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Introduction

The aim of this Master’s thesis is to study the existence of solutions to a class of nonlinear
fractional elliptic equations involving gradient terms. The analysis relies on regularity
results for both the potential and gradient terms. The problems considered are mainly
inspired by the results obtained in the thesis [38] and the paper [3, 4].

The study of nonlinear partial differential equations is a very important topic in mod-
ern mathematical analysis, with many applications in physics, geometry, and applied
sciences. In recent years, a lot of research has focused on nonlocal operators. In particu-
lar, the fractional Laplacian (—A)® for s € (0, 1) generalizes the classical Laplace operator
and is used to model phenomena like long-range interactions, anomalous diffusion, and
jump processes |7, 11, 30].

The main objective of this thesis is to prove the global fractional Calderén-
Zygmund regularity for the weak solution of the fractional Poisson problem with
Dirichlet boundary conditions:

(—A)u=f inQ
u=0 in RV \ Q

where Q C RY, N > 2, is a bounded domain with C? boundary, f € L™(Q) for some
m > 1, and s € (0,1). The fractional Laplacian is defined using the principal value by:

(—A)°u(z) = CysP.V. /RN % dy

where Cy s is a normalization constant depending on N and s:

(L +5)
Cys = g2 2 7
s I'(1—s)
This operator is well known in the literature; we refer to [27, 32, 28] for a general intro-

duction to its properties and to [9] for variational methods in this framework.

Understanding the regularity of solutions to these problems is fundamental for both
theory and applications. Classical Calderon-Zygmund theory was first developed for
second-order elliptic equations [19, 33| to give sharp integrability estimates for solutions
based on the data f. In the fractional case, extending this theory is much more difficult
because of the nonlocal nature of the operator and the boundary effects. Some related
regularity results in the nonlocal setting can be found in [3, 17, 18, 20].

In this work, our approach is based on the fractional Green’s function G,(z,v)
associated to the problem. This allows us to write the unique weak solution explicitly as:

mmzéauMﬂw@

Sharp pointwise estimates for the Green function and its fractional derivatives were
established in [11, 16, 15, 20|, and they play a central role in our analysis. Using these
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estimates, we obtain precise regularity results for the nonlocal gradient terms (—A)"2y
and V'u, for s < t < min{1,2s}, in Lebesgue spaces LP(RY), Bessel potential spaces
LYP(RY), and fractional Sobolev spaces WP (RY) [6, 34, 35]. These regularity results are
obtained globally, over the whole space RY. This is an important improvement over the
local estimates found in [17, 12|. The main results of this thesis are directly connected to
the work of [3].

As an application of this regularity theory, we study the existence and non-existence
of weak solutions for a class of nonlinear problems of Kardar-Parisi-Zhang (KPZ) type
[23], which include nonlocal gradient terms:

(—A)u = |Dywul? + Af(z) in Q
u=0 in RV \ Q

where D, represents either the half t-Laplacian (—A)!2 or the Riesz t-gradient V!
[31, 30, 37], and ¢ > 1, A > 0 are real parameters. These equations come from models
in surface growth theory and stochastic interface dynamics [22, 24, 21]. Their analysis is
difficult due to the combination of nonlocal operators and gradient nonlinearities. Similar
fractional KPZ problems have been studied in |2, 4, 1, 5, 25].

The thesis is organized as follows. Chapter 1 introduces the necessary analytical
tools, provides key integral estimates, and develops the functional framework, including
classical and fractional Sobolev spaces [27, 6, 13|, Bessel potential spaces [34, 35|, and
estimates for the fractional Green’s function |11, 16]. Chapter 2 presents the main
regularity theorems, establishing the global fractional Calderén-Zygmund theory and its
consequences in fractional spaces [3], as well as compactness results. Finally, Chapter 3
applies this theory to KPZ problems [, 1], proving existence results with Schauder’s fixed
point theorem [13] and non-existence results using energy arguments and sharp boundary
estimates [28, 29].
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Table of symbols

Symbol

Meaning

r = (x1,2T2,...,24)

7] = \/a} + a3+ -+ 2%
Yu
Au

ACB
AeB
o]
SN—I
O,(SN—I)
d(z)

XQ
(@)
Co(©)

CO8(Q)
Cr(Q)

C>(Q)
Coo (%)

S (RN)
LP(Q)

L=(0)
MP(Q)

[

p = p
Wk

—

Wo ()

Element of R?

The modulus of z € RY

The gradient of u

The Laplacian of u

The Riesz s-gradient of u

The fractional Laplacian of u

The Green’s function associated to (—A)
The Fourier transform of u

Bounded domain

Boundary of €2

(RY x RM)\ (¢ x Q°)

Complement of Q in R?

The closure of  C RY

A ball of center x € RY and radius r

A is a subset of B

A C B such that A C B

The Lebesgue measure of Q C RY

The unit sphere in RY

The (N — 1)-dimensional measure of SV~1

The distance from x to OS2

The indicator function of €2

The space of continuous functions on {2

The space of continuous functions on €2 with com-
pact support

The space of Holder continuous functions on 2
with exponent

The space of continuous functions of class k differ-
entiability on (2

The space of smooth functions on {2

The space of C*°(Q2) functions with compact sup-
port

Schwartz space

The Lebesgue space on €2, for 1 < p < oo

The space of essentially bounded functions on 2
The weak Lebesgue space on Q (Marcinkiewicz
space)

The conjugate exponent of p

S

The Sobolev space of functions with weak deriva-
tives up to order k in LP()
The closure of C§°(€) in W*P(Q)
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Symbol Meaning
Hk(Q) The Hilbert-Sobolev space W52(Q)
HE(Q) The Hilbert-Sobolev space Wi?(Q)
N
pF = N pk: The Sobolev critical exponent, for kp < N
— Rp
Wer(Q) The fractional Sobolev space of order s € (0,1)
and integrability p
WP(Q) {ue W?(RY):u=0in RV \ Q}
H*(Q) The fractional Hilbert-Sobolev space W*2(Q)
H(Q) The space W5* ()
N
P = P The fractional Sobolev critical exponent, for sp <
N —sp N
L3P (RN) The Bessel potential space of order s > 0 and in-
tegrability p
Lg?(92) {ue L*P(RY) :u=0in RV \ Q}
Js The Bessel potential operator of order s, J(u) :=

FHA+] )5 F(w)
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Chapter 1

Preliminaries,Useful Tools and
functional spaces

In this chapter, we introduce some basic calculus tools and technical results. These tools
will help us later to prove our main theorems and estimates. We also give the definitions
of the functional spaces used throughout this work. Let us begin with the preliminary
tools and integral estimates.

1.1 Useful tools and Preliminaries Integrals estimates

We start with some useful algebraic and analytical lemmas, for the proof see [38].

Lemma 1.1.1 (Young’s inequality). Let take a,b > 0 andp,q € (0,00) such that %—i—é =1
then we have :

tPaP b?
ab < — + —
p t1q
for all t € (0, 00)
Lemma 1.1.2. Let A > 0 then:
1 1 1 1
In- < —4+=(ln= -1
nx — + )\( n)\ )

for all x € (0,00)

Proof. We define the function f : (0,00) — [0, 00) given by f(z) := 2™ * +Inz+ 1 (Ins —1)
and we see that liI(I]l+ f(z) = lim f(z) = oco. And moreover , f is derivable and f'(z) =0
Tr— T—00

if and only if x = Ax = zx. Thus give us that f admit a global minimum on (0, 00) at
x = x* .Since f(xx) =0, we obtain the desired inequality above. [

Lemma 1.1.3. Let p > 0 then
(a+ b)? < max{1,2° '}(a" + bP)
for all a,b >0
Lemma 1.1.4. Let N > 1 and A > 1 then:
[Jul* = [w| < Amax{1, 27} (Ju — w*7! + Ju* )] — w]
Vu,w € RY

13



14 CHAPTER 1. PRELIMINARIES,USEFUL TOOLS AND FUNCTIONAL SPACES
Now, we present some integrals estimates that are useful to prove our main results.
We start with:

Lemma 1.1.5. Let N > 1,p > 0 and o, € (—o0, N).
There exists C := C(N,«, B, p) > 0 such that :

o [fN—a—p+#0, then :

d
/ az 7 < C(l+ |z —yNh for all x,y € B,(0) with x # vy
B,(0) |z — z|*|y — 2|

o [fN—a—p=0, then :

dz
<C(l+|ln|lz—y for all z,y € B,(0) with © # y
[, o ey = OO+ e =l (0)

Proof. Let fix z,y € B,(0) with  # y. Consider the map 7" : RY — RY given by
T(z) = £=%. Let A:==T(B,(0)) = B_r_(—%), it follows that :

|z—y| oyl \ T—Y]

d d —
/ L = \x—y\N"‘ﬂ/ S with  p=
B, |7 — 2|y — 2| A |w|*lw + pl |z —y

Since |p| = 1,we can split the domain A into three parts:

A =ANBi(0), A= AN(B0)\Bi(0)) and Ay = AN (RY\ By(0))

Thus, we can write:

dz B Nea_p dw
| o _ 8 ‘I - y‘ @ B
B0 |7 — 2|y — 2| a lw|*|w + pl
’ dw
= |z —y[¥77P / PO e
2 ), oo p
We estimate each integral seperately. First if w € A; then |w + p| > % Since a < N, we

have : p p ra N

9B+a-

/ o gzﬁf - o (SN, (1.1.5.2)
A, [w]*|w + pl B o w* N-«a

(1.1.5.1)

1
Second, for the integral with Ay, we have |w| > L and (B»(0) \ B
£ < N, we obtain:

d d 22N72,3+a
/ e < 2“/ — = o(SVY). (1.1.5.3)
4, |w|*|w + p| Bi(—p) [w+p| N-—p

(0)) C By(—p). Since

1
2

Finally, for A3 we have |w + p| > % and Az C {w e RY : 2 < |w| < MZT"y'} This gives

d =T
/ —wﬁ < 2%(SN1)/ pN=1e=B gy, (1.1.5.4)
A3z |w’a|w +p| 2

If N—a— =0, we obtain:

dw
— < 2P0(SV Y (|lnp| + |In |z — y|]). 1.1.5.5
| iy < P el + e - yl) (1155
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If N—a—f+#0, we obtain :

N—a—pj

/d—w<2%(sN—1)(1+ P ). (1.1.5.6)
A

s Jw|*lw +plf ~ |z —y|N-o=h

Combining estimates (1.1.5.2)-(1.1.5.6) and substituting into (1.1.5.1) we get the final
results. O

To study the existence of weak solutions, we will use the Schauder fixed point theorem.

Theorem 1.1.1 (Fixed point of Schawder). Let E a Banach space, K un convez closed
set of B and T : K — IC, is continuous compact map. Then T admits a fized point.

We close this section with the following technical lemma

1

Lemma 1.1.6. Let a,b > 0, p > 1 and c* := p;l< 1 )ﬁ Then, the function g :

p \ parb
[0,00) — R given by
g(t) = aP(bt + )P —t,

has ezactly one root t* € (0,00).

And let £ > 0 we define the functions, for t € R*:

Ty (t) = max{—k;min{k,t}} and Gg(t) =1t — Ty(t).

Ty (t) = max{—k; min{k, t}} (¢ € R) G, (t)=t—T(t) (t€eR)

T, (¢) Gr(9)

,,,,,,,, k e e o L,,,,,,,_k | e g,
=7 F<-=k. t+k, t < -k,

Ii(®)=19 ¢, -k <t<k, Gr(t)=4 0, -k <t<k,
k, t= k. t—k, k.

Figure 1.1: The functions Tk and Gy

1.2 Differentiable, Lebesgue and Sobolev Spaces

In this section, we define the main functional spaces used in this work. We start with
spaces of continuous and differentiable functions.
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Definition 1.2.1. Let k € N. A function f is called k-differentiable function if f € C*(Q2)
such that:

CHQ) = {f € C(Q) : fD €C(), V) = (1, ., k)}
The space of smooth functions is defined by C*(Q2) = (,2,C*()

Proposition 1.2.1. The space C*(Q) endowed with the norm :

I llex = sup £ (2)] + Zsup\ff

e

1$ a Banach space. And this holds also for k = oo

Definition 1.2.2. We denote by C>°(f2), the space of smooth functions with compact
support in 2. It is equipped with the family of semi-norms :

Nix(p) = maxmax |9%p(z)], Vo e CX(Q),

zel |a|<k

for any compact set K C 2 and k € N. Its topological dual is the space of distributions
denoted by 2'(Q)

Definition 1.2.3. A smooth function f € C*°(R?) is called a Schwartz function if :

Vo, € N%, 3C,5 >0, sup |z]* |8ﬁf( )| < Cop.

r€R4

We denote by .(R?) the space of Schwartz functions.
This space by family of semi-norms :

Nulg) = sup max_[¢#0%0(a)], Vi € F(RY,

zeRd o<k, [BI<k
for every k € N.
Proposition 1.2.2. We have the following strict inclusions
C(RY ¢ Z(RY) c C*(RY)
Next, we recall the definitions of Lebesgue spaces.
Definition 1.2.4.

1. Let 1 < p < oo, and let © be an open subset of RY. For any measurable function

f:Q — R, we define :
]l = ( / |f|pdx)

We say that f € LP(Q) if and only if || f||zr) < o0
2. Let p = oo, we define :

[ f]oe (@) := esssup(|f(x)|) = inf{C > 0,|f(x)] < C, almost every x € Q}
TEQ

L*(Q) = {f : @ — R is measurable function such that || f||z=@) < oo}

Here are some standard properties and inequalities for Lebesgue spaces.
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Proposition 1.2.3.

1. Let 1 < p < oco. The space LP() endowed with the norm ||f||ir) is a Banach
space.

2. For p =2, the space L*(Q) endowed with the scalar product (f,g) == [, fgdx is a
Hilbert space.

We also introduce the weak Lebesgue spaces (or Marcinkiewicz spaces).

Definition 1.2.5. Let 1 < p < oo, and Q open set of RY, if f is measurable function
and let define:

1
1f lazr @) := sup{tu([f] > t)7}.
>0
We say that f is in the weak lebegue space M?(Q) if and only if || f|| ar() < 00
In case p = oo we have M>°(Q) = L>®(Q) and with || f||are(q) := infiso(u(|f| > t) = 0)
Useful inequalities

Theorem 1.2.1 (Holder’s Inequality). Let 1 < p,q < oo such that, %—l—% =1. feLP(Q)
and g € LY(QY), then fg € L'Q), furthermore

/Q ol de < 1711 lgll oy

Theorem 1.2.2 (Minkovski’s Inequality). Let 1 < p,q < oo, If f,g € LP(Q) then:

If + 9ller) < 1 fllr) + l9llze@)

Theorem 1.2.3 (Fubini’s theorem). Let Qy, Qy be an open sets of RN, and F : Q x
Qo — R is a measurable function. If one of the statment are true:

Fz,) € L'() and /Q F(y)dy € L} ()

For almost every x € Qq, or

F(.,y) € L) and / F(x,.)dr € L'(€y).
951
For almost every y € €y

Then, F € L' () x Q) and moreover:

/QQ F(z,y) dedy — /Q (/Q Flz,y) dy) i — /Q (/Q Flz,y) d:c) dy

Theorem 1.2.4 (Interpolation’s inequality). Let 1 < p <r < ¢ < oo and f € (L? N L7) (RY),
then:
f € L"(RY), moreover :

1-6

(/. Ifl’"da:)i <(/. |f|pdx)2 ([ iapas) °

with%z%—l—% such that 0 <6 <1
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Theorem 1.2.5. (Lebesgue’s monotone convergence theorem). Let (f,), be a sequence of
measurable functions f, : Q@ — R satisfying:

0 < fulx) < furi(x), Vn € N, almost every x € €,
fo(z) = f(2), almost every x € €.

Then, f is also measurable and

/and:cﬁ/ﬂfdx.

Theorem 1.2.6. (Lebesgue’s dominated convergence theorem). Let (f,)n be a sequence
of measurable functions satisfying:

Jg € LY(Q)  such that |f,(7)] < g(x), Vn € N, almost everyx € €0,
falz) = [(2), almost everyx € ().

Then, f € L'(Q) and

/Q|f—fn|dx—>0 and /andx—>/gfdx.

Lemma 1.2.1 (Fatou’s lemma). Let Q be an open set of RY and (f,)nen a sequence of
positive measurable functions. Then:

/ liminf f,, dr < lim inf / fndx
Q Q

n—oo n—oo

Theorem 1.2.7 (Vitali convergence theorem). Let Q2 be an open bounded set of RN and
that 1 < p < oo. Let (fn)nen C LP(2). Then, the following statements are equivalent :

1. (fn)nen converges to f almost every x in Q and (f,)nen is uniformly bounded in
LP(Q).

2. fe LP(Q) and (f,)n converges to f in LP(2).
Lemma 1.2.2. Let Q be an open of RY of class C?, N > 2 then we have:
(i) For u € (0,1), 5" € LP(Q) if and only if 1 <p < %
(1) Ind € LP(QQ) if and only if 1 < p < 0o
Now, we introduce Sobolev spaces, which are based on weak derivatives.

Definition 1.2.6. Let 1 < p < oo and let Q be a open subset of RY and let f € LP(f2)
for. We say that f; € LP(Q) is i-weak derivative for Vi = (1,..., N) if:

/ fipdr = —/ fOr,pdx Vo € CX(2)
Q Q

And now we will give defintion of Sobolev space by using definition of weak derivative
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Definition 1.2.7. Let 1 < p < oo, and €2 a open set of RY, the Sobolev space is defined
by :

WP(Q) .= {f € L’(Q),Vi= (1,...,N),3f; € LP(Q), fi a weak derivative of f}
The space W1P(Q) is equipped with the norm: For 1 < p < oo let :

P

N
[ fllwr(e) = (Hfl!’ip(m +> ||9if||’£p(9)> :
i=1
and for p = o0 :

N
[ flwroo @) == (HfHLoo(Q) +) Haz‘fHLOO(Q))
=1

Proposition 1.2.4.

1. For 1 < p < oo, the Sobolev space W'P(Q) endowed with the norm ||.||wirq) is a
Banach space.

2. For p =2, the Sobolev space W1*(Q) endowed with the scalar product:

N
Fawaey = [ foda+ Y [ oufongda
=1

for all f,g € WY2(Q) is a Hilbert space.

Now we will give some lemmas that related to those spaces and will help us to proof
our main results

Lemma 1.2.3. Let f € WHYRY) then:

F@) = 1) = [ @ =290 + (1= 0)2))a

almost every x,z € RN and for 6 € [0,1].

1.3 Fractional Functional spaces

In this section, we introduce fractional Sobolev spaces (see 6], [9] and [27] for more details
on these spaces).

Definition 1.3.1. Let s € (0,1) and 1 < p < +oo, let Q open subset of RY. The
fractional Sobolev space W*P(Q), is defined by:

WoP(Q) = {u € LP(Q) : /Q Jutz) = wW)P o < —|—oo} .

o |v—y|Nter

Proposition 1.3.1. The fractional Sobolev space W*P(§2) endowed with the norm :

1
R A lu(@) = u@)P” , o\
|l wsr @) (H“HLP(Q)"’/Q 0 |z —y[Ntep ray

18 a Banach space.
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Definition 1.3.2. Let s € (0,1) and 1 < p < +o00, we can define the fractional Sobolev
space W*P(R™) by:

Ws’p(RN) _ WH'”WS,PQRN)

Definition 1.3.3. Let s € (0,1) and 1 < p < +o0,let Q open set of RV then:

WSP(Q) :== {u € WP(RY) :u=0in RV \ Q}.
Proposition 1.3.2. If Q is bounded, then Wi*(Q2) endowed with the norm :

Ju(@) —u(@)l? , . \?
||U||W5P = (//D |:L’—y|N+5p d:vdy) ,
Q

Dg = (RY x RM)\ (2° x Q%) = (A x RV U (Q° x Q)

1s a Banach space.

with,

Proposition 1.3.3. If s € (0,1) and p = 2 then:

o We denote H*(Q)) := W*2(Q) equipped with the inner product:

(U, V) s () = / x)dr + / / |x = yﬁz(i)s —v(y) dxdy,

it 1s a Hilbert space.

o We denote H3(Q) :== W*(Q) endowed with scalar product:

(1, V) s ) /RN /RN |x - ijffg_ YWD .

it 1s a Hilbert space.

We now list some embedding theorems for fractional spaces.

Proposition 1.3.4. Let Q be an open set of RV, 0 < s <s' <1 and1 < p < +oo, Then,
n, there exists a constant k > 0 such that:

[ullwsr@) < Kllwllws o),
for all uw € W?(Q). Therefore,
WP(Q) C WP(Q).

Theorem 1.3.1. Let s € (0,1), 1 < p < oo, and let Q C RNbe a bounded Lipschitz
domain. Then:

e [f N > ps, then there exists a constant C' > 0 such that, for any u € WP(Q),
ull Loy < Cllullwswy  for all p < q < p;

Moreover,
W=P(Q) C LYQ)  for all p < q < p;.

with pt = NN ’; .

And if, Q is bounded, then the embedding W*P(Q) C LU(Q) for all 1 < q < pf is

compact.
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e If N = ps, then there exists a constant C' > 0 such that, for any u € WP(Q),
[ull o) < Cllullwer)y  Jor allp < g < oo.

Moreover,
WeP(Q) C LY(Q)  for all p < q < o0.

If also, Q is a bounded set, then W*P(2) is compactly embedded in L1(SY) for all
1 <g<o0.

o If N < sp and Q is bounded. Then W*P(Q) is compactly embedded in C*P(Q) for
all B < o, where a = =X

We also state the fractional version of the Sobolev inequality:

Theorem 1.3.2 (fractional Sobolev’s inequality). Let s € (0,1) and N > 2s. There
exists a constant S such that, for any function u € X*(RY) we have:

: lute) = u(y)P
e e

with 28 = 2 s the so called fractional critical Sobolev exponent. In particular, if

N-—2s
‘2

u € HS(Q) we have
with the same constant S called the fractional Sobolev constant.

We conclude this part with the fractional interpolation inequality.
Theorem 1.3.3. Let 0 < 51 <s< sy <1 and 1< py,po,p < oo, with:

1 0 1-0
s=0s;+(1—0)sy and —=—+ with 0<6 <1
p N D2

then, there exists a constant C > 0 such that:

HUHWS’P(RN CHU||W51 P1L(RN) HUHWSz P2 (RN))

for all u € WerPH(RYN) N We2rz(RY),

1.4 Fractional Functional Framework

We will require subsequent theorems related to the Riesz potential, taken from [0, 34|,
will be needed in the sequel.

Definition 1.4.1. Let 0 < o < N, the Riesz potential J, of order «, acting function f
on RY, is defined by :

Jof(x) = aN,a/

ﬂ (07
With ay, == 22a_17r,%%

Now, we formulate a fundamental lemma that will serve as a crucial tool later
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Lemma 1.4.1. Let Q C RN, N > 2, be an open bounded domain, 0 < a < N, and
1 <p<l<oo such that % =~ — . Moreover, for g € LP(2), let

D=

Ilo)a) = [ lﬂ%dy.

Then we have that there exists C > 0 such that:

a) Jo is well defined (in the sense that the integral converges absolutely for almost every

re).

b) [Ja(@)me) < Cllgllzry- In particular, || Ja(g)||o@) < Cllglloi o) foralll <o < L.

&) If1<p <, then |Ju(9)ll @) < Cligllee).

d) If p="=2, then |Jo(9)|| o) < CllgllLre) for all 1 < o < +o0.

e) Ifp> %, then [|Jo(9)l|=(@) < CllgllLoe)-
Theorem 1.4.1. Assume that 2 is an open bounded domain of RN and 0 < o < 2, then
foralll<p< Ni_a, the operator defined by:

Jo : LNQ) = LP(Q),

fWxel) ,

f =
y’Nfa

I
1s well defined, continuous and compact.

We next introduce the Bessel potential space L*P along with its structural proper
ties. We begin by defining the Fourier transform and the corresponding Bessel potential
operator.

Definition 1.4.2. Let f € .7 (R"), the Fourier transform of, denoted by fis the function
defined by:

F(£)) =f(©) = (z)e @ 8dy, € e RV,

RN

Definition 1.4.3. Let f € % (RY) then, we define the Forrier inverse transform by :
F Nw) = fl) = | [ 4ds, v eRN.
RN

Definition 1.4.4. Let s > 0 and f € .%(R") The Bessel potential operator of order s of
u is denoted by Js(u)

Jw) =71+ P)F F (W)

Definition 1.4.5. Let s € (0,1) and 1 < p < oo, The Bessel potential space L*P is
defined by:
L*P(RY) .= {u € LP(R"), such that J,(u) € LP(RY)}

Proposition 1.4.1. The Bessel potential space L*P(RY) endowed with the norm :

Ler@y) = [|Js ()| o) (1.3.5)

[u

18 a Banach space.
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Proposition 1.4.2. The Bessel potential space can equivalently be defined as the following
way :
L*P(RN) = Co(®N) e

Equipped with the norm (1.3.5).

Proposition 1.4.3. For s € (0,1) and 1 < p < oo, the Bessel potential space admits the
following equivalents norms:

Ls’p(RN) = ||U’||LP(RN) + ||(_A)%u||LP(RN)

[

and

l|u LsP(RN) 1= ||U||LP(RN) + ||VSU||LP(RN)

where the half s-Laplacian and the Riesz s-gradient are given, respectively, by:

(—A)7u(zr) = Cn,s P-V./ ulz) — uly) dy Half s Laplacian

RN |m - Z/|N+S

(2 = y)(u(x) ~ uly)

|z — y[Nts y Riesz s gradient

(~9)°u(e) = e PV. [

RN
with CN% and jin,s are the normalization constants.

Let define a subspace of L*P that will help us in the main results that we want to
proof

Definition 1.4.6. Let s € (0,1) and 1 < p < oo and let © an open set of RY then let

define the space:
LyP(Q) == {u € L**(RY) : u =0 in RV \ Q},

Proposition 1.4.4. If Q a bounded open set of RY, then the space Ly?(Q) endowed with
those norms : ‘
[ullzsr ) = [[(=A)2ull r@m)

and

[ ul LyP(Q) = HVSUHLP(RN)-

Is a Banach space

After defining the Bessel space L*P, let give some properties of this space

Proposition 1.4.5. If 0 < s < t then L'?(RY) C L*P(RY).
Moreover there exists k > 1 such that:

HU| LsP(RN) S kHuHLt,p(RN)

for all uw € L"P(RY).
Proposition 1.4.6. Let s € (0,1) and 1 < p < oo, then for all € > 0, we have:
Ls+5,p<RN> g Ws’p(RN) g Ls_e’p(RN).

Theorem 1.4.2. Let s € (0,1) and 1 < p < oo. Then:
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o If N > ps,
L*P(RN) C LYRY)  for allp < q < pt

Moreover, there exist constants Cy,Cy > 0 such that, for any u € L¥P(RY),

el oz vy < Coll(=2) 2| o)

and
[ul o @y < ColVoul| o)
With p* = NNTZ;S.
o If N = ps,

LPP(RY) C LYRY)  for all p < q < o0,
and there exists a constant C' > 0 such that, for any u € L¥P(RY),

ull Loy < Cllullpsr@yy  for all p < g < oo.

o If N < sp,
L*P(RY) € C**(RY),
and there exists a constant C > 0 such that, for any v € L*P(Q),

uxr) —uly
ullcow@yy == |lullpo@yy +  sup M

< Cllu
z,yeRN x#y ’Q? - y’a

Ls:P(RN),

. N
with o = SPT

Let give the Bessel potential space like other spaces the Interpolation inequality

Theorem 1.4.3. Let 0 < 51 < s < s <00 and 1 < pp,po,p < 00, satisfy

1 6 1-90
s=0s;+(1—0)sy and —-=—+ with 0 <6 < 1.
P n D2
Then for all 0 € (0,1), there exists a constant C > 0 such that:
Joll sy < Cllaln i oy 1l gy -

For all uw € L¥+P (RN) N Ls2P2(RY)

Lemma 1.4.2. The Bessel potential space L¥P(RY) is separable for 1 < p < oo, as it is
isometrically isomorphic to LP(RY) via the Bessel potential operator J, .

Remark. For p = oo , the space L4*°(R") is not separable, inheriting this property directly
from L>(RY).

Proposition 1.4.7. Let s > 0 and 1 < p < co. The Bessel potential space L*P(RY) is
reflexive. Moreover, it is a Hilbert space when p = 2.

Proof. Since the Bessel potential operator J, : L¥P(RY) — LP(RY) is an isometric iso-
morphism [34, 35], and LP(RY) is reflexive for 1 < p < oo [13], it follows immediately
that LiP(RY) is reflexive. O

Remark. Since L*(RM) and L®(RY) are not reflexives, it follows that L*'(RY) and
L5®(RY) are not as well as we can see in [13].

And since we talk about the reflexivity of Bessel space, let see its duality.
Proposition 1.4.8. Lett > 0 and 1 < p < oo, and let p’ such that ]l) + 1% = 1. Then the
dual space of L*P(RYN) is given by:

(L*P(RY)) = L7 (RY)
In particular, for p =2, the space L*>*(RY) is a Hilbert space and satisfies:

(Ls,2<RN>)/ _ L—s,2(RN>
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1.5 Fractional Green function and it estimates

Consider the fractional Poisson problem with homogeneous Dirichlet conditions:

(=AYu=f inQ
0 i RN (P)
u=0 inRY\Q
where 2 C RY, N > 2 is a bounded set with boundary 99 of class C2, and f € L™(Q),
for some m > 1 and s € (0,1).

Definition 1.5.1. Let s € (0,1) and Q a bounded open set of RY and also with R?Y :=
{(z,y) € R x R: z # y}, the fractional Green’s function is given by:

G, :R¥® 5 R,
is the unique solution to the distributional problem:

(—A):G(z,y) =dy(z) ifxeