 then

(a+ b)p ≤ max{1, 2p−1}(ap + bp)

for all a, b ≥ 0

Lemma 1.1.4. Let N ≥ 1 and λ > 1 then:

||u|λ − |w|λ| ≤ λmax{1, 2λ−2}(|u− w|λ−1 + |u|λ−1)|u− w|

∀u,w ∈ RN

13
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Now, we present some integrals estimates that are useful to prove our main results.
We start with:

Lemma 1.1.5. Let N ≥ 1,ρ > 0 and α, β ∈ (−∞, N).
There exists C := C(N,α, β, ρ) > 0 such that :

• If N − α− β ̸= 0, then :∫
Bρ(0)

dz

|x− z|α|y − z|β
≤ C(1 + |x− y|N−α−β) for all x, y ∈ Bρ(0) with x ̸= y

• If N − α− β = 0, then :∫
Bρ(0)

dz

|x− z|α|y − z|β
≤ C(1 + |ln|x− y||) for all x, y ∈ Bρ(0) with x ̸= y

Proof. Let �x x, y ∈ Bρ(0) with x ̸= y. Consider the map T : RN → RN given by
T (z) = z−x

|x−y| . Let A := T (Bρ(0)) = B ρ
|x−y|

( −x
|x−y|), it follows that :∫

Bρ(0)

dz

|x− z|α|y − z|β
= |x− y|N−α−β

∫
A

dw

|w|α|w + p|β
with p =

x− y

|x− y|
.

Since |ρ| = 1,we can split the domain A into three parts:

A1 := A ∩B 1
2
(0), A2 := A ∩ (B2(0) \B 1

2
(0)) and A3 := A ∩ (RN \B2(0))

Thus, we can write:∫
Bρ(0)

dz

|x− z|α|y − z|β
= |x− y|N−α−β

∫
A

dw

|w|α|w + p|β

= |x− y|N−α−β

3∑
i=1

∫
Ai

dw

|w|α|w + p|β

(1.1.5.1)

We estimate each integral seperately. First if w ∈ A1 then |w + p| ≥ 1
2
. Since α < N , we

have : ∫
A1

dw

|w|α|w + p|β
≤ 2β

∫
B 1

2
(0)

dw

|w|α
=

2β+α−N

N − α
σ(SN−1). (1.1.5.2)

Second, for the integral with A2, we have |w| ≥ 1
2
and (B2(0) \ B 1

2
(0)) ⊂ B4(−p). Since

β < N , we obtain:∫
A2

dw

|w|α|w + p|β
≤ 2α

∫
B4(−p)

dw

|w + p|β
=

22N−2β+α

N − β
σ(SN−1). (1.1.5.3)

Finally, for A3 we have |w + p| ≥ |w|
2

and A3 ⊂ {w ∈ RN : 2 ≤ |w| ≤ 2ρ
|x−y|}. This gives∫

A3

dw

|w|α|w + p|β
≤ 2βσ(SN−1)

∫ 2ρ
|x−y|

2

rN−1−α−βdr. (1.1.5.4)

If N − α− β = 0, we obtain:∫
A3

dw

|w|α|w + p|β
≤ 2βσ(SN−1)(|lnρ|+ | ln |x− y||). (1.1.5.5)



1.2. DIFFERENTIABLE, LEBESGUE AND SOBOLEV SPACES 15

If N − α− β ̸= 0, we obtain :∫
A3

dw

|w|α|w + p|β
≤ 2βσ(SN−1)(1 +

ρN−α−β

|x− y|N−α−β
). (1.1.5.6)

Combining estimates (1.1.5.2)-(1.1.5.6) and substituting into (1.1.5.1) we get the �nal
results.

To study the existence of weak solutions, we will use the Schauder �xed point theorem.

Theorem 1.1.1 (Fixed point of Schawder). Let E a Banach space, K un convex closed
set of E and T : K −→ K, is continuous compact map. Then T admits a �xed point.

We close this section with the following technical lemma

Lemma 1.1.6. Let a, b > 0, p > 1 and c∗ := p−1
p

(
1

papb

) 1
p−1

. Then, the function g :

[0,∞) → R given by

g(t) = ap(bt+ c∗)p − t,

has exactly one root t∗ ∈ (0,∞).

And let k > 0 we de�ne the functions, for t ∈ R+:

Tk(t) = max{−k; min{k, t}} and Gk(t) = t− Tk(t).

Figure 1.1: The functions TK and Gk

1.2 Di�erentiable, Lebesgue and Sobolev Spaces

In this section, we de�ne the main functional spaces used in this work. We start with
spaces of continuous and di�erentiable functions.
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De�nition 1.2.1. Let k ∈ N. A function f is called k-di�erentiable function if f ∈ Ck(Ω)
such that:

Ck(Ω) := {f ∈ C(Ω) : f (j) ∈ C(Ω), ∀j = (1, ..., k)}

The space of smooth functions is de�ned by C∞(Ω) =
⋂∞

k=0 Ck(Ω)

Proposition 1.2.1. The space Ck(Ω) endowed with the norm :

∥f∥Ck(Ω) := sup
x∈Ω

|f(x)|+
k∑

j=1

sup
x∈Ω

|f j(x)|

is a Banach space. And this holds also for k = ∞.

De�nition 1.2.2. We denote by C∞
c (Ω), the space of smooth functions with compact

support in Ω. It is equipped with the family of semi-norms :

Nk,K(φ) := max
x∈K

max
|α|≤k

|∂αφ(x)|, ∀φ ∈ C∞
c (Ω),

for any compact set K ⊂ Ω and k ∈ N. Its topological dual is the space of distributions
denoted by D ′(Ω)

De�nition 1.2.3. A smooth function f ∈ C∞(Rd) is called a Schwartz function if :

∀α, β ∈ Nd, ∃Cα,β > 0, sup
x∈Rd

|x|α|∂βxf(x)| ⩽ Cα,β.

We denote by S (Rd) the space of Schwartz functions.
This space by family of semi-norms :

Nk(φ) := sup
x∈Rd

max
|α|⩽k,|β|⩽k

|xβ∂αφ(x)|, ∀φ ∈ S (Rd),

for every k ∈ N.

Proposition 1.2.2. We have the following strict inclusions

C∞
0 (Rd) ⊂ S (Rd) ⊂ C∞(Rd)

Next, we recall the de�nitions of Lebesgue spaces.

De�nition 1.2.4.

1. Let 1 ≤ p < ∞, and let Ω be an open subset of RN . For any measurable function
f : Ω → R, we de�ne :

||f ||Lp(Ω) :=

(∫
Ω

|f |pdx
) 1

p

We say that f ∈ Lp(Ω) if and only if ||f ||Lp(Ω) <∞

2. Let p = ∞, we de�ne :

||f ||L∞(Ω) := ess sup
x∈Ω

(|f(x)|) = inf{C > 0, |f(x)| ≤ C, almost every x ∈ Ω}

L∞(Ω) = {f : Ω → R is measurable function such that ∥f∥L∞(Ω) <∞}

Here are some standard properties and inequalities for Lebesgue spaces.
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Proposition 1.2.3.

1. Let 1 ≤ p ≤ ∞. The space Lp(Ω) endowed with the norm ||f ||Lp(Ω) is a Banach
space.

2. For p = 2, the space L2(Ω) endowed with the scalar product ⟨f, g⟩ :=
∫
Ω
fg dx is a

Hilbert space.

We also introduce the weak Lebesgue spaces (or Marcinkiewicz spaces).

De�nition 1.2.5. Let 1 ≤ p < ∞, and Ω open set of RN , if f is measurable function
and let de�ne:

∥f∥Mp(Ω) := sup
t>0

{tµ(|f | > t)
1
p}.

We say that f is in the weak lebegue space Mp(Ω) if and only if ∥f∥Mp(Ω) <∞
In case p = ∞ we have M∞(Ω) = L∞(Ω) and with ∥f∥M∞(Ω) := inft>0(µ(|f | > t) = 0)

Useful inequalities

Theorem 1.2.1 (Hölder's Inequality). Let 1 ≤ p, q ≤ ∞ such that, 1
p
+ 1

q
= 1. f ∈ Lp(Ω)

and g ∈ Lq(Ω), then fg ∈ L1Ω), furthermore∫
Ω

|fg| dx ≤ ||f ||Lp(Ω)||g||Lq(Ω)

Theorem 1.2.2 (Minkovski's Inequality). Let 1 ≤ p, q ≤ ∞, If f, g ∈ Lp(Ω) then:

∥f + g∥Lp(Ω) ≤ ∥f∥Lp(Ω) + ∥g∥Lp(Ω)

Theorem 1.2.3 (Fubini's theorem). Let Ω1, Ω2 be an open sets of RN , and F : Ω1 ×
Ω2 −→ R is a measurable function. If one of the statment are true:

•
F (x, .) ∈ L1(Ω2) and

∫
Ω2

F (., y) dy ∈ L1(Ω1)

For almost every x ∈ Ω1, or

•
F (., y) ∈ L1(Ω1) and

∫
Ω1

F (x, .) dx ∈ L1(Ω2).

For almost every y ∈ Ω2

Then, F ∈ L1(Ω1 × Ω2) and moreover:∫
Ω1×Ω2

F (x, y) dxdy =

∫
Ω1

(∫
Ω2

F (x, y) dy

)
dx =

∫
Ω2

(∫
Ω1

F (x, y) dx

)
dy

Theorem 1.2.4 (Interpolation's inequality). Let 1 ≤ p < r < q ≤ ∞ and f ∈ (Lp ∩ Lq) (RN),
then:
f ∈ Lr(RN), moreover :(∫

RN

|f |rdx
) 1

r

≤
(∫

RN

|f |pdx
) θ

p
(∫

RN

|f |qdx
) 1−θ

q

with 1
r
= θ

p
+ 1−θ

q
such that 0 ≤ θ ≤ 1
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Theorem 1.2.5. (Lebesgue's monotone convergence theorem). Let (fn)n be a sequence of
measurable functions fn : Ω → R satisfying:

0 ≤ fn(x) ≤ fn+1(x), ∀n ∈ N, almost every x ∈ Ω,

fn(x) → f(x), almost every x ∈ Ω.

Then, f is also measurable and ∫
Ω

fn dx −→
∫
Ω

f dx.

Theorem 1.2.6. (Lebesgue's dominated convergence theorem). Let (fn)n be a sequence
of measurable functions satisfying:

∃g ∈ L1(Ω) such that |fn(x)| ≤ g(x), ∀n ∈ N, almost every x ∈ Ω,

fn(x) → f(x), almost everyx ∈ Ω.

Then, f ∈ L1(Ω) and∫
Ω

|f − fn| dx −→ 0 and

∫
Ω

fn dx −→
∫
Ω

f dx.

Lemma 1.2.1 (Fatou's lemma). Let Ω be an open set of RN and (fn)n∈N a sequence of
positive measurable functions. Then:∫

Ω

lim inf
n→∞

fn dx ⩽ lim inf
n→∞

∫
Ω

fn dx

Theorem 1.2.7 (Vitali convergence theorem). Let Ω be an open bounded set of RN and
that 1 ⩽ p <∞. Let (fn)n∈N ⊂ Lp(Ω). Then, the following statements are equivalent :

1. (fn)n∈N converges to f almost every x in Ω and (fn)n∈N is uniformly bounded in
Lp(Ω).

2. f ∈ Lp(Ω) and (fn)N converges to f in Lp(Ω).

Lemma 1.2.2. Let Ω be an open of RN of class C2, N ≥ 2 then we have:

(i) For µ ∈ (0, 1), δ−µ ∈ Lp(Ω) if and only if 1 ≤ p < 1
µ

(ii) ln δ ∈ Lp(Ω) if and only if 1 ≤ p <∞

Now, we introduce Sobolev spaces, which are based on weak derivatives.

De�nition 1.2.6. Let 1 ≤ p ≤ ∞ and let Ω be a open subset of RN and let f ∈ Lp(Ω)
for. We say that fi ∈ Lp(Ω) is i-weak derivative for ∀i = (1, ..., N) if:∫

Ω

fiφdx = −
∫
Ω

f∂xi
φdx ∀φ ∈ C∞

c (Ω)

And now we will give de�ntion of Sobolev space by using de�nition of weak derivative
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De�nition 1.2.7. Let 1 ≤ p ≤ ∞, and Ω a open set of RN , the Sobolev space is de�ned
by :

W 1,p(Ω) := {f ∈ Lp(Ω), ∀i = (1, ..., N),∃fi ∈ Lp(Ω), fi a weak derivative of f}

The space W 1,p(Ω) is equipped with the norm: For 1 ≤ p <∞ let :

∥f∥W 1,p(Ω) :=

(
∥f∥pLp(Ω) +

N∑
i=1

∥∂if∥pLp(Ω)

) 1
p

,

and for p = ∞ :

∥f∥W 1,∞(Ω) :=

(
∥f∥L∞(Ω) +

N∑
i=1

∥∂if∥L∞(Ω)

)
Proposition 1.2.4.

1. For 1 ≤ p ≤ ∞, the Sobolev space W 1,p(Ω) endowed with the norm ∥.∥W 1,p(Ω) is a
Banach space.

2. For p = 2 , the Sobolev space W 1,2(Ω) endowed with the scalar product:

⟨f, g⟩W 1,2(Ω) :=

∫
Ω

fg dx+
N∑
i=1

∫
Ω

∂if∂ig dx

for all f, g ∈W 1,2(Ω) is a Hilbert space.

Now we will give some lemmas that related to those spaces and will help us to proof
our main results

Lemma 1.2.3. Let f ∈ W 1,1(RN) then:

f(x)− f(z) =

∫ 1

0

⟨x− z,∇f(θx+ (1− θ)z)⟩dθ

almost every x, z ∈ RN and for θ ∈ [0, 1].

1.3 Fractional Functional spaces

In this section, we introduce fractional Sobolev spaces (see [6], [9] and [27] for more details
on these spaces).

De�nition 1.3.1. Let s ∈ (0, 1) and 1 ≤ p < +∞, let Ω open subset of RN . The
fractional Sobolev space W s,p(Ω), is de�ned by:

W s,p(Ω) :=

{
u ∈ Lp(Ω) :

∫
Ω

∫
Ω

|u(x)− u(y)|p

|x− y|N+sp
dxdy < +∞

}
.

Proposition 1.3.1. The fractional Sobolev space W s,p(Ω) endowed with the norm :

∥u∥W s,p(Ω) =

(
∥u∥pLp(Ω) +

∫
Ω

∫
Ω

|u(x)− u(y)|p

|x− y|N+sp
dxdy

) 1
p

.

is a Banach space.
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De�nition 1.3.2. Let s ∈ (0, 1) and 1 ≤ p < +∞, we can de�ne the fractional Sobolev
space W s,p(RN) by:

W s,p(RN) = C∞
0 (RN)

∥·∥
Ws,p(RN )

De�nition 1.3.3. Let s ∈ (0, 1) and 1 ≤ p < +∞,let Ω open set of RN then:

W s,p
0 (Ω) := {u ∈ W s,p(RN) : u = 0 in RN \ Ω}.

Proposition 1.3.2. If Ω is bounded, then W s,p
0 (Ω) endowed with the norm :

∥u∥W s,p
0 (Ω) :=

(∫∫
DΩ

|u(x)− u(y)|p

|x− y|N+sp
dxdy

) 1
p

,

with,
DΩ := (RN × RN) \ (Ωc × Ωc) = (Ω× RN) ∪ (Ωc × Ω)

is a Banach space.

Proposition 1.3.3. If s ∈ (0, 1) and p = 2 then:

• We denote Hs(Ω) :=W s,2(Ω) equipped with the inner product:

⟨u, v⟩Hs(Ω) =

∫
Ω

u(x)v(x) dx+

∫
Ω

∫
Ω

(u(x)− u(y))(v(x)− v(y))

|x− y|N+2s
dxdy,

it is a Hilbert space.

• We denote Hs
0(Ω) :=W s,2

0 (Ω) endowed with scalar product:

⟨u, v⟩Hs
0(Ω) =

∫
RN

∫
RN

(u(x)− u(y))(v(x)− v(y))

|x− y|N+2s
dxdy.

it is a Hilbert space.

We now list some embedding theorems for fractional spaces.

Proposition 1.3.4. Let Ω be an open set of RN , 0 < s ≤ s′ < 1 and 1 ≤ p < +∞, Then,
n, there exists a constant k > 0 such that:

∥u∥W s,p(Ω) ⩽ k∥u∥W s′,p(Ω),

for all u ∈W s′,p(Ω). Therefore,

W s′,p(Ω) ⊆W s,p(Ω).

Theorem 1.3.1. Let s ∈ (0, 1), 1 ≤ p < ∞, and let Ω ⊂ RNbe a bounded Lipschitz
domain. Then:

• If N > ps, then there exists a constant C > 0 such that, for any u ∈W s,p(Ω),

∥u∥Lq(Ω) ≤ C∥u∥W s,p(Ω) for all p ≤ q ≤ p∗s

Moreover,
W s,p(Ω) ⊆ Lq(Ω) for all p ≤ q ≤ p∗s.

with p∗s :=
Np

N−ps
.

And if, Ω is bounded, then the embedding W s,p(Ω) ⊂ Lq(Ω) for all 1 ≤ q < p∗s is
compact.
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• If N = ps, then there exists a constant C > 0 such that, for any u ∈W s,p(Ω),

∥u∥Lq(Ω) ≤ C∥u∥W s,p(Ω) for all p ≤ q <∞.

Moreover,
W s,p(Ω) ⊆ Lq(Ω) for all p ≤ q <∞.

If also, Ω is a bounded set, then W s,p(Ω) is compactly embedded in Lq(Ω) for all
1 ≤ q <∞.

• If N < sp and Ω is bounded. Then W s,p(Ω) is compactly embedded in C0,β(Ω) for
all β < α, where α = sp−N

p
.

We also state the fractional version of the Sobolev inequality:

Theorem 1.3.2 (fractional Sobolev's inequality). Let s ∈ (0, 1) and N > 2s. There
exists a constant S such that, for any function u ∈ Xs(RN) we have:

∥u∥2
L2∗s (RN )

≤ S
∫∫

RN×RN

|u(x)− u(y)|2

|x− y|N+2s
dx dy,

with 2∗s = 2N
N−2s

is the so called fractional critical Sobolev exponent. In particular, if
u ∈ Hs

0(Ω) we have

∥u∥2
L2∗s (Ω)

≤ S
∫∫

DΩ

|u(x)− u(y)|2

|x− y|N+2s
dx dy,

with the same constant S called the fractional Sobolev constant.

We conclude this part with the fractional interpolation inequality.

Theorem 1.3.3. Let 0 ≤ s1 ≤ s ≤ s2 < 1 and 1 ≤ p1, p2, p <∞, with:

s = θs1 + (1− θ)s2 and
1

p
=

θ

p1
+

1− θ

p2
with 0 < θ < 1.

then, there exists a constant C > 0 such that:

∥u∥W s,p(RN ) ⩽ C∥u∥θW s1,p1 (RN )∥u∥
1−θ
W s2,p2 (RN )

,

for all u ∈W s1,p1(RN) ∩W s2,p2(RN).

1.4 Fractional Functional Framework

We will require subsequent theorems related to the Riesz potential, taken from [6, 34],
will be needed in the sequel.

De�nition 1.4.1. Let 0 < α < N , the Riesz potential Jα of order α, acting function f
on RN , is de�ned by :

Jαf(x) := aN,α

∫
RN

f(y)

|x− y|N−α
dy.

With aN,α := 22α−1π−N
2
Γ(N

2
+α)

Γ(−α)

Now, we formulate a fundamental lemma that will serve as a crucial tool later
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Lemma 1.4.1. Let Ω ⊂ RN , N ≥ 2, be an open bounded domain, 0 < α < N , and
1 ≤ p < ℓ <∞ such that 1

ℓ
= 1

p
− α

N
. Moreover, for g ∈ Lp(Ω), let

Jα(g)(x) :=

∫
Ω

g(y)

|x− y|N−α
dy.

Then we have that there exists C > 0 such that:

a) Jα is well de�ned (in the sense that the integral converges absolutely for almost every
x ∈ Ω).

b) [Jα(g)]Mℓ(Ω) ≤ C∥g∥L1(Ω). In particular, ∥Jα(g)∥Lσ(Ω) ≤ C∥g∥L1(Ω) for all 1 ≤ σ < ℓ.

c) If 1 < p < N
α
, then ∥Jα(g)∥Lℓ(Ω) ≤ C∥g∥Lp(Ω).

d) If p = N
α
, then ∥Jα(g)∥Lσ(Ω) ≤ C∥g∥Lp(Ω) for all 1 ≤ σ < +∞.

e) If p > N
α
, then ∥Jα(g)∥L∞(Ω) ≤ C∥g∥Lp(Ω).

Theorem 1.4.1. Assume that Ω is an open bounded domain of RN and 0 < α < 2, then
for all 1 ≤ p < N

N−α
, the operator de�ned by:

Jα : L1(Ω) → Lp(Ω),

f 7→
∫
RN

f(y)χΩ(y)

|x− y|N−α
dy.

is well de�ned, continuous and compact.

We next introduce the Bessel potential space Ls,p along with its structural proper
ties. We begin by de�ning the Fourier transform and the corresponding Bessel potential
operator.

De�nition 1.4.2. Let f ∈ S (RN), the Fourier transform of, denoted by f̂ is the function
de�ned by:

F (f)(ξ) = f̂(ξ) :=

∫
RN

f(x)e−2πix.ξdx, ξ ∈ RN .

De�nition 1.4.3. Let f̂ ∈ S (RN) then, we de�ne the Forrier inverse transform by :

F−1(f̂)(x) = f(x) :=

∫
RN

f̂(ξ)e2πix.ξdξ, x ∈ RN .

De�nition 1.4.4. Let s ≥ 0 and f ∈ S (RN) The Bessel potential operator of order s of
u is denoted by Js(u)

Js(u) := F−1
(
(1 + | · |2)

−s
2 F (u)

)
De�nition 1.4.5. Let s ∈ (0, 1) and 1 ≤ p < ∞, The Bessel potential space Ls,p is
de�ned by:

Ls,p(RN) := {u ∈ Lp(RN), such that Js(u) ∈ Lp(RN)}

Proposition 1.4.1. The Bessel potential space Ls,p(RN) endowed with the norm :

∥u∥Ls,p(RN ) := ∥Js(u)∥Lp(RN ) (1.3.5)

is a Banach space.
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Proposition 1.4.2. The Bessel potential space can equivalently be de�ned as the following
way :

Ls,p(RN) := C∞
0 (RN)

∥·∥
Ls,p(RN )

Equipped with the norm (1.3.5).

Proposition 1.4.3. For s ∈ (0, 1) and 1 < p <∞, the Bessel potential space admits the
following equivalents norms:

∥u∥Ls,p(RN ) := ∥u∥Lp(RN ) + ∥(−∆)
s
2u∥Lp(RN )

and
∥u∥Ls,p(RN ) := ∥u∥Lp(RN ) + ∥∇su∥Lp(RN )

where the half s-Laplacian and the Riesz s-gradient are given, respectively, by:

•

(−∆)
s
2u(x) = CN, s

2
P.V.

∫
RN

u(x)− u(y)

|x− y|N+s
dy Half s Laplacian

•

(−∇)su(x) = µN,s P.V.

∫
RN

(x− y)(u(x)− u(y))

|x− y|N+s+1
dy Riesz s gradient

with CN, s
2
and µN,s are the normalization constants.

Let de�ne a subspace of Ls,p that will help us in the main results that we want to
proof

De�nition 1.4.6. Let s ∈ (0, 1) and 1 < p < ∞ and let Ω an open set of RN then let
de�ne the space:

Ls,p
0 (Ω) := {u ∈ Ls,p(RN) : u ≡ 0 in RN \ Ω},

Proposition 1.4.4. If Ω a bounded open set of RN , then the space Ls,p
0 (Ω) endowed with

those norms :
∥u∥Ls,p

0 (Ω) := ∥(−∆)
s
2u∥Lp(RN )

and
∥u∥Ls,p

0 (Ω) := ∥∇su∥Lp(RN ).

Is a Banach space

After de�ning the Bessel space Ls,p, let give some properties of this space

Proposition 1.4.5. If 0 ≤ s ≤ t then Lt,p(RN) ⊆ Ls,p(RN).
Moreover there exists k ≥ 1 such that:

∥u∥Ls,p(RN ) ≤ k∥u∥Lt,p(RN )

for all u ∈ Lt,p(RN).

Proposition 1.4.6. Let s ∈ (0, 1) and 1 < p <∞, then for all ε > 0, we have:

Ls+ε,p(RN) ⊆ W s,p(RN) ⊆ Ls−ε,p(RN).

Theorem 1.4.2. Let s ∈ (0, 1) and 1 < p <∞. Then:



24 CHAPTER 1. PRELIMINARIES,USEFUL TOOLS AND FUNCTIONAL SPACES

• If N > ps,
Ls,p(RN) ⊆ Lq(RN) for all p ≤ q ≤ p∗s

Moreover, there exist constants C1, C2 > 0 such that, for any u ∈ Ls,p(RN),

∥u∥Lp∗s (RN ) ⩽ C1∥(−∆)
s
2u∥Lp(RN ).

and
∥u∥Lp∗s (RN ) ⩽ C2∥∇su∥Lp(RN )

With p∗s :=
Np

N−ps
.

• If N = ps,
Ls,p(RN) ⊆ Lq(RN) for all p ≤ q <∞,

and there exists a constant C > 0 such that, for any u ∈ Ls,p(RN),

∥u∥Lq(RN ) ≤ C∥u∥Ls,p(RN ) for all p ≤ q <∞.

• If N < sp,
Ls,p(RN) ⊆ C0,α(RN),

and there exists a constant C > 0 such that, for any u ∈ Ls,p(Ω),

∥u∥C0,α(RN ) := ∥u∥L∞(RN ) + sup
x,y∈RN ,x̸=y

|u(x)− u(y)|
|x− y|α

≤ C∥u∥Ls,p(RN ),

with α = sp−N
p

Let give the Bessel potential space like other spaces the Interpolation inequality

Theorem 1.4.3. Let 0 ≤ s1 ≤ s ≤ s2 <∞ and 1 < p1, p2, p <∞, satisfy

s = θs1 + (1− θ)s2 and
1

p
=

θ

p1
+

1− θ

p2
with 0 < θ < 1.

Then for all θ ∈ (0, 1), there exists a constant C > 0 such that:

∥u∥Ls,p(RN ) ≤ C∥u∥θLs1,p1 (RN )∥u∥
1−θ
Ls2,p2 (RN )

, .

For all u ∈ Ls1,p1(RN) ∩ Ls2,p2(RN)

Lemma 1.4.2. The Bessel potential space Ls,p(RN) is separable for 1 ≤ p < ∞, as it is
isometrically isomorphic to Lp(RN) via the Bessel potential operator Js .

Remark. For p =∞ , the space Lt,∞(RN) is not separable, inheriting this property directly
from L∞(RN).

Proposition 1.4.7. Let s ≥ 0 and 1 < p < ∞. The Bessel potential space Ls,p(RN) is
re�exive. Moreover, it is a Hilbert space when p = 2.

Proof. Since the Bessel potential operator Js : Ls,p(RN) → Lp(RN) is an isometric iso-
morphism [34, 35], and Lp(RN) is re�exive for 1 < p < ∞ [13], it follows immediately
that Lt,p(RN) is re�exive.

Remark. Since L1(RN) and L∞(RN) are not re�exives, it follows that Ls,1(RN) and
Ls,∞(RN) are not as well as we can see in [13].

And since we talk about the re�exivity of Bessel space, let see its duality.

Proposition 1.4.8. Let t ≥ 0 and 1 ≤ p <∞, and let p′ such that 1
p
+ 1

p′
= 1. Then the

dual space of Ls,p(RN) is given by:(
Ls,p(RN)

)′
= L−s,p′(RN)

In particular, for p = 2, the space Ls,2(RN) is a Hilbert space and satis�es:(
Ls,2(RN)

)′
= L−s,2(RN)
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1.5 Fractional Green function and it estimates

Consider the fractional Poisson problem with homogeneous Dirichlet conditions:{
(−∆)su = f in Ω

u = 0 in RN \ Ω
(P)

where Ω ⊂ RN , N ≥ 2 is a bounded set with boundary ∂Ω of class C2, and f ∈ Lm(Ω),
for some m ≥ 1 and s ∈ (0, 1).

De�nition 1.5.1. Let s ∈ (0, 1) and Ω a bounded open set of RN and also with R2N
∗ :=

{(x, y) ∈ R× R : x ̸= y}, the fractional Green's function is given by:

Gs : R2N
∗ → R.

is the unique solution to the distributional problem:{
(−∆)sxGs(x, y) = dy(x) if x ∈ Ω,

Gs(x, y) = 0 if x ∈ RN \ Ω,
(G)

where y ∈ Ω is �xed and dy denotes the Dirac distribution centred at y.

De�nition 1.5.2. Let u is a weak solution for the problem (P) it can be represented via
the formula:

u(x) = Gs[f ](x) :=

∫
Ω

Gs(x, y)f(y) dy, almost everyx ∈ Ω.

Such that Gs(x, y) Green function is solution for (G).

We now outline sharp kernel and gradient estimates for Gs.

Lemma 1.5.1. Let Gs(x, y) Green function solution to (G), Then there exist constants
C1, C2 > 0 such that for a.e. x, y ∈ Ω

1.Gs(x, y) ≤ C1min{ 1

|x− y|N−2s
,

δs(x)

|x− y|N−s
,

δs(y)

|x− y|N−s
} almost everyx, y ∈ Ω

2.|∇xGs(x, y)| ≤ C2Gs(x, y)max{ 1

|x− y|
,

1

δ(x)
} almost everyx, y ∈ Ω

where δ(x) : dist(x, ∂Ω).

Proof. See [38].

Lemma 1.5.2. Let s ∈ (0, 1) and 0 < t < min{1, 2s},for any y ∈ Ω let : αy : RN → R
de�ne by :

αy(x) := |x− y|N−(2s−t)Gs(x, y), if x ̸= y and αy(y) = 0.

Then : αy ∈ W 1,p(RN) with :{
1 ≤ p < 1

1−s
if s ≤ t < min{1, 2s}

1 ≤ p < 1
1−t

if 0 < t < s

Moreover we have that :

αy(x)− αy(z) =

∫ 1

0

⟨x− z,∇αy(θx+ (1− θ)z)⟩dθ.

Almost every x, y ∈ RN and θ ∈ (0, 1)
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Lemma 1.5.3. Let s ∈ (0, 1) and s ≤ t < min{1, 2s}, there exists C > 0, such that:

|(−∆)
t
2
xGs(x, y)| ≤

C

|x− y|N−(2s−t)

(
1 + | ln |x− y||+ | ln δ(x)|+ |x− y|t−s

δt−s(x)

)
,

for almost every x, y ∈ Ω.

Remark. Let us de�ne the radius R as :

R :=
1

3
+

4

3
(diam(Ω) + dist(0,Ω)) (E)

such that Ω ⋐ BR(0).
This choice of reduis R in (E) guarantees the following estimate:

|x− y| ≥ 1

4
(1 + |x|) ∀y ∈ Ω, ∀x ∈ Bc

R(0) (1.1)

We now establish upper bounds for the fractional derivative outside the domain Ω:

Proposition 1.5.1. Let s ∈ (0, 1), s ≤ t < min{1, 2s} and let R be de�ned as in (E).
There exists C > 0 such that :

(i)

|(−∆)
t
2
xGs(x, y)| ≤

C

|x− y|N−2s

(
1

|x− y|t
+

1

δ(x)t

)
∀y ∈ Ω, x ∈ BR(0) \ Ω

(ii)

|(−∆)
t
2
xGs(x, y)| ≤

C

(1 + |x|)N+t
∀y ∈ Ω, x ∈ Bc

R(0)

Proof. Since x ∈ RN \ Ω we have by de�nition of fractional Green function Gs(x, y) = 0
so it follow:

|(−∆)
t
2
xGs(x, y)| =

∣∣∣∣∫
Ω

Gs(x, y)−Gs(z, y)

|x− z|N+t
dz +

∫
RN\Ω

Gs(x, y)−Gs(z, y)

|x− z|N+t
dz

∣∣∣∣
=

∣∣∣∣∫
Ω

−Gs(z, y)

|x− z|N+t
dz

∣∣∣∣ = ∫
Ω

Gs(z, y)

|x− z|N+t
dz

Now according to choice of (E) we have x ∈ RN \BR(0) :

|x− z|N+t ≥ 1

4N+t
(1 + |x|)N+t ⇒ 1

|x− z|N+t
≤ 4N+t

(1 + |x|)N+t

Applying the upper bound from Lemma 1.5.1 :

|(−∆)
t
2
xGs(x, y)| ≤

4N+t

(1 + |x|)N+t

∫
Ω

Gs(z, y)dz ≤
4N+tC1

(1 + |x|)N+t

∫
Ω

dz

|z − y|N−2s

≤ 4N+tC1

(1 + |x|)N+t

∫
BdΩ

(y)

dz

|z − y|N−2s
≤ C

(1 + |x|)N+t
.

On other hand for x ∈ BR(0) \ Ω let split Ω in two parts:
Ω1 := {z ∈ Ω : |z − y| > 1

2
|x− y|} and Ω2 := {z ∈ Ω : |z − y| ≤ 1

2
|x− y|}.

Notice that for z ∈ Ω2 :

|x− z| ≥ |x− y + y − z| ≥ |x− y| − |z − y| ≥ 1

2
|x− y|
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Let back to |(−∆)
t
2
xGs(x, y)| and using Lemma 1.5.1:

|(−∆)
t
2
xGs(x, y)| =

∫
Ω

Gs(z, y)

|x− z|N+t
dz ≤ C1

∫
Ω

dz

|x− z|N+t|z − y|N−2s

≤ C1

(∫
Ω1

dz

|x− z|N+t|z − y|N−2s
+

∫
Ω2

dz

|x− z|N+t|z − y|N−2s

)
≤ 2N−2sC1

|x− y|N−2s

∫
Ω1

dz

|x− z|N+t
+

2N+tC1

|x− y|N+t

∫
Ω2

dz

|z − y|N−2s

In Ω1: ∫
Ω1

dz

|x− z|N+t
≤ σ(SN−1)

∫ ∞

δ(x)

dρ

ρ1+t
=
σ(SN−1)

δ(x)t

In Ω2:∫
Ω2

dz

|z − y|N−2s
≤
∫
B 1

2 |x−y|(y)

dz

|z − y|N−2s
= σ(SN−1)

∫ 1
2
|x−y|

0

dρ

ρ1
= σ(SN−1)

(
2−2s|x− y|2s

)
Then:

|(−∆)
t
2
xGs(x, y)| ≤

2N−2sC1

|x− y|N−2s

σ(SN−1)

δ(x)t
+

2N+tC1

|x− y|N+t
σ(SN−1)

(
2−2s|x− y|2s

)
≤ C1

|x− y|N−2sδ(x)t
+

C2

|x− y|N−2s+t

≤ C

|x− y|N−2s

(
1

δ(x)t
+

1

|x− y|t

)
which completes the proof.

Now we will give estimates for t
2
-Laplacian of the weak solution u for the problem (P)

based on it fractional Green kernel de�ned in (G).
Let give this lemma

Lemma 1.5.4. Let s ∈ (0, 1), s ≤ t < min{1, 2s} and let u the unique weak solution of
(P) with f ∈ L1(Ω), then there exists C > 0 such that:∣∣∣(−∆)

t
2u(x)

∣∣∣ ≤ C

[
h1(x) + | ln δ(x)|h2(x) +

1

δ(x)t−s
h3(x)

]
almost every x ∈ Ω, such that :

•

∀0 < λ < 2s− t, ∃C > 0 such that h1(x) ≤ C

∫
Ω

|f(y)|
|x− y|N−(2s−t−λ)

dy (1.5.4.1)

•
h2(x) =

∫
Ω

|f(y)|
|x− y|N−(2s−t)

dy (1.5.4.2)

•
h3(x) = (t− s)

∫
Ω

|f(y)|
|x− y|N−s

dy (1.5.4.3)



28 CHAPTER 1. PRELIMINARIES,USEFUL TOOLS AND FUNCTIONAL SPACES

Proof. Let : u(x) = Gs[f ](x) :=

∫
Ω

Gs(x, y)f(y) dy by using the Fubini's formula:

(−∆)
t
2u(x) =

∫
RN

Gs[f ](x)−Gs[f ](z)

|x− z|N+t
dz

=

∫
RN

(∫
Ω

Gs(x, y)f(y) dy −
∫
Ω

Gs(z, y)f(y) dy

)
dz

|x− z|N+t

=

∫
RN

(∫
Ω

(Gs(x, y)−Gs(z, y))

|x− z|N+t
f(y)dy

)
dz

=

∫
Ω

(∫
RN

(Gs(x, y)−Gs(z, y))

|x− z|N+t
dz

)
f(y)dy

=

∫
Ω

(−∆)
t
2
xGs(x, y)f(y) dy

This shows that the operator (−∆)
t
2 can be transferred from the solution u to the Green

kernel Gs. Using the estimate from Lemma 1.5.3, we obtain:∣∣∣(−∆)
t
2u(x)

∣∣∣ ≤ ∫
Ω

|(−∆)
t
2
xGs(x, y)||f(y)| dy

≤
∫
Ω

C

|x− y|N−(2s−t)

(
1 + | ln |x− y||+ | ln δ(x)|+ |x− y|t−s

δt−s(x)

)
|f(y)|dy

≤ C

(∫
Ω

1 + | ln |x− y||
|x− y|N−(2s−t)

|f(y)|dy +
∫
Ω

| ln δ(x)|
|x− y|N−(2s−t)

|f(y)|dy +
∫
Ω

δs−t(x)

|x− y|N−s
|f(y)|dy

)
We start by an estimate to get h1, we notice that :

|ln |x− y|| = |− ln |x− y|| =
∣∣∣∣ln 1

|x− y|

∣∣∣∣ .
Using Lemma 1.1.2 for 0 < λ < 2s− t

ln
1

|x− y|
≤ 1

|x− y|λ
+

1

λ
(ln

1

λ
− 1)

So we have:

h1(x) :=

∫
Ω

(1 + | ln |x− y||) |f(y)|
|x− y|N−(2s−t)

dy

≤
∫
Ω

(1 +
1

λ
(ln

1

λ
− 1) + | 1

|x− y|λ
|) |f(y)|
|x− y|N−(2s−t)

dy

≤ C

∫
Ω

|f(y)|
|x− y|N−(2s−t)

dy +

∫
Ω

|f(y)|
|x− y|N−(2s−t−λ)

dy

≤ C

∫
Ω

|x− y|λ |f(y)|
|x− y|N−(2s−t−λ)

dy +

∫
Ω

|f(y)|
|x− y|N−(2s−t−λ)

dy

≤ C diam(Ω)λ
∫
Ω

|f(y)|
|x− y|N−(2s−t−λ)

dy +

∫
Ω

|f(y)|
|x− y|N−(2s−t−λ)

dy

≤ (C diam(Ω)λ + 1)

∫
Ω

|f(y)|
|x− y|N−(2s−t−λ)

dy

Since x, y ∈ Ω so |x− y| ≤ diam(Ω) and let set C = (C diam(Ω)λ + 1) so we get that for
0 < λ < 2s− t we have:

h1(x) ≤ C

∫
Ω

|f(y)|
|x− y|N−(2s−t−λ)

dy
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And for h2 we simply get by:∫
Ω

| ln δ(x)|
|x− y|N−(2s−t)

|f(y)|dy = | ln δ(x)|
∫
Ω

|f(y)|
|x− y|N−(2s−t)

dy = | ln δ(x)|h2(x)

we set h2(x) =
∫
Ω

|f(y)|
|x− y|N−(2s−t)

dy, and �nally for h3

∫
Ω

δs−t(x)

|x− y|N−s
|f(y)|dy =

1

δt−s(x)

∫
Ω

|f(y)|
|x− y|N−s

dy

Let set such that:

h3(x) = (t− s)

∫
Ω

|f(y)|
|x− y|N−s

dy ≤
∫
Ω

|f(y)|
|x− y|N−s

dy

So we �nally obtain our result .

1.5.1 Local regularity results

Before we got to the fractioal Calderon-Zygmund regularity, let us recall the following
�rst the classical regularity, considering the the Poisson problem with Dirichlet boundary
conditions: {

−∆u = f in Ω,

u = 0 on ∂Ω,

where Ω ⊂ RN is a bounded domain and f ∈ Lm(Ω) for some m ≥ 1. Now let give
the classical Calderon-Zygmund reglarity theorem for the unique weak solution u of this
problem, given by :

Theorem 1.5.1 (Classical Calderon�Zygmund regularity). Let Ω ⊂ RN be a bounded
domain with C2 boundary, and if f ∈ Lp(Ω) for 1 < p < ∞, then there exists a positive
constant C = C(Ω, N, p) independent of f such that :

1. If 1 < p < N , then

∥∇u∥Lp∗ (Ω) ≤ C∥f∥Lp(Ω) where p
∗ =

pN

N − p
.

2. If p = N , |∇u| ∈ Lq(Ω) for all q ∈ [1,+∞).

3. If m > N , u ∈ C1,γ(Ω) for some γ ∈ (0, 1).

Proof. See [13, 10]

Remark. The classical Calderon�Zygmund theory shows that the Laplacian −∆ gains
two derivatives in Lp(Ω) for 1 < p < ∞. In the fractional setting, the situation is more
delicate: the fractional Laplacian (−∆)s gains only 2s fractional derivatives in general,
and the regularity of (−∆)

t
2u requires a careful analysis of the boundary behavior of the

fractional Green's function, as developed in the next chapter.
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Chapter 2

Global Calderon-Zygmund regularity

We consider the fractional Poisson problem with Dirichlet boundary conditions de�ned
by: {

(−∆)su = f in Ω

u = 0 in RN \ Ω
(P)

where Ω ⊂ RN , N ≥ 2, is a bounded domain with C2 boundary, f ∈ Lm(Ω) for some
m ≥ 1, and for s ∈ (0, 1), (−∆)s is the fractional Laplacian.
In this chapter, we present the theorems concerning the global fractional Calderón�Zygmund
regularity of (−∆)

t
2u with s ≤ t < min{1, 2s} and u is solution of problem (P). The fol-

lowing theorems are classi�ed according to the value of m: we consider separately the
cases 1 ≤ m < N

2s−t
and m ≥ N

2s−t
, and we establish several corollaries concerning the reg-

ularity of the solution u in fractional spaces, particularly in Sobolev and Bessel potential
spaces.

We conclude this chapter by presenting some compactness results related to the frac-
tional Green kernel, which will be useful in the next chapter for studying the existence
and nonexistence of solutions to problem (KPZ).
We now begin by studying the regularity of the solution u in Lebesgue spaces.

2.1 General regularity for the solution

Before going further, we study the regularity of the solution u of problem (P) in Lebesgue
spaces, under the assumption that f ∈ Lm(Ω) for m ≥ 1.
From [25], we have the following regularity result for the problem:

2.1.1 Regularity on Lebesgue Spaces:

We start with if f ∈ Lm(Ω), for m > N
2s

we get the bounded solution in L∞(Ω) given by
the theorem.

Theorem 2.1.1. Let f ∈ Lm(Ω) for m > N
2s
, there exists a constant C > 0 such that:

∥u∥L∞(Ω) ≤ C

To prove this theorem, we use two approaches the Moser method and the Stampacchia
method. We provide the proof using both techniques.

Before presenting the Moser method, we �rst state the following proposition :

31
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Proposition 2.1.1. Let ϕ : R → R is a Lipschitz convex function such that ϕ(0) = 0,
then if u ∈ Hs

0(Ω) we have:

(−∆)sϕ(u) ≤ ϕ′(u)(−∆)su weakly in Ω.

On the other hand, if ψ : R → R is a Lipschitz concave function, then if u ∈ Hs
0(Ω) we

have:
(−∆)sψ(u) ≥ ψ′(u)(−∆)su weakly in Ω.

Boundedness of the solution via Moser method.

Proof. For β > 1 and T > 0 large, we de�ne the following convexe function

ϕ(t) =

{
tβ if 0 ≤ t < T

βT β−1t− (β − 1)T β if t > T

Since ϕ is Lipschitz and ϕ(0) = 0, then ϕ(u) ∈ Hs
0(Ω) and by using the Proposition 2.1.1

we get:
(−∆)sϕ(u) ≤ ϕ′(u)(−∆)su (2.1.1.1)

By Theorem 1.3.2, and since ϕ(u) is positive, so we get :

S∥ϕ(u)∥2
L2∗s (Ω)

≤ ∥ϕ(u)∥2Hs
0(Ω) ≤

∫
Ω

ϕ(u)(−∆)sϕ(u)dx (2.1)

In other hand by using (2.1.1.1), we have :∫
Ω

ϕ(u)(−∆)sϕ(u) dx ≤
∫
Ω

ϕ(u)ϕ′(u)(−∆)su dx =

∫
Ω

ϕ(u)ϕ′(u)f dx

≤ ∥f∥Lm(Ω)∥ϕ(u)ϕ′(u)∥
L

m
m−1 (Ω)

≤ ∥f∥Lm(Ω)∥uββuβ−1∥
L

m
m−1 (Ω)

≤ ∥f∥Lm(Ω)∥βu2β−1∥
L

m
m−1 (Ω)

.

With the fact that ϕ(t) ≤ tβ and ϕ′(t) ≤ βtβ−1.
Setting m′ = m

m−1
, p = 2∗s, q = 2m′ and let T → ∞, and using (2.1), we obtain that:

∥uβ∥2Lp(Ω) ≤ S−1β∥f∥Lm(Ω)

(∫
Ω

u(2β−1)m′
dx

) 1
m′

≤ S−1β∥f∥Lm(Ω)

(∫
Ω

u
(2β−1)

2
qdx

) 2
q

.

We obtain that

∥u∥Lpβ(Ω) ≤
(
S−1β∥f∥Lm(Ω)

) 1
2β

(∫
Ω

u
(2β−1)

2
qdx

) 1
qβ

≤
(
S−1β∥f∥Lm(Ω)

) 1
2β

(
1 +

∫
Ω

uβq dx

) 1
βq

.

(2.1.1.2)

Setting β0 = 1, we de�ne βj = (p
q
)j and it follow that, βj+1q = βjp.

Let us denote:

Aj =

(∫
Ω

uβjp

) 1
βjp

, cj =
(
S−1∥f∥Lm(Ω)βj

) 1
2βj . (2.1.1.3)
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From (2.1.1.2) and (2.1.1.3) we can set this formula :

Aj+1 ≤ cj+1

(
1 + A

βjp
j

) 1
βjp

And by normalizing it so we have A0 = 1 and as consequence Aj ≥ 1 and after that we
apply the log on the formula

logAj+1 ≤ log cj+1 +
1

βjp
log
(
1 + A

βjp
j

)
≤ log cj+1 +

1

βjp
+ logAj,

By using the fact that log(1 + x) ≤ 1 + log x if x ≥ 1, and by induction we get:

logAj+1 ≤
j+1∑
k=1

log ck +

j∑
k=0

1

βkp
+ logA0.

We can see that A0 ≤ ∥u∥Hs
0(Ω) and also by taking β → ∞, we get this two convergent

series:
∞∑
k=1

log ck =
∞∑
k=1

1

2βk
log(Cβk∥f∥Lm(Ω)),

∞∑
k=1

1

βkp
,

And by taking the limit lim
j→∞

Aj = ∥u∥L∞(Ω) we get the results .

Now, we use the second method. Before proceeding, we �rst state the following lemma,
which will be used in the proof.

Boundedness of the solution via Stampacchia method.

Lemma 2.1.1. Let ψ : R+ → R+ be a non-increasing function such that:

ψ(h) ⩽
Mψ(k)δ

(h− k)γ
, ∀h > k > 0,

with M > 0, δ > 1 and γ > 0. Then ψ(d) = 0, where dγ =Mψ(0)δ−12
δγ
δ−1 .

and we have useful proposition for thus functions

Proposition 2.1.2. Let w be a function in Hs
0(Ω):

i) If ψ is Lipschitz function such that ψ(0) = 0, then ψ(w) ∈ Hs
0(Ω). In particular,

for any k ≥ 0, Tk(w), Gk(w) ∈ Hs
0(Ω).

ii) For any k ≥ 0

∥Gk(w)∥2Hs
0(Ω) ≤

∫
Ω

Gk(w)(−∆)sw dx; (1.5.2.1)

iii) For any k ≥ 0

∥Tk(w)∥2Hs
0(Ω) ≤

∫
Ω

Tk(w)(−∆)sw dx. (1.5.2.2)

Proof of Theorem 2.1.1 Let k > 0 and use Gk(u) as a test function and using
(1.5.2.1) we get that:

∥Gk(u)∥2Hs
0(Ω) ≤

∫
Ak

f Gk(u) dx.
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With Ak = {x ∈ Ω : u ≥ k}, applying the Sobolev's inequality we get:

S−2∥Gk(u)∥2L2∗s (Ω)
≤ ∥Gk(u)∥2Hs

0(Ω).

By using the Holder's inequality, we have:∣∣∣∣∫
Ak

f(x)Gk(u(x)) dx

∣∣∣∣ ⩽ ∥f∥Lm(Ω)∥Gk(u)∥L2∗s (Ω)|Ak|1−
1
2∗s

− 1
m

So �nally we have that:

∥Gk(u)∥L2∗s (Ω) ≤ S2∥f∥Lm(Ω)|Ak|1−
1
2∗s

− 1
m .

Since for any h > k, we have Ah ⊂ Ak and Gk(u)χAh
≥ (h− k) with fact that Ah ⊂ Ω we

have that :
(h− k)|Ah|

1
2∗s ≤ S2∥f∥Lm(Ω)|Ak|1−

1
2∗s

− 1
m .

Then we deduce that :

|Ah| ⩽
S2·2∗s∥f∥2

∗
s

Lm(Ω)|Ak|2
∗
s(1− 1

2∗s
− 1

m
)

(h− k)2∗s
.

Using the fact that m > N
2s

then

2∗s

(
1− 1

2∗s
− 1

m

)
> 1

Finally by using the lemma 2.1.1 setting ψ(t) = |At| so there exists t0 such that ψ(t) = 0
for any t ≥ t0 and then supu ≤ t0, and by this we �nish our proof. And for the case
m = N

2s
the boundedness of the weak solution u is not expected but at least we get the

exponential summability given in this theorem.

Theorem 2.1.2. Let f ∈ L
N
2s (Ω), then the weak solution u of (P) veri�es :

∃α > 0 such that

∫
Ω

eαu dx <∞.

Or we can say that, u ∈ Lq(Ω) for every q <∞.

Proof. For any T > 0, let de�ne the convex function by:

ϕ(t) = ϕT (t) =

{
eαt − 1, if 0 ≤ t < T

αeαT (t− T ) + eαT − 1, if t ≥ T

with α > 0 will �x it later. let u ∈ Hs
0(Ω) the unique weak solution of (P) and since ϕ(u)

is convex and is a Lipschtz function with ϕ(0) = 0 then we can use it as an admissible
test function, also by using Theorem 1.3.2 (the fractional Sobolev's inequality) and by
Proposition 2.1.1 we get:

S∥ϕ(u)∥2
L2∗s (Ω)

≤
∫
Ω

ϕ′(u)ϕ(u)(−∆)su =

∫
Ω

ϕ′(u)ϕ(u)f.

We see that for u < T we have ϕ′(u) = αeαu = αϕ(u) + α and so we get that :

S∥ϕ(u)∥2
L2∗s (Ω)

≤ α

∫
{x∈Ω :u<T}

(
ϕ(u)2f + ϕ(u)f

)
dx + αeαT

∫
{x∈Ω :u≥T}

ϕ(u)f dx+ C.
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And by using the Holder's inequality we have that:

α

∫
{x∈Ω :u<T}

(
ϕ(u)2f + ϕ(u)f

)
dx ≤ α∥ϕ(u)∥2

L2∗s (Ω)
∥f∥

L
N
2s (Ω)

(
1 + |Ω|

N−2s
2N

)
,

And also since ϕ is increasing, we get:

αeαT
∫
{x∈Ω :u≥T}

ϕ(u)f dx ≤ α
eαT

ϕ(T )

∫
{u≥T}

ϕ(u)2f ≤ 2α∥ϕ(u)∥2
L2∗s (Ω)

∥f∥
L

N
2s (Ω)

,

given that αT > 1. Putting all this estimates together, with �xing α small enough, get
the boundedness of ϕ(u) in L2∗s(Ω), that we give us the results for T → ∞.

Now we see a Calderon-Zygmund type regularity for the weak solution u on low summa-
bility of f ,let give this theorem then

Theorem 2.1.3. Let f ∈ Lm(Ω), with 2N
N+2s

≤ m < N
2s

and u the unique weak solution of
(P). then, there exists C := C(N,m, s) > 0 such that:

∥u∥Lm∗∗
s (Ω) ≤ C∥f∥Lm(Ω)

where m∗∗
s = mN

N−2ms
.

Proof. Let de�ne this convex function by :

ϕ(t) =

{
tβ if 0 ≤ t ≤ T,

βT β−1(t− T ) + T β if t > T,

Such that it is a di�erentiable function, with β = m∗∗
s

2∗s
> 1.

And since that ϕ is convex and ϕ(0) = 0, we can use ϕ(u) as an addmissible test function
and by the proposition 2.1.1 we have that:

(−∆)sϕ(u) ≤ f ϕ′(u)

again we use ϕ(u) in the above inequality, and we get :∫
Ω

(−∆)sϕ(u)ϕ(u) dx ≤
∫
Ω

f ϕ(u)ϕ′(u) dx

By the Holder's and Sobolev's inequlaties we get :

S∥ϕ(u)∥2
L2∗s (Ω)

≤ ∥f∥Lm(Ω)

(∫
Ω

|ϕ′(u)ϕ(u)|m
′
) 1

m′

.

with m′ = m
m−1

.
With our choice of β, there exists a constant C > 0 indepent from T , such that:

∀t ≥ 0 |ϕ′(t)ϕ(t)|m
′
≤ C|ϕ(t)|2∗s ,

So we get

S
(∫

Ω

|ϕ(u)|2∗s
) 2

2∗s
− 1

m′

≤ c∥f∥Lm(Ω).

Finally, with our choose of β we have that

β2∗s = m′(2β − 1) = m∗∗
s and

2

2∗s
− 1

m′ =
1

m∗∗
s

By taking T → ∞ we get that :

∥u∥Lm∗∗
s (Ω) ≤ C∥f∥Lm(Ω)

and we got the Calderon-Zygmund regularity.
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Remark. For the case 1 ≤ m < 2N
N+2s

, see for instance [25], [38].

For a more general regularity result, based on Calderón�Zygmund theory and the esti-
mates provided by the fractional Green representation formula, we establish the following
theorem

Theorem 2.1.4. Let s ∈ (0, 1) with u := Gs[f ] the unique weak solution of (P) with
f ∈ Lm(Ω) then if :

r = ∞, if m >
N

2s
,

r ∈ [1,∞), if m =
N

2s
,

r =
mN

N − 2ms
, if 1 < m <

N

2s
,

r ∈
[
1,

N

N − 2s

)
, if m = 1,

and



q = ∞, if m >
N

s
,

q ∈ [1,∞), if m =
N

s
,

q =
mN

N −ms
, if 1 < m <

N

s
,

q ∈
[
1,

N

N − s

)
, if m = 1,

(2.2)

there exists C > 0 such that:

∥u∥Lr(Ω) +
∥∥∥ u
δs

∥∥∥
Lq(Ω)

≤ C∥f∥Lm(Ω). (2.3)

Let give a quick proof for Theorem 2.1.4

Proof. Taking into account the representation of the fractional Green kernel, and using
Lemma 1.5.1, we obtain the following result, we get:

|u(x)| ≤
∫
Ω

|Gs(x, y)f(y)| dy ≤ C1

∫
Ω

|f(y)|
|x− y|N−2s

dy

Now, setting Jα(f) =

∫
Ω

|f(y)|
|x− y|N−α

dy with α = 2s then Lemma 1.4.1 so we get the

following estimates :

∥u∥Lr(Ω) ≤ C1∥Jα(f)∥Lr(Ω) ≤ C∥f∥Lm(Ω).

Now for u
δs

the regularity in Lq(Ω) let using Lemma 1.5.1 to get:∣∣∣ u
δs

∣∣∣ ≤ 1

δ(x)s

∫
Ω

|Gs(x, y)f(y)| dy ≤ C1

δ(x)s

∫
Ω

δ(x)s|f(y)|
|x− y|N−s

dy ≤ C1

∫
Ω

|f(y)|
|x− y|N−s

dy

Then we get our result after using Lemma 1.4.1 by setting Jα(f) =
∫
Ω

|f(y)|
|x− y|N−α

dy with
α = s : ∥∥∥ u

δs

∥∥∥
Lq(Ω)

≤ C1∥Jα(f)∥Lq(Ω) ≤ C∥f∥Lm(Ω)

where q depends on the values of m.
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2.2 The global fractional Calderon-Zygmund theorems

We now establish a global fractional Calderón�Zygmund regularity result, starting with
the case of m > N

2s−t
.

Theorem 2.2.1. Let s, t ∈ (0, 1) and u unique weak solution for (P), f ∈ Lm(Ω) for
m > max{N

s
, N
2s−t

}, then:

1. If 0 < t < s, for all 1 ≤ p ≤ ∞, ∃C > 0 such that :

∥(−∆)
t
2u∥Lp(RN ) ≤ C∥f∥Lm(Ω).

2. If t = s, for all 1 ≤ p <∞, ∃C > 0 such that:

∥(−∆)
t
2u∥Lp(RN ) ≤ C∥f∥Lm(Ω).

3. If s < t < min{1, 2s}, for all 1 ≤ p < 1
t−s

, ∃C > 0 such that :

∥(−∆)
t
2u∥Lp(RN ) ≤ C∥f∥Lm(Ω).

Proof. Since m > min{N
s
, N
2s−t

}, and by [29, Proposition 14,(iii)], there exists Cs > 0 such
that :

∥u∥Cs(RN ) ≤ Cs∥f∥Lm(Ω).

For any x ∈ RN \ BR(0), we have from Proposition 1.5.1 and De�nition (E), and since

(−∆)
t
2u(x) =

∫
Ω

(−∆)
t
2
xGs(x, y)f(y)dy, there exists C > 0 such that:

|(−∆)
t
2u(x)| =

∣∣∣∣∫
Ω

(−∆)
t
2
xGs(x, y)f(y)dy

∣∣∣∣ ≤ ∫
Ω

∣∣∣(−∆)
t
2Gs(x, y)f(y)

∣∣∣ dy
≤ C

∫
Ω

|f(y)|
(1 + |x|)N+t

dy ≤ C

(1 + |x|)N+t

∫
Ω

|f(y)|dy.

By using Holder inequality and setting CΩ = C|Ω| 1
m′ we have:

|(−∆)
t
2u| ≤ CΩ

(1 + |x|)N+t
∥f∥Lm(Ω).

Since x ∈ Bc
R(0) that mean |x| > R then :

(1 + |x|)N+t > (1 +R)N+t ⇒ 1

(1 + |x|)N+t
<

1

(1 +R)N+t
.

Thus
∥(−∆)

t
2u∥L∞(Bc

R(0)) ≤
CΩ

(1 +R)N+t
∥f∥Lm(Ω) ≤ C∥f∥Lm(Ω).

In other hand we have :

∥(−∆)
t
2u∥L1(Bc

R(0)) =

∫
Bc

R(0)

∣∣∣(−∆)
t
2u(x)

∣∣∣ dx ≤ CΩ∥f∥Lm(Ω)

∫
Bc

R(0)

dx

(1 + |x|)N+t
≤ C∥f∥Lm(Ω).

Taking into consideration that (−∆)
t
2u ∈ L1(Bc

R(0)) and (−∆)
t
2u ∈ L∞(Bc

R(0)) then by
interpolation inequality we get:

(−∆)
t
2u ∈ Lp(Bc

R(0)) and ∥(−∆)
t
2u∥Lp(Bc

R(0)) ≤ ∥f∥Lm(Ω) (I1)
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for 1 ≤ p ≤ ∞.
Now, we split in three cases:
First case : 0<t<s

Let start with 0 < t < s we will use the estimation given in [29, Proposition 14], and by
the fact that u ∈ Cs(Ω), we have∣∣∣(−∆)

t
2u(x)

∣∣∣ ≤ ∫
RN

|u(x)− u(y)|
|x− y|N+t

dy

=

∫
BR(0)

|u(x)− u(y)|
|x− y|N+t

dy +

∫
RN\BR(0)

|u(x)− u(y)|
|x− y|N+t

dy

We analyze each term separately, since u ∈ Cs(Ω), we have :∫
BR(0)

|u(x)− u(y)|
|x− y|N+t

dy ≤ sup
x,y∈BR(0)

{
|u(x)− u(y)|

|x− y|s

}∫
BR(0)

dy

|x− y|N−(s−t)

≤ ∥u∥Cs(RN )

∫
BR(0)

dy

|x− y|N−(s−t)
≤ Cs∥f∥Lm(Ω)

∫
BR(0)

dy

|x− y|N−(s−t)
.

In other hand, with the condition that m > N
2s

by using Theorem 2.1.1, u is in L∞(RN),
we have :∫
RN\BR(0)

|u(x)− u(y)|
|x− y|N+t

dy ≤
∫
RN\BR(0)

|u(x)|+ |u(y)|
|x− y|N+t

dy ≤ 2 sup
x
{u(x)}

∫
RN\BR(0)

dy

|x− y|N+t

≤ 2∥u∥Cs(RN )

∫
RN\BR(0)

dy

|x− y|N+t

≤ 2Cs∥f∥Lm(Ω)

∫
RN\BR(0)

dy

|x− y|N+t
.

By combining the above integrals and by applying the change of variables ρ = |x−y|
R

, we
get: ∣∣∣(−∆)

t
2u(x)

∣∣∣ ≤ Cs∥f∥Lm(Ω)

(∫
BR(0)

dy

|x− y|N−(s−t)
+

∫
RN\BR(0)

dy

|x− y|N+t

)
≤ Cs∥f∥Lm(Ω)σ

(
SN−1

)(∫ R

0

dρ

ρ−(s−t)
+ 2

∫ ∞

R

dρ

ρt

)
≤ C∥f∥Lm(Ω).

Almost every x ∈ RN , such that σ
(
SN−1

)
is the Lebesgue measure of the unit sphere.

In one hand we have :

ess sup
x∈BR(0)

∣∣∣(−∆)
t
2u(x)

∣∣∣ = ∥(−∆)
t
2u∥L∞(BR(0)) ≤ C∥f∥Lm(Ω).

And in other hand :∫
BR(0)

∣∣∣(−∆)
t
2u(x)

∣∣∣ dx ≤ C∥f∥Lm(Ω)

∫
BR(0)

dx ≤ C1∥f∥Lm(Ω).

So we get that ∥(−∆)
t
2u∥L1(BR(0)), then we have that (−∆)

t
2u ∈ L1(BR(0))∩L∞(BR(0)),

as consequence we use the interpolation inequality and according to (I1), we obtain :

∥(−∆)
t
2u∥Lp(RN ) ≤ C∥f∥Lm(Ω)
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for 1 ≤ p ≤ ∞.
Second case : t=s

For x, y ∈ Ω and
∫
Ω

|f(y)|
|x− y|N−s

dy <∞, we have:

h3(x) = (t− s)

∫
Ω

|f(y)|
|x− y|N−s

dy = 0.

We also have m > N
s
, choosing 0 < λ < s− N

m
, there exists C > 0 such that:

h1(x) = Jα(f)(x) ≤ C

∫
Ω

|f(y)|
|x− y|N−(s−λ)

dy

With α = s− λ and by condition of λ we have m > N
s−λ

, by Lemma 1.4.1

h1(x) ≤ ∥Jα(f)∥L∞(Ω) ≤ C∥f∥Lm(Ω).

and by set h2(x) = Jα(f)(x) =

∫
Ω

|f(y)|
|x− y|N−α

dy, with α = s then using Lemma 1.4.1, we

have:
h2(x) = ∥Jα(f)∥L∞(Ω) ≤ C∥f∥Lm(Ω).

By using Theorem 1.5.4 and by the fact that h3 = 0, we obtain:∣∣∣(−∆)
t
2u(x)

∣∣∣ ≤ C [h1(x) + |ln δ(x)|h2(x)] ≤ C∥f∥Lm(Ω) (1 + |ln δ(x)|) .

Integrating both sides over Ω, and by the fact ln δ(x) ∈ Lp(Ω), using Lemma 1.2.2, we
obtain: ∫

Ω

∣∣∣(−∆)
t
2u(x)

∣∣∣p dx ≤ Cp∥f∥pLm(Ω)

∫
Ω

(1 + |ln δ(x)|)p dx

≤ Cp∥f∥pLm(Ω)

(
|Ω|+

∫
Ω

|ln δ(x)|p dx
)

≤ C∥f∥pLm(Ω).

then we have :
∥(−∆)

t
2u∥Lp(Ω) ≤ C∥f∥Lm(Ω). (I2)

Now, we have |x− y| ≥ min{δ(x), δ(y)} for x ∈ BR(0) \ Ω, and y ∈ Ω, it is result that:

|x− y| ≥ δ(y) ⇒ |x− y|s ≥ δ(y)s ⇒ 1

|x− y|s
≤ 1

δ(y)s

Let back to
∣∣∣(−∆)

t
2u(x)

∣∣∣ by using Holder's inequality and Proposition 2.1.4, we obtain :

∣∣∣(−∆)
t
2u(x)

∣∣∣ ≤ ∫
Ω

|u(y)|
|x− y|N+s

dy =

∫
Ω

|u(y)|
|x− y|N |x− y|s

dy

≤
∫
Ω

|u(y)|
δ(y)s

1

|x− y|N
dy ≤

∥∥∥ u
δs

∥∥∥
L∞(Ω)

∫
Ω

dy

|x− y|N

≤ C∥f∥Lm(Ω)σ(SN−1)

∫ 2R

δ(x)

dρ

ρ
≤ C∥f∥Lm(Ω)σ(SN−1) [ln 2R− ln δ(x)]

≤ C∥f∥Lm(Ω)σ(SN−1) [ln 2R + |ln δ(x)|] ≤ C∥f∥Lm(Ω) (1 + ln δ(x)) .
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Such that σ(SN−1) is the Lebesgue measure of the unit sphere, now let estimate (−∆)
t
2u

in Lp(BR(0) \ Ω). We have:∫
BR(0)\Ω

∣∣∣(−∆)
t
2u(x)

∣∣∣p dx ≤ Cp∥f∥pLm(Ω)

∫
BR(0)

(1 + |ln δ(x)|)p dx

≤ Cp∥f∥pLm(Ω)

(
|BR(0)|+

∫
BR(0)

|ln δ(x)|p dx
)

≤ Cp∥f∥pLm(Ω)

By the same argument as before, since ln δ ∈ Lp(Ω) for all 1 ≤ p <∞, we obtain:

∥(−∆)
t
2u∥Lp(BR(0)\Ω) ≤ C∥f∥Lm(Ω). (I3)

Thus by(I1), (I2) and (I3) we deduce that

∥(−∆)
t
2u∥Lp(RN ) ≤ C∥f∥Lm(Ω) for all 1 ≤ p <∞

.
Third case : s < t < min{1, 2s}
For x ∈ Ω, let start by estimate of h1, by choosing 0 < λ < 2s− t− N

m
, there exists C > 0

such that:

h1(x) ≤ C

∫
Ω

|f(y)|
|x− y|N−(2s−t−λ)

dy.

By Lemma1.4.1 and setting Jα(f)(x) =
∫
Ω

|f(y)|
|x− y|N−α

dy, with α = 2s− t− λ and by the

choice of λ we have m > N
2s−t−λ

. So:

h1(x) ≤ ∥Jα(f)∥L∞(Ω) ≤ C∥f∥Lm(Ω).

By using again Lemma 1.4.1, such that :

h2(x) = Jα(f)(x) =

∫
Ω

|f(y)|
|x− y|N−α

dy

with α = 2s− t and since s < t < min{1, 2s} we have m > N
2s−t

so :

h2(x) ≤ ∥Jα(f)∥L∞(Ω) ≤ C∥f∥Lm(Ω).

And for h3 since t− s < 1:

h3(x) = (t− s)

∫
Ω

|f(y)|
|x− y|N−s

dy ≤
∫
Ω

|f(y)|
|x− y|N−s

dy

By Lemma 1.4.1 Jα(f)(x) =
∫
Ω

|f(y)|
|x− y|N−α

dy with α = s so m > N
2s−t

> N
s
we get:

h3(x) ≤ ∥Jα(f)∥L∞(Ω) ≤ C∥f∥Lm(Ω).

So �nally we get:∣∣∣(−∆)
t
2u(x)

∣∣∣ ≤ C

(
h1(x) + | ln δ(x)|h2(x) +

1

δ(x)t−s
h3(x)

)
≤ C∥f∥Lm(Ω)

(
1 + | ln δ(x)|+ 1

δ(x)t−s

)
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We now establish the Lp regularity of (−∆)
t
2u:∫

Ω

∣∣∣(−∆)
t
2u(x)

∣∣∣p dx ≤ Cp∥f∥pLm(Ω)

∫
Ω

(
1 + | ln δ(x)|+ 1

δ(x)t−s

)p

dx

≤ Cp∥f∥pLm(Ω)

(
|Ω|+

∫
Ω

| ln δ(x)|pdx+
∫
Ω

δ(x)−p(t−s)dx

)
By the Lemma 1.2.2 we have ln δ ∈ Lp(Ω) for 1 ≤ p < ∞ and δ(x)−(t−s) ∈ Lp(Ω) for
1 ≤ p < 1

t−s
, thus:

∥(−∆)
t
2u(x)∥Lp(Ω) ≤ C∥f∥Lm(Ω) (I4)

Now for x ∈ BR(0)\Ω and y ∈ Ω, using the fact that |x−y| ≥ δ(y), and applying Holder's
inequality together with Proposition 2.1.4 with q = ∞, we obtain:∣∣∣(−∆)

t
2u(x)

∣∣∣ ≤ ∫
Ω

|u(y)|
|x− y|N+t

dy ≤
∫
Ω

|u(y)|
|x− y|N+t−s

1

|x− y|s
dy

≤
∫
Ω

|u(y)|
δ(y)s

dy

|x− y|N+t−s
≤ ∥ u

δs
∥L∞(Ω)

∫
Ω

dy

|x− y|N+t−s

≤ C∥f∥Lm(Ω)

∫ 2R

δ(x)

dρ

ρt−s+1
≤ C∥f∥Lm(Ω)

(
(2R)−(t−s) − δ(x)−(t−s)

)
≤ C∥f∥Lm(Ω)

(
1 + δ(x)−(t−s)

)
It follows that the Lp in BR(0) \ Ω regularity estimate holds:∫

BR(0)\Ω

∣∣∣(−∆)
t
2u(x)

∣∣∣p dx ≤ Cp∥f∥Lm(Ω)

(
|BR(0) \ Ω|+

∫
BR(0)

∣∣δ(x)−(t−s)
∣∣p dx)

By Proposition 2.1.4, δ(x)−(t−s) ∈ Lp(BR(0)) for 1 ≤ p < 1
t−s

we obtain :

∥(−∆)
t
2u(x)∥Lp(BR(0)\Ω) ≤ C∥f∥Lm(Ω) (I5)

Finally, using (I1),(I4) and (I5) thus, for s < t < min{1, 2s}:

∥(−∆)
t
2u(x)∥Lp(RN ) ≤ C∥f∥Lm(Ω) for all 1 ≤ p <

1

t− s
.

We next consider the Calderon-Zygmund regularity when 1 ≤ m < N
2s−t

.

Theorem 2.2.2. Let s ∈ (0, 1), s ≤ t < min{1, 2s} and u unique weak solution of (P),
with f ∈ Lm(Ω) for 1 ≤ m < N

2s−t
. Then for all 1 ≤ p < p∗(m, s, t), there exists C > 0

such that:

∥(−∆)
t
2u∥Lp(RN ) ≤ C∥f∥Lm(Ω).

With:

p∗(m, s, t) :=


mN

N −ms
, for t = s,

min

{
mN

N −ms+mN(t− s)
,

1

t− s

}
, for t > s.
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Proof. First let see for x ∈ Bc
R(0) by using Holder's inequality and Proposition 1.5.1 we

get:

∣∣∣(−∆)
t
2u(x)

∣∣∣ ≤ ∫
Ω

∣∣∣(−∆)
t
2
xGs(x, y)f(y)

∣∣∣ dy ≤ ∥f∥Lm(Ω)

(∫
Ω

∣∣∣(−∆)
t
2
xGs(x, y)

∣∣∣m′

dy

) 1
m′

≤ C∥f∥Lm(Ω)

(∫
Ω

dy

(1 + |x|)(N+t)m′

) 1
m′

≤ C

(1 + |x|)(N+t)
∥f∥Lm(Ω)

We start by :∫
Bc

R(0)

∣∣∣(−∆)
t
2u(x)

∣∣∣ dx ≤
∫
Bc

R(0)

C∥f∥Lm(Ω)

(1 + |x|)(N+t)
dx ≤ C∥f∥Lm(Ω)

∫
Bc

R(0)

dx

|x|(N+t)

≤ C∥f∥Lm(Ω)σ(SN−1)

∫ ∞

R

dρ

ρ1+t
≤ C∥f∥Lm(Ω).

Where σ(SN−1) is the Lebesgue measure of the unit sphere. Then (−∆)
t
2u ∈ L1(Bc

R(0)).
And since |x| > R, we have :∣∣∣(−∆)

t
2u(x)

∣∣∣ ≤ C

(1 + |x|)(N+t)
∥f∥Lm(Ω) ≤

C

(1 +R)(N+t)
∥f∥Lm(Ω)

So we get:

∥(−∆)
t
2u∥L∞(Bc

R(0)) ≤
C

(1 +R)(N+t)
∥f∥Lm(Ω)

Then (−∆)
t
2u ∈ L∞(Bc

R(0)) and we have ∥(−∆)
t
2u∥L∞(Bc

R(0)) ≤ C∥f∥Lm(Ω).
Since (−∆)

t
2u ∈ L1(Bc

R(0)) ∩ L∞(Bc
R(0)) and by Interpolation inequality, we have

∥(−∆)
t
2u∥Lp(Bc

R(0)) ≤ C∥f∥Lm(Ω) ∀1 ≤ p ≤ ∞ (I1)

Now, for x ∈ BR(0) and 1 ≤ m < N
s
:

Since x ∈ Ω we have :∣∣∣(−∆)
t
2u(x)

∣∣∣ ≤ C

[
h1(x) + |ln δ(x)|h2(x) +

1

δ(x)t−s
h3(x)

]
Notice that 0 < λ < 2s− t, we set :

h1(x) ≤ Jα(f)(x) =

∫
Ω

|f(y)|
|x− y|N−α

dy.

With α = 2s − t − λ and by using Lemma 1.4.1 (b) and (c) together, we obtain for
1 ≤ m < N

2s−t−λ

∥h1∥Lp(Ω) ≤ ∥Jα(f)∥Lp(Ω) ≤ C∥f∥Lm(Ω)

for all 1 ≤ p ≤ ℓ with 1
ℓ
= 1

m
− α

N
, where

1

ℓ
=
N −mα

mN
=
N −m(2s− t− λ)

mN
>
N −m(2s− t)

mN

Which applies that ℓ < mN
N−m(2s−t)

thus:

∥h1∥Lp(Ω) ≤ C∥f∥Lm(Ω) for all 1 ≤ p <
mN

N −m(2s− t)
. (2.4)
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Now, for h2 we use the Holder's inequality with 1 < θ <∞ such that 1
θ
+ 1

θ′
= 1, so:(∫

Ω

|| ln δ(x)|h2(x)|p dx
) 1

p

≤
(∫

Ω

|ln δ(x)|pθ
′
dx

) 1
pθ′
(∫

Ω

|h2(x)|pθ dx
) 1

pθ

By Lemma 1.2.2, we have ln δ ∈ Lpθ′(Ω) for 1 ≤ pθ′ <∞.
For

h2(x) = Jα(f)(x) =

∫
Ω

|f(y)|
|x− y|N−α

dy with α = 2s− t.

Using (b) and (c) in Lemma 1.4.1, we get if 1 ≤ m < N
2s−t

∥h2∥Lpθ(Ω) = ∥Jα(f)∥Lpθ(Ω) ≤ C∥f∥Lm(Ω).

For all 1 ≤ pθ ≤ ℓ with :
1

ℓ
=

1

m
− α

N
=
N −mα

mN
=
N −m(2s− t)

mN
⇒ ℓ =

mN

N −m(2s− t)
.

We deduce that:

∥ |ln δ|h2∥Lp(Ω) ≤ C∥f∥Lm(Ω) for all 1 ≤ p <
mN

N −m(2s− t)
. (2.5)

Now if t > s then h3 ̸= 0.
By Holder's inequality for 1 < θ <∞ such that 1

θ
+ 1

θ′
= 1, so:∥∥∥∥ h3

|δ|t−s

∥∥∥∥
Lp(Ω)

≤
(∫

Ω

∣∣δ(x)−(t−s)
∣∣pθ′ dx) 1

pθ′
(∫

Ω

|h3(x)|pθ dx
) 1

pθ

Using Lemma 1.2.2, we have δ(x)−(t−s) ∈ Lpθ′(Ω) for 1 ≤ pθ′ < 1
t−s

. In other hand we
have :

h3(x) = (t− s)

∫
Ω

|f(y)|
|x− y|N−s

dy ≤
∫
Ω

|f(y)|
|x− y|N−s

dy.

Let set

Jα(f)(x) =

∫
Ω

|f(y)|
|x− y|N−α

dy for α = s.

Applying Lemma 1.4.1 (b) and (c) again to get:

∥h3∥Lpθ(Ω) = ∥Jα(f)∥Lpθ(Ω) ≤ C∥f∥Lm(Ω) For 1 ≤ pθ ≤ ℓ. (2.6)

With
1

ℓ
=

1

m
− α

N
=
N −mα

mN
=

(N −ms)

mN
We now determine values for p:
1 ≤ pθ′ <

1

t− s

1 ≤ pθ <
mN

N −ms

⇒


0 < t− s <

1

pθ′
≤ 1

0 <
N −ms

mN
≤ 1

pθ
≤ 1

⇒ t−s+N −ms

mN
<

1

p

(
1

θ
+

1

θ′

)
≤ 2

⇒ N −ms+ (t− s)Nm

mN
<

1

p
≤ 2 ⇒ 1

2
≤ p ≤ mN

N −ms+ (t− s)Nm

⇒ 1 ≤ p ≤ mN

N −ms+ (t− s)Nm
.
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So �nally :∥∥∥∥ h3
|δ|t−s

∥∥∥∥
Lp(Ω)

≤ C∥f∥Lm(Ω) for 1 ≤ p ≤ mN

N −ms+ (t− s)Nm
.

By combining (2.4), (2.5) and (2.6) we get :

∥(−∆)
t
2u∥Lp(Ω) ≤ C∥f∥Lm(Ω) for 1 ≤ p < p∗ (I2)

Such that:

p∗ :=


mN

N −ms
, for t = s,

mN

N −ms+mN(t− s)
, for t > s.

For x ∈ BR(0) \ Ω, we have that |x− y| ≥ min{δ(x), δ(y)}, ∀y ∈ Ω and ∀x ∈ BR(0) \ Ω,
and we have ∀ε > 0:∣∣∣(−∆)

t
2u(x)

∣∣∣ ≤ ∫
Ω

|u(y)|
|x− y|N+t

dy =

∫
Ω

|u(y)|
|x− y|N−ε|x− y|t−s+ε|x− y|s

dy

≤
∫
Ω

|u(y)|
|x− y|N−ε

1

δ(x)t−s+ε

1

δ(y)s
dy =

1

δ(x)t−s+ε

∫
Ω

|u(y)|
δ(y)s

1

|x− y|N−ε
dy

Let setting

g(x) =

∫
Ω

|u(y)|
δ(y)s

1

|x− y|N−ε
dy.

By using Holder's inequality we get:

∥(−∆)
t
2u∥Lp(BR(0)\Ω) ≤

(∫
BR(0)\Ω

∣∣∣∣ 1

δ(x)t−s+ε

∣∣∣∣p |g(x)|pdx) 1
p

≤

(∫
BR(0)\Ω

∣∣∣∣ 1

δ(x)t−s+ε

∣∣∣∣pθ′ dx
) 1

pθ′ (∫
BR(0)\Ω

|g(x)|pθdx
) 1

pθ

By Lemma 1.2.2, we have δ(x)−(t−s+ε) ∈ Lpθ′(BR(0) \ Ω), if and only if 1 ≤ pθ′ < 1
t−s+ε

.

Now, for g(x) =
∫
Ω

|u(y)|
δ(y)s

1

|x− y|N−ε
dy, let set :

Jα(h) =

∫
Ω

h(y)

|x− y|N−ε
, with, h(x) =

u(y)

δ(y)s
, α = ε.

We have from Proposition 2.1.4, since 1 ≤ m < N
s
so 1 ≤ q < mN

N−ms
and :∥∥∥ u

δs

∥∥∥
Lq(Ω)

≤ C∥f∥Lm(Ω)

Since 1 ≤ q < mN
N−ms

< N
ε
, we choose ε such that ε < N

m
− s, by Lemma 1.4.1, we have

∥g∥Lpθ(BR(0)\Ω) ≤ ∥Jα(h)∥Lpθ(BR(0)) ≤ C
∥∥∥ u
δs

∥∥∥
Lq(Ω)

≤ C∥f∥Lm(Ω) for 1 ≤ pθ ≤ ℓ.

With
1

ℓ
=

1

q
− ε

N
=

qN

N − qε
, such that : ℓ =

qN

N − qε
<

Nm

N −ms−mε
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Thus 1 ≤ pθ < Nm
N−ms−mε

.
We now determine the values of p:

1 ≤ pθ′ <
1

t− s+ ε

1 ≤ pθ <
mN

N −ms−mε

⇒


0 < t− s+ ε <

1

pθ′
≤ 1

0 <
N −ms−mε

mN
≤ 1

pθ
≤ 1

⇒ t− s+ ε+
N −ms−mε

mN
<

1

p

(
1

θ
+

1

θ′

)
≤ 2

⇒ 1

2
≤ p <

Nm

N −ms+ (t− s)Nm+ εm(N − 1)

⇒ 1 ≤ p <
Nm

N −ms+ (t− s)Nm+ εm(N − 1)

For 1 ≤ m <
N

s
and 1 ≤ p < p∗, we �x:

ε ∈ (0, ε∗) with ε∗ = min

Nm − s,
1

m(N − 1)
(

mN
p

− (N −ms+mN(t− s))
)


Therefore, we conclude that:

∥(−∆)
t
2u∥Lp(BR(0)\Ω) ≤ C∥f∥Lm(Ω) for 1 ≤ p < p∗. (I3)

Thus if 1 ≤ m < N
s
, we have :

∥(−∆)
t
2u∥Lp(RN ) ≤ C∥f∥Lm(Ω) for 1 ≤ p < p∗.

Case : N
s
≤ m < N

2s−t
:

In this case, since s < t < min{1, 2s}.
For x ∈ Ω, arguing as in the �rst case, we obtain:

∥h1∥Lp(Ω) ≤ C∥f∥Lm(Ω), ∀ 1 ≤ p <
mN

N −m(2s− t)

and
∥| ln δ|h2∥Lp(Ω) ≤ C∥f∥Lm(Ω), ∀ 1 ≤ p <

mN

N −m(2s− t)

Now for δ−(t−s)h3 with h3(x) ≤
∫
Ω

|f(y)|
|x− y|N−s

dy, by Holder's inequality we have :

∥∥∥∥ h3
|δ|t−s

∥∥∥∥
Lp(Ω)

≤
(∫

Ω

∣∣δ(x)−(t−s)
∣∣pθ′ dx) 1

pθ′
(∫

Ω

|h3(x)|pθ dx
) 1

pθ

Using Lemma 1.2.2 we get δ(x)−(t−s) ∈ Lpθ′(Ω) for 1 ≤ pθ′ < 1
t−s

.
For h3, we set

Jα(f)(x) =

∫
Ω

|f(y)|
|x− y|N−s

dy, with α = s.

Applying Lemma 1.4.1, with m = N
s
then:

∥h3∥Lpθ(Ω) ≤ ∥Jα(f)∥Lpθ(Ω) ≤ C∥f∥Lm(Ω) for all 1 ≤ pθ <∞
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We now determine the values of p for which the estimate holds:1 ≤ pθ′ <
1

t− s

1 ≤ pθ <∞
⇒


0 < t− s <

1

pθ′
≤ 1

0 <
1

pθ
≤ 1

⇒ t− s <
1

p

(
1

θ
+

1

θ′

)
≤ 2

⇒ 1

2
≤ p <

1

t− s
⇒ 1 ≤ p <

1

t− s

Recalling that N
s
≤ m, we deduce that mN

N−m(2s−t)
> 1

t−s
= p∗, and hence:∥∥∥∥ h3

δt−s

∥∥∥∥
Lp(Ω)

≤ C∥f∥Lm(Ω) for 1 ≤ p <
1

t− s
.

Finally we have for 1 ≤ p < p∗:

∥(−∆)
t
2u∥Lp(Ω) ≤ C∥f∥Lm(Ω). (I4)

Now for x ∈ BR(0) \Ω and y ∈ Ω, since |x− y| ≥ min{δ(x), δ(y)}, and arguing as above,
for ε > 0, we have:

|(−∆)
t
2u(x)| ≤ 1

δ(x)t−s+ε

∫
Ω

|u(y)|
δ(y)s

1

|x− y|N−ε
dy.

By setting g(x) =
∫
Ω

|u(y)|
δ(y)s

1

|x− y|N−ε
dy, and using Holder's inequality:

∥(−∆)
t
2u∥Lp(BR(0)\Ω) ≤

(∫
BR(0)\Ω

∣∣∣∣ 1

δ(x)t−s+ε

∣∣∣∣pθ′ dx
) 1

pθ′ (∫
BR(0)\Ω

|g(x)|pθdx
) 1

pθ

Using Lemma 1.2.2, we have δ(x)−(t−s+ε) ∈ Lpθ′(BR(0) \ Ω), for all 1 ≤ pθ′ < 1
t−s+ε

. For

g(x) = Jα(h)(x) =

∫
Ω

|h(y)|
|x− y|N−α

dy, with h(y) =
|u(y)|
δ(y)s

and α = ε.

First, by using Proposition 2.1.4, since m = N
s
, we have:

∥h∥Lq(Ω) =
∥∥∥ u
δs

∥∥∥
Lq(Ω)

≤ C∥f∥Lm(Ω) for all 1 ≤ q <∞.

Applying Lemma 1.4.1, which require 1 ≤ q <
N

ε
, we choose ε ∈

(
0,
N

q

)
, and we get:

∥Jα(h)∥Lpθ(BR(0)\Ω) ≤ C
∥∥∥ u
δs
|
∥∥∥
Lq(Ω)

≤ C∥f∥Lm(Ω)

For all 1 ≤ pθ ≤ ℓ with ℓ =
qN

N − qε
. As above, we now determine the values of p:


1 ≤ pθ′ <

1

t− s+ ε

1 ≤ pθ <
qN

N − qε

⇒


0 < t− s+ ε <

1

pθ′
≤ 1

0 <
N − qε

qN
≤ 1

pθ
≤ 1

⇒ t−s+ε+N − qε

qN
<

1

p

(
1

θ
+

1

θ′

)
≤ 2
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⇒ 1

2
≤ p <

qN

N + qN(t− s) + εq(N − 1)
⇒ 1 ≤ p <

qN

N + qN(t− s) + εq(N − 1)

Now considering N
2
≤ m <∞ and 1 ≤ p < 1

t−s
, we choose:

q ∈
(

p
1−p(t−s)

,∞
)
and ε ∈ (0, ε∗) with ε∗ =

{
N
q
, 1
q(N−1)

(
Nq
p
− (N +Nq(t− s))

)}
.

Thus we get that :

∥(−∆)
t
2u∥Lp(BR(0)\Ω) ≤ C∥f∥Lm(Ω) for 1 ≤ p <=

1

t− s
. (I5)

So gathering (I1), (I4) and (I5), we conclude that for
N

s
≤ m <

N

2s− t
and 1 ≤ p < p∗ =

1

t− s
:

∥(−∆)
t
2u∥Lp(RN ) ≤ C∥f∥Lm(Ω)

Finally if 1 ≤ m < N
2s−t

, we have :

∥(−∆)
t
2u∥Lp(RN ) ≤ C∥f∥Lm(Ω), for 1 ≤ p < p∗.

With:

p∗(m, s, t) :=


mN

N −ms
, for t = s,

min

{
mN

N −ms+mN(t− s)
,

1

t− s

}
, for t > s.

Now and since we give the proofs of Theorems 2.2.1 and 2.2.2 we get as consequence
the precise rate of explosion of the half t-Laplacian of the solution u of (P) at the boundary
of Ω

Theorem 2.2.3. Let s ∈ (0, 1), s ≤ t < min{1, 2s} and let u be the unique weak solution
to (P) with f ∈ Lm(Ω) for m ≥ 1.

i) If m > N
2s−t

, there exists C > 0 such that:∥∥| ln δ|−1(−∆)
s
2u
∥∥
L∞(Ω)

+ (t− s)
∥∥∥δt−s(−∆)

t
2u
∥∥∥
L∞(Ω)

≤ C∥f∥Lm(Ω).

ii) If 1 ≤ m < N
2s−t

, for all 1 ≤ p < mN
N−ms

and 1 ≤ q < mN
N−m(2s−t)

, there exists C > 0
such that:∥∥| ln δ|−1(−∆)

s
2u
∥∥
Lp(Ω)

+ (t− s)
∥∥∥δt−s(−∆)

t
2u
∥∥∥
Lq(Ω)

≤ C∥f∥Lm(Ω).

Remark. A direct consequence of the above results is the local Calderon-Zygmund regu-
larity. For any ω ⊂ Ω, we have :

� If m ≤ N
2s−t

, there exists Cω > 0 such that:

∥(−∆)
s
2u∥L∞(ω) + (t− s)∥(−∆)

t
2u∥L∞(ω) ≤ Cω∥f∥Lm(Ω)

� If 1 ≤ m < N
2s−t

, for all 1 ≤ p < mN
N−ms

and 1 ≤ q < mN
N−m(2s−t)

, there exists Cω > 0
such that:

∥(−∆)
s
2u∥Lp(ω) + (t− s)∥(−∆)

t
2u∥Lq(ω) ≤ Cω∥f∥Lm(Ω)

Proof. See [38].

Remark. In the same way as for the half t-Laplacian (−∆)
t
2 , the Calderon-Zygmund reg-

ularity also holds for another fractional di�erential operator, the Riesz fractional gradient
∇t.
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2.3 Regularity of the solution in the fractional spaces

Since we have the regularity of (−∆)
t
2 and ∇t we can go further and see the reg-

ularity of the solution in fractional spaces, we start in the Bessel potential space if
m > max

{
N
s
, N
2s−t

}
with this Corollary

Corollary 2.3.1. Let s, t ∈ (0, 1) and u the unique weak solution given by u := Gs[f ]
with f ∈ Lm(Ω) for m > max

{
N
s
, N
2s−t

}
:

i) If 0 < t ≤ s, then u ∈ Lt,p(RN) for all 1 < p <∞ and ∃C > 0 such that:

∥u∥Lt,p(RN ) ≤ C∥f∥Lm(Ω).

ii) If s < t < min{1, 2s}, then u ∈ Lt,p(RN) for all 1 < p < 1
t−s

and ∃C > 0:

∥u∥Lt,p(RN ) ≤ C∥f∥Lm(Ω).

Let give a proof for this corollary

Proof. Since u is solution of (P) then u ≡ 0 in RN \ Ω, so we just need to see if
u ∈ Lt,p

0 (Ω) and since we have an equivalent norm for this space, given by ∥u∥Lt,p
0 (Ω) :=

∥(−∆)
t
2u∥Lp(RN ) by proposition 1.4.4, since we have already the results of regularity for

(−∆)
t
2u in Lp(RN) in Theorem 2.2.1, so we have that :

1. If 0 < t ≤ s, for all 1 < p <∞, u ∈ Lt,p
0 (Ω) and ∃C > 0 such that :

∥u∥Lt,p
0 (Ω) ≤ C∥f∥Lm(Ω).

2. If s < t < min{1, 2s}, for all 1 < p < 1
t−s

, u ∈ Lt,p
0 (Ω) and ∃C > 0 such that :

∥u∥Lt,p
0 (Ω) ≤ C∥f∥Lm(Ω).

And since Lt,p
0 (Ω) is a subset of Lt,p(RN) we have same results for the last space.

Now let see the regularity of solution u in the fractional Sobolev space W γ,p for m >
max

{
N
s
, N
2s−t

}
,

Corollary 2.3.2. Let s, γ ∈ (0, 1) and u the unique weak solution of (P) given by u :=

Gs[f ] with f ∈ Lm(Ω) for m > max
{

N
s
, N
2s−γ

}
:

i) If 0 < γ ≤ s, then u ∈W γ,p(RN) for all 1 < p <∞ and ∃C > 0 such that:

∥u∥W γ,p(RN ) ≤ C∥f∥Lm(Ω).

ii) If s < γ < min{1, 2s}, then u ∈ W γ,p(RN) for all 1 < p < 1
γ−s

and ∃C > 0:

∥u∥W γ,p(RN ) ≤ C∥f∥Lm(Ω).
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Proof. For 0 < γ < s, we get the result immediately by using Corollary 2.3.1 with
Proposition 1.4.6 the embadding

Lγ+ε,p(RN) ⊂ W γ,p(RN)

For all 0 < ε < γ < 1 and 1 < p <∞.

Now for s ≤ γ < min{1, 2s} and p :=


∞, for γ = s,

1

γ − s
, for γ > s.

And since m > N
2s−γ

and 1 < p < p, we can choose:

ε ∈ (0, ε∗) with ε∗ = min
{
min{1, 2s} − γ, 2s− γ − N

m
, 1
p
− (γ − s)

}
.

By the corollary 2.3.1 ii) we set t = γ + ε, we get:

∥u∥Lγ+ε,p(RN ) ≤ C∥f∥Lm(Ω)

t = γ + ε⇒ γ = t− ε⇒ s− ε < γ < min{1, 2s} − ε < min{1, 2s}.

And by the choice made for ε we get s ≤ γ < min{1, 2s}.
Finally by the embedding Lγ+ε,p(RN) ⊂ W γ,p(RN) and corollary 2.3.1 we have u ∈
W γ,p(RN),
for 1 < p < p and:

∥u∥W γ,p(RN ) ≤ C∥f∥Lm(Ω).

Now let see if 1 ≤ m < N
2s−t

, then what is the regularity of u in fractional spaces, we
start with Bessel potantial space.

Corollary 2.3.3. Let s ∈ (0, 1), s ≤ t < min{1, 2s} and u is unique weak solution of (P)
given by u := Gs[f ] with f ∈ Lm(Ω) for 1 ≤ m < N

2s−t
. Then, for all 1 < p < p∗(m, s, t),

there exists C > 0 such that:

∥u∥Lt,p(RN ) ≤ C∥f∥Lm(Ω). (2.7)

Proof. According to Theorem 2.2.2 ∥(−∆)
t
2u∥Lp(RN ) ≤ C∥f∥Lm(Ω) for 1 ≤ p < p∗,

and since u ≡ 0 in RN \ Ω.
So by the de�nition of the space Lt,p

0 (Ω), we have:

∥u∥Lt,p
0 (Ω) = ∥(−∆)

t
2u∥Lp(RN ) ≤ C∥f∥Lm(Ω)

And since Lt,p
0 (Ω) ⊂ Lt,p(RN), then u ∈ Lt,p(RN), and

∥u∥Lt,p(RN ) ≤ C∥f∥Lm(Ω)

and let see the regularity in the fractional Sobolev space if 1 ≤ m < N
2s−t

.

Corollary 2.3.4. Let s ∈ (0, 1), s ≤ γ < min{1, 2s} and u is unique weak solution of (P)
given by u := Gs[f ] with f ∈ Lm(Ω) for 1 ≤ m < N

2s−γ
. Then, for all 1 < p < p∗(m, s, γ),

there exists C > 0 such that:

∥u∥W γ,p(RN ) ≤ C∥f∥Lm(Ω). (2.8)
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Proof. Let 1 ≤ m < N
2s−t

and 1 < p < p∗, let choose ε ∈ (0, ε∗) with .

ε∗ = min

{
s,min{1, 2s} − γ,

1

p
+

1

p∗

}
We have from proposition 1.4.6 that Lγ+ε,p(RN) ⊂ W γ,p(RN) for 0 < ε < γ < 1 and
1 < p <∞.
We have from corollary 2.3.3 that ∥u∥Lt,p(RN ) ≤ C∥f∥Lm(Ω).
Let set t = γ + ε, so we have :

∥u∥W γ,p(RN ) ≤ ∥u∥Lγ+ε,p(RN ) ≤ C∥f∥Lm(Ω)

So we get for 1 < p < p∗:
∥u∥W γ,p(RN ) ≤ C∥f∥Lm(Ω).

We can resume all corollaries 2.3.1-2.3.4 in this proposition, let de�ne, for 0 < s ≤ t <
min{1, s(1 +N−1)}, let us set:

p̃(m, s, t) :=


1

(t− s)+
, if m > N

2s−t
,

min

{
mN

N −ms+mN(t− s)
,

1

(t− s)+

}
, if 1 ≤ m < N

2s−t
.

Proposition 2.3.1. Let 0 < s ≤ t < min{1, s(1 + N−1)} and let u be the unique weak

solution to (P) with f ∈ Lm(Ω) for m ≥ 1. Then, for all 1 < p < p̃, there exists C̃ > 0
such that:

∥u∥Lt,p(RN ) ≤ C̃∥f∥Lm(Ω) and ∥u∥W t,p(RN ) ≤ C̃∥f∥Lm(Ω). (2.9)

2.4 Compactness results

In this subsection we give some compactness results for the fractional poisson problem P
that will help us in the next section.

Proposition 2.4.1. Let 0 < t < min{1, s(1 +N−1)} and 1 < p < N/(N(1 + t− s)− s).
The solution map:

Gs : L
1(Ω) → Lt,p

0 (Ω)

f 7→ Gs[f ] :=

∫
Ω

Gs(x, y)f(y) dy,

is well-de�ned, continuous and compact.

Proof. Since Gs is well de�ned and continuous (it linear also) by the Corollary 2.3.3, for
all 1 ≤ p < p∗(1, t, s = N

N−s+N(t−s)
).

Now, we need show that Gs is compact:
Let (fn)n∈N ⊂ L1(Ω) a Cauchy's sequence such that ∥f∥L1(Ω) for all n ∈ N , and let de�ne
un = Gs(fn) for all n ∈ N , then from corollaries 2.3.3 and 2.3.4 we deduce that un is
bounded since we have:

∥u∥Ls,γ(Ω)∩W s,γ(Ω) ≤ C∥f∥L1(Ω) ≤ C for 1 ≤ γ
N

N − s+N(t− s)
.
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By Theorem 1.4.1 Proposition 2.1.4, there exists a sub-sequence (un)n∈N and u ∈ W s,γ(Ω)

un −−−→
n→∞

u strongly in Lq(RN), for all 1 ≤ q <
N

N − 2s
, (∗)

and also, up to a subsequence, Lp convergence implies almost everywhere convergence
(see [13]), so that:

un −−−→
n→∞

u almost every x ∈ RN

By using Vitali's convergence Theorem 1.2.7 and Proposition 2.1.4 we obtain :

un
δs

−−−→
n→∞

u

δs
strongly in Lq(RN), for all 1 ≤ q <

N

N − s
, (∗∗)

since we have now that (un)n∈N converges strongly in Lq(RN) for 1 ≤ q < N
N−s

. Now we
show that((−∆)

t
2un)n∈N strongly converges in Lp(RN), we have for i, j ∈ N:{

(−∆)s(ui − uj) = fi − fj in Ω

ui − uj = 0 in RN \ Ω

We have 2 cases:
case 1:s ≤ t < min{1, s(1 + 1

N
)} First let start if x ∈ RN \ BR(0), by choice of (E) we

have that |x− y| ≥ 1
4
(1 + |x|), ∀x ∈ RN \BR(0) and y ∈ Ω, then for all i, j ∈ N we have:∣∣∣(−∆)

t
2 (ui − uj)

∣∣∣ ≤ ∫
Ω

|ui(y)− uj(y)|
|x− y|N+t

dy ≤ C

(1 + |x|)N+t
∥ui − uj∥L1(Ω).

By the same argument used in the proof of Theorem 2.2.1, it follows that (−∆)
t
2 (ui−uj) ∈

L1(RN \BR(0)) ∩ L∞(RN \BR(0)), and :

∥(−∆)
t
2 (ui−uj)∥L1(RN\BR(0))+∥(−∆)

t
2 (ui−uj)∥L∞(RN\BR(0)) ≤ C∥ui−uj∥L1(Ω) ∀i, j ∈ N

Then using the interpolation's inequality we get for all 1 ≤ p ≤ ∞, (−∆)
t
2 (ui − uj) ∈

Lp(RN \BR(0)), and :

∥(−∆)
t
2 (ui − uj)∥Lp(RN\BR(0)) ≤ C∥ui − uj∥L1(Ω) ∀i, j ∈ N

and since we have (∗) then:

(−∆)
t
2 (ui − uj) −−−−→

i,j→∞
0 strongly in Lp(RN \BR(0)), ∀1 ≤ p <∞. (2.3.1.1)

Now if x ∈ Ω and y ∈ Ω: by the theorem 1.5.4 we have:∣∣∣(−∆)
t
2 (ui − uj)

∣∣∣ ≤ C

[
J2s−t−λ(fi − fj) + | ln δ|J2s−t(fi − fj) +

1

δt−s
Js(fi − fj)

]
such that Jα(f)(x) :=

∫
Ω

|f(y)|
|x−y|N−αdy. For J2s−t−λ(fi − fj) we use the theorem 1.4.1 so we

have :
J2s−t−λ(fi − fj) : L

1(Ω) → Lp(Ω)

is well de�ned, continuous and compact for all 1 ≤ p < N
N−(2s−t−λ)

, let choose 0 < λ <
2s− t so we have:

J2s−t−λ(fi − fj) −−−−→
i,j→∞

0 strongly in Lp(Ω), ∀1 ≤ p <
N

N − 2s+ t
(L1)
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For | ln δ|J2s−t(fi − fj), by using Holder's inequality and lemma 1.2.2 (ii) we get:

∥| ln δ|J2s−t(fi − fj)∥Lp(Ω) ≤ ∥ ln δ∥Lpθ′ (Ω)∥J2s−t(fi − fj)∥Lpθ(Ω)

≤ C∥J2s−t(fi − fj)∥Lpθ(Ω)

for 1 ≤ pθ′ <∞ and 1 ≤ pθ < N
N−2s+t

, then using theorem 1.4.1 :

| ln δ|J2s−t(fi − fj) −−−−→
i,j→∞

0 stongly in Lp(Ω), ∀1 ≤ p <
N

N − 2s+ t
. (L2)

Finally 1
δt−sJs(fi − fj) by using Holder's inequality and lemma 1.2.2 (i)we get:∥∥∥∥ 1

δt−s
Js(fi − fj)

∥∥∥∥
Lp(Ω)

≤ ∥δ−(t−s)∥Lpθ′ (Ω)∥Js(fi − fj)∥Lpθ(Ω)

≤ C∥Js(fi − fj)∥Lpθ(Ω)

for:
1 ≤ pθ′ <

1

t− s

1 ≤ pθ <
N

N − s

⇒


0 < t− s <

1

pθ′
≤ 1

0 <
N − s

N
≤ 1

pθ
≤ 1

⇒ t− s+
N − s

N
<

1

p

(
1

θ
+

1

θ′

)
≤ 2

⇒ N(t− s) +N − s

N
<

1

p
≤ 2 ⇒ 1 ≤ p <

N

N(1 + t− s)− s

Then using Theorem 1.4.1, we get:

δ−(t−s)J2s−t(fi − fj) −−−−→
i,j→∞

0 strongly in Lp(Ω), ∀1 ≤ p <
N

N(1 + t− s)− s
. (L3)

Combining (L1),(L2) and (L3), we get:

(−∆)
t
2 (ui − uj) −−−−→

i,j→∞
0 strongly in Lp(Ω), ∀1 ≤ p <

N

N(1 + t− s)− s
. (2.3.1.2)

Finally we see the convergence in BR(0) \ Ω,we have |x − y| ≥ min{δ(x), δ(y)}, for all
y ∈ Ω and x ∈ BR(0) \ Ω.
For almost every x ∈ BR(0) \ Ω and i, j ∈ N, for ε > 0:∣∣∣(−∆)

t
2 (ui − uj)(x)

∣∣∣ ≤ ∫
Ω

|(ui − uj)(y)|
|x− y|N+t

dy

≤ 1

δ(x)t−s+ε

∫
Ω

|(ui − uj)(y)|
δ(y)s

dy

|x− y|N−ε

setting g(x) =
∫
Ω

|(ui−uj)(y)|
δ(y)s

dy
|x−y|N−ε ,and using Holder's inequality and lemma 1.2.2 (i):∥∥∥(−∆)

t
2 (ui − uj)

∥∥∥
Lp(BR(0)\Ω)

≤
∥∥δ−(t−s+ε)

∥∥
Lpθ′ (BR(0)\Ω)

∥g∥Lpθ(BR(0)\Ω) ≤ C ∥g∥Lpθ(BR(0)\Ω)

for 1 ≤ pθ′ < 1
t−s+ε

.

Now for g using lemma 1.4.1 (b), (c) we have ∥g∥Lpθ(BR(0)\Ω) ≤
∥∥∥ (ui−uj)

δs

∥∥∥
Lq(BR(0)\Ω)

,

for 1 ≤ pθ ≤ qN
N−qε

.
1 ≤ pθ′ <

1

t− s+ ε

1 ≤ pθ <
qN

N − qε

⇒


t− s+ ε <

1

pθ′
≤ 1

0 <
N − qε

qN
≤ 1

pθ
≤ 1
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⇒ qN(t− s+ ε) +N − qε

qN
<

1

p

(
1

θ
+

1

θ′

)
≤ 2

⇒ qN(t− s)− qε(N − 1) +N

qN
<

1

p
≤ 2 ⇒ 1 ≤ p <

qN

qN(t− s)− qε(N − 1) +N

So by the choice of ε ∈ (0, ε∗) and q ∈
(

p
1−p(t−s)

, N
N−s

)
,

with ε∗ = min

{
N
q
, 1

q(N−1)(Nq
p

−(N+Nq(t−s)))

}
we have:

∥∥∥(−∆)
t
2 (ui − uj)

∥∥∥
Lp(BR(0)\Ω)

≤ C

∥∥∥∥(ui − uj)

δs

∥∥∥∥
Lq(BR(0)\Ω)

for 1 ≤ p < N
N(1+t−s)−s

and ∀i, j ∈ N, and by using (∗∗) we get:

(−∆)
t
2 (ui − uj) −−−−→

i,j→∞
0 stongly in Lp(BR(0) \ Ω), ∀1 ≤ p <

N

N(1 + t− s)− s
.

(2.3.1.3)
Gathering (2.3.1.1), (2.3.1.2) and (2.3.1.3) we get:

(−∆)
t
2 (ui − uj) −−−−→

i,j→∞
0 strongly in Lp(RN), ∀1 ≤ p <

N

N(1 + t− s)− s
.

Since
(
(−∆)

t
2un

)
n∈N

is a Cauchy sequence in the Banach space Lp(RN), so is strongly

convergent in Lp(RN) for all 1 ≤ p < N
N(1+t−s)−s

.
case 2:0 < t < s Since we have convergence for s ≤ t < min{1, s(1 +N−1)}, we can get
the convergence for 0 < t < s by using Proposition 1.4.5.

Corollary 2.4.1. Let 0 < t < min{1, s(1 + N−1)} and 1 < p < N/(N(1 + t − s) − s).
The solution map:

Gs : L
1(Ω) →W t,p

0 (Ω)

f 7→ Gs[f ] :=

∫
Ω

Gs(x, y)f(y) dy,

is well-de�ned, continuous and compact.

Proof. The proof of this corollary is the same as the one of the proposition since Lt,p
0 (Ω)

and W t,p
0 (Ω) have equivalent norms.
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Chapter 3

Existence and non-existence of

solutions for KPZ problems

We now present the Kardar-Parisi-Zhang type equations, known as KPZ problems, in-
volving the nonlocal gradient term (the half t-Laplacian). Let Ω ⊂ RN , N ≥ 2, be a
bounded domain with boundary ∂Ω of class C2. For s, t ∈ (0, 1), we consider problems of
the form: {

(−∆)su = |(−∆)
t
2u|q + λf(x), in Ω,

u = 0, in RN \ Ω,
(KPZ)

where q > 1 and λ > 0 are real parameters, f belongs to a suitable Lebesgue space, and
(−∆)

t
2u denotes the nonlocal gradient term, de�ned as follows:

(−∆)
t
2u(x) := aN, t

2
P.V.

∫
RN

u(x)− u(y)

|x− y|N+t
dy (KPZ1)

For any function u ∈ C∞
c (RN), and the normalization constants :

CN,α := −22απ−N
2
Γ(N

2
+ α)

Γ(−α)

We now state the de�nition of a weak solution to problem (KPZ).

De�nition 3.0.1. We say that a function u is a weak solution to KPZ if u and |(−∆)
t
2u|q

belong to L1(Ω), u ≡ 0 almost everywhere in RN \ Ω and∫
Ω

u(−∆)sφdx =

∫
Ω

(|(−∆)
t
2u|q + λf(x))φdx,

for all φ belonging to

Xs(Ω) :=
{
φ ∈ Cs(RN) : φ(x) = 0 for all x ∈ RN \ Ω and (−∆)sφ ∈ L∞(Ω)

}
.

In this chapter, we analyze the existence and non-existence of weak solutions to prob-
lem (KPZ) for suitable values of λ and q. We begin with the existence results.

3.1 The existence results for KPZ problems

For q ∈ (1,+∞) we now analyze the existence of weak solutions to the problem involving
our non-local gradient term (−∆)

t
2 , we now analyze the existence of weak solutions to

the problem: {
(−∆)su = |(−∆)

t
2u|q + λf(x), in Ω,

u = 0, in RN \ Ω.
(KPZ1)
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Let set 0 < t < min{1, s(1 +N−1)} and de�ne:

q(m, s, t) :=



+∞, if t ≤ s and m ≥ N
s
,

s

N(t− s)
, if t > s and m > N

s
,

N

N −ms
, if t ≤ s and 1 ≤ m < N

s
,

N

(N − sm+mN(t− s))
, if t > s and 1 ≤ m ≤ N

s
.

(q)

Then we have the main results for the existence of the solution of (KPZ):

Theorem 3.1.1. Assume that 0 < t < min{1, s(1 +N−1)}, f ∈ Lm(Ω) for some m ≥ 1.
Then, for all 1 < q < q, there exists λ∗ > 0 such that, for all 0 < λ ≤ λ∗, (KPZ1) has a
weak solution u. Moreover:

� If m ≥ N/s, then u ∈ W s,p(RN) ∩ C0,s(RN) for all 1 < p < +∞.

� If 1 ≤ m < N/s, then u ∈ W s,p(RN) for all 1 < p < mN
(N−ms)

.

Proof. The proof is divided into two cases:
Cas 1:m > N

s

First of all, we notice without loss of generality that N
s
< m <

1

(q(t− s))+
.

Then let set r = r(m, s, t, q) > 0, veri�es 1 < qm < r < 1
(t−s)+

, we de�ne:

λ∗ :=
q − 1

q∥f∥Lm(Ω)

(
q(C̃k)q∥|L∞(Ω)|Ω|

r−qm
mr

) −1
q−1

By setting C = (C̃k)q∥∥L∞(Ω)|Ω|
r−qm
mr , the maximum of the function

η(t) = t
1
q − Ct+ C(qC)

q
1−q − (qC)

1
1−q

q

is attained at t = t∗, where t∗ satis�es:

1

q
t
1
q
−1

∗ − C = 0

and the maximum value is given by:

λ∗∥f∥Lm(Ω) = t
1
q
∗ − Ct∗ + C(qC)

q
1−q − (qC)

1
1−q

q

This determines the de�nition of λ∗.
Since q > 1, using Lemma 1.1.6, setting a = C̃ , b = ∥∥L∞(Ω)|Ω|

r−qm
mr kq and C∗ =

λ∗∥f∥Lm(Ω) so the function can have unique root ℓ such that:

C̃q
(
|Ω|

r−qm
mr kqℓ+ λ∗∥f∥Lm(Ω)

)q
− ℓ = 0

equivalent to:
C̃
(
|Ω|

r−qm
mr kqℓ+ λ∗∥f∥Lm(Ω)

)
= ℓ

1
q (3.1.1.1)

Since we have λ∗ and ℓ let de�ne:

Eη :=
{
v ∈ Lγ,1+η

0 (Ω) : ∥v∥Lγ,r
0 (Ω) ≤ ℓ

1
q

}
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with γ := max{t, s} and 0 < η < min
{
q − 1, s−N(γ−s)

N(1+(γ−s))−s

}
Eη is closed and convex set of Lγ,1+η

0 (Ω), we can prove those by using Fatou's Theorem
and trigonometry inequation.
To get the existence of a weak solution for (KPZ1) in Eη, we will use the Schawder's
�xed point Theorem 1.1.1, let de�ne the operator:

T : Eη → Lγ,1+η
0 (Ω)

φ 7→ u

such that u is the unique weak solution for the problem:{
(−∆)su = |(−∆)

t
2φ|q + λf(x), in Ω,

u = 0, in RN \ Ω.
we can also see that the operator T as the Green representation given by:

T (φ)(x) :=

∫
Ω

G(x, y)
(
|(−∆)

t
2φ(y)|q + λf(y)

)
dy = u(x)

The existence of the weak solution in Lγ,1+η
0 (Ω) immediately by using the �xed point of

Schawder theorem to T . First of all we have by Proposition 2.4.1 that T is well de�ned
in Lγ,1+η

0 (Ω). we split the proof in three steps
Step-1: T (Eη) ⊂ Eη:
Let φ ∈ Eη and u = T (φ), by using Propositions 2.3.1 and (3.1.1.1) we get:

∥u∥Lγ,r
0 (Ω) ≤ C̃∥|(−∆)

t
2φ|q + λf∥Lm(Ω)

≤ C̃
(
∥|(−∆)

t
2φ|q∥Lm(Ω) + λ∥f∥Lm(Ω)

)
≤ C̃

(
∥|(−∆)

t
2φ|q∥Lm(Ω) + λ∗∥f∥Lm(Ω)

)
≤ C̃

(
∥(−∆)

t
2φ∥qLr(Ω)|Ω|

r−qm
mr + λ∗∥f∥Lm(Ω)

)
≤ C̃

(
∥φ∥q

Lt,r
0 (Ω)

|Ω|
r−qm
mr + λ∗∥f∥Lm(Ω)

)
≤ C̃

(
kq∥φ∥q

Lγ,r
0 (Ω)

|Ω|
r−qm
mr + λ∗∥f∥Lm(Ω)

)
≤ C̃

(
kqℓ|Ω|

r−qm
mr + λ∗∥f∥Lm(Ω)

)
= ℓ

1
q .

Thus ∥u∥Lγ,r
0 (Ω) ≤ ℓ

1
q and by de�nition of T we have that u ∈ Lγ,1+η

0 (Ω) so obtained that
u ∈ Eη. Which is equivalent to say T (Eη) ⊂ Eη.
Step-2: T is compact:
Let (φn)n ⊂ Eη such that ∥φn∥Lγ,1+η

0 (Ω) ≤ 1 and (hn)n such that:

hn = |(−∆)
t
2φn|q + λf

" Now, we prove that (hn)n is bounded in L1(Ω). Since 1 + η ≤ q ≤ r, it follows from
Hölder's and interpolation inequalities that:

∥hn∥L1(Ω) ≤
∫
Ω

|(−∆)
t
2φn(x)|qdx+ λ

∫
Ω

|f(x)|dx

≤
∫
Ω

|(−∆)
t
2φn(x)|qdx+ λ∗|Ω|

m−1
m ∥f∥Lm(Ω)

≤ kq∥(−∆)
γ
2φn∥qLq(Ω) + λ∗|Ω|

m−1
m ∥f∥Lm(Ω)

≤ kq
(
∥(−∆)

γ
2φn∥1−θ

L1+η(Ω)∥(−∆)
γ
2φn∥θLr(Ω)

)q
+ λ∗|Ω|

m−1
m ∥f∥Lm(Ω)

≤ kqℓθ + λ∗|Ω|
m−1
m ∥f∥Lm(Ω)
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So (hn)n is bounded in L1(Ω) and since T can be given by the Green representation, then
we use Proposition 2.4.1 to get that T is compact.

Thus, (hn)n is bounded in L1(Ω) is given by the Green representation, Proposition
2.4.1 ensures the compactness of T .
Step-3: T is continuous:
Since T is not a linear operator, we need to verify its continuity, we consider (φn)n ⊂ Eη

be a sequence converging to φ in Lγ,1+η
0 (Ω), and let (un)n ⊂ Eη such that un = T (φn) for

all n ∈ N and u = T (φ) such that:{
(−∆)s(un − u) =

(
|(−∆)

t
2φn|q − |(−∆)

t
2φ|q

)
, in Ω,

(un − u) = 0, in RN \ Ω.

Therefore, it su�ces to show that
∥∥∥(|(−∆)

t
2φn|q − |(−∆)

t
2φ|q

)∥∥∥
L1(Ω)

−−−→
n→∞

0.

By applying Hölder's inequality and the Mean Value Theorem, we obtain∥∥∥(|(−∆)
t
2φn|q − |(−∆)

t
2φ|q

)∥∥∥
L1(Ω)

≤
∥∥∥(|(−∆)

t
2φn|q − |(−∆)

t
2φ|q

)∥∥∥
L1(Ω)

≤ C∥(−∆)
t
2 (φn − φ)∥Lq(Ω)

with C = |Ω|
q−1
q , On the other hand, by Proposition 1.4.5 and the interpolation inequality,

it follows that:

∥(−∆)
t
2 (φn − φ)∥Lq(Ω) ≤ ∥φn − φ∥|Lt,q

0 (Ω) ≤ k∥φn − φ∥|Lγ,q
0 (Ω) = k∥(−∆)

γ
2 (φn − φ)∥Lq(RN )

≤ k∥(−∆)
t
2 (φn − φ)∥θL1+η(RN )∥(−∆)

t
2 (φn − φ)∥1−θ

Lr(RN )

= k∥φn − φ∥|θ
Lγ,1+η
0 (Ω)

∥φn − φ∥|1−θ
Lγ,r
0 (Ω)

≤ (2ℓ
1
q )1−θk∥φn − φ∥|θ

Lγ,1+η
0 (Ω)

with 1
q
= θ

1+η
+ 1−θ

r
, and since φn −−−→

n→∞
φ in Lγ,1+η

0 (Ω), we obtain that:∥∥∥(|(−∆)
t
2φn|q − |(−∆)

t
2φ|q

)∥∥∥
L1(Ω)

≤ C(2ℓ
1
q )1−θk∥φn − φ∥|θ

Lγ,1+η
0 (Ω)

−−−→
n→∞

0

Therefore, by Proposition 2.4.1, we conclude that T is continuous.
ince T is a continuous, compact operator mapping Eη into itself (T (Eη) ⊂ Eη), the
Schauder �xed-point theorem ensures the existence of a �xed point u ∈ Eη such that
T (u) = u.
Since T is a continuous compact operator and T (Eη) ⊂ Eη and by the Schawder �xed point
theorem we get that T admit unique u such that T (u) = u, Eη into itself (T (Eη) ⊂ Eη),
Under these conditions, we establish the existence (and uniqueness, if applicable) of the
solution u ∈ Eη. Next, by applying Proposition 1.4.6 and Theorem 1.3.1 for N

s
≤ m, we

obtain:
u ∈ W s,p(RN) ∩ C0,s(RN) for all 1 < p <∞

Case 2: 1 ≤ m ≤ N
s

First, let us choose r = r(m, t, s, q) > 0 such that 1 < qm < r < mN
(N−ms+mN(γ−s))+

. Using
the same λ∗ and ℓ from Case 1, we de�ne:

Ẽη :=
{
v ∈ Lγ,1+η

0 (Ω) : ∥v∥Lγ,1+η
0 (Ω) ≤M and ∥v∥Lγ,r

0 (Ω) ≤ ℓ
1
q

}
such that γ := max{t, s} , 0 < η < min

{
q − 1, s−N(γ−s)

N(1+(γ−s))−s

}
, and :

M := C̃1(|Ω|
r−q
r kqℓ+ λ∗∥f∥L1(Ω))
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where C̃1 > 0 is the same constant as in Proposition 2.3.1 for m = 1. It is clear that Ẽη

is a closed, bounded, and convex subset of Lγ,1+η
0 (Ω). Similarly to Case 1, let us de�ne:

T̃ : Ẽη → Lγ,1+η
0 (Ω)

φ 7→ u

This can be obtained via the Green representation formula. Following the same ap-
proach as in Case 1, one can prove that T̃ is a continuous and compact operator satisfying
T̃ (Ẽη) ⊂ Ẽη. Thus, applying Schauder's �xed-point theorem (Theorem 1.1.1) ensures the
existence of a solution u in Ẽη. Furthermore, by Lemma 1.4.1, we obtain

u ∈ W s,p(RN)‘ for all 1 < p <
mN

N −ms

Remark. Similar results can be obtained for the case where the nonlocal gradient term is
replaced by the Riesz t-gradient ∇t, which is given by:

∇tu(x) := µN,t

∫
RN

(x− y)(u(x)− u(y))

|x− y|N+t+1
dy such that µN,α := 2απ−N

2
Γ(N+α+1

2
)

Γ(1−α
2
)
.

Speci�cally, regarding the existence of a weak solution to the problem:{
(−∆)su = |∇tu|q + λf(x), in Ω,

u = 0, in RN \ Ω.
(KPZ2)

The main result for (KPZ2) is given by the next theorem.

Theorem 3.1.2. Assume that 0 < t < min{1, s(1 +N−1)}, f ∈ Lm(Ω) for some m ≥ 1.
Then, for all 1 < q < q, there exists λ∗ > 0 such that, for all 0 < λ ≤ λ∗, (KPZ2) has a
weak solution u. Moreover:

� If m ≥ N/s, then u ∈ W s,p(RN) ∩ C0,s(RN) for all 1 < p < +∞.

� If 1 ≤ m < N/s, then u ∈ W s,p(RN) for all 1 < p < mN
(N−ms)

.

Proof. See [38]

3.2 Non-existence results for KPZ problems

After proving the existence theorems, we now state a nonexistence theorem for problem
(KPZ1).

Theorem 3.2.1. Let 0 < t < min{1, 2s}, f ∈ L1(Ω) with f ⪈ 0 and q > 2(s+1)
t+2

. Then,

there exists λ∗∗ > 0 such that, for all λ > λ∗∗, (KPZ1) has no weak solution in W s,2
0 (Ω).

Proof. We suppose that u ∈ W s,2
0 (Ω), and let ϕ ∈ W s,2(Ω) ∩ C0,s(RN) be unique energy

solution of : {
(−∆)sϕ = 1, in Ω

ϕ = 0, in RN \ Ω.
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We denote that ϕ ∈ Xs(Ω), so we will use it as test function in (KPZ1), and we get:∫
Ω

(−∆)suϕ dx =

∫
Ω

u(−∆)sϕ dx =

∫
Ω

u dx =

∫
Ω

|(−∆)
t
2u|qϕ dx+ λ

∫
Ω

fϕ dx

≥
∫
Ω

|(−∆)
t
2u|qϕ dx+ λ

∫
Ω

fϕ dx.

(3.2.1.1)

In other hand, let ψ ∈ W
t
2
,2

0 (Ω) ∩ C0,s(RN), the unique energy solution of:{
(−∆)

t
2ψ = 1, in Ω

ψ = 0, in RN \ Ω.
(3.2.1.2)

Since W s,2
0 (Ω) ⊂ W

t
2
,2

0 (Ω) we can use u as test function in (3.2.1.2), by integration by
part and (3.2.1.1), we get:∫

Ω

(−∆)
t
2ψu dx =

∫
Ω

ψ(−∆)
t
2u dx =

∫
Ω

u dx ≥
∫
Ω

|(−∆)
t
2u|qϕ dx+ λ

∫
Ω

fϕ dx (3.2.1.3)

Moreover by Young's inequality:∫
Ω

ψ(−∆)
t
2u dx =

∫
Ω

(
(−∆)

t
2u(ϕ)

1
q

)( ψ

(ϕ)
1
q

)
dx

≤
∫
Ω

|(−∆)
t
2u|qϕ dx+ Cq

∫
Ω

ψ
q

q−1

ϕ
1

q−1

dx

(3.2.1.4)

from (3.2.1.3) and (3.2.1.4) we get:∫
Ω

|(−∆)
t
2u|qϕ dx+ λ

∫
Ω

fϕ dx ≤
∫
Ω

|(−∆)
t
2u|qϕ dx+ Cq

∫
Ω

ψ
q

q−1

ϕ
1

q−1

dx.

Which is equivalent to:

λ

∫
Ω

fϕ dx ≤ Cq

∫
Ω

ψ
q

q−1

ϕ
1

q−1

dx (3.2.1.5)

Finally we have from [18], there exists C0 > 1 such that:

C−1
0 δs(x) ≤ ϕ ≤ C0δ

s(x) and C−1
0 δs(x) ≤ ψ ≤ C0δ

s(x) in Ω (3.2.1.6)

Since q > 2(s+1)
t+2

, we get the right side in (3.2.1.5) is bounded and :

λ ≤
Cp

∫
Ω

ψ
q

q−1

ϕ
1

q−1

dx∫
Ω

fϕ dx

=: λ∗∗

Remark. The regularity assumption on f can be slightly relaxed. In fact, for the nonex-
istence result in Theorem 3.2.1 to hold, we only need f ∈ L1(Ω, δs(x)dx). Furthermore,
note that we only used the fact that u is a weak super-solution to (KPZ1). Conversely,
the restriction on the power q seems to be of a technical nature.



Conclusion

This Master's thesis, based on the works [3, 4, 1, 38], is devoted to the study of the global
fractional Calderón�Zygmund regularity theory for the fractional Poisson problem with
homogeneous Dirichlet boundary conditions, and to its application to the existence and
non-existence of weak solutions for a class of nonlocal Kardar-Parisi-Zhang (KPZ) type
equations involving nonlocal gradient term.

We prove the global fractional Calderón�Zygmund estimates for the nonlocal gradient
term (−∆)t/2u, with s ≤ t < min{1, 2s}, in the Lebesgue space Lp(RN), distinguishing
the regimes m > N

2s−t
and 1 ≤ m < N

2s−t
. These estimates were extended to obtain

global regularity for the solution u itself in the Bessel potential spaces Lt,p(RN) and the
fractional Sobolev spaces W t,p(RN). We further derived precise rates of blow-up of the
fractional derivatives of u near the boundary ∂Ω, and we obtained compactness results for
the Green operator Gs, which played an essential role in the subsequent existence theory.

This regularity theory was then applied to the nonlocal KPZ-type problem involving either
the half t-Laplacian (−∆)t/2u as the gradient nonlinearity. Using a Schauder �xed-point
argument built upon the compactness of the solution map Gs, we proved the existence of
a weak solution for small enough values of the parameter λ and for exponents q below an
explicit threshold q(m, s, t), with the solution shown to belong to appropriate fractional
Sobolev or Hölder spaces depending on the summability of f . Conversely, by a suit-
able testing procedure combined with sharp boundary estimates for both the fractional
Green's function and an auxiliary function associated to the half t-Laplacian, we proved
a non-existence result for large values of λ, when the exponent q exceeds the critical value
2(s+1)
t+2

.
Altogether, the results of this thesis extend, in a global setting over the whole space RN ,
regularity estimates that were previously available only locally, and they provide a fairly
complete existence and non-existence theory for a family of nonlocal KPZ-type problems
driven by fractional gradient terms.
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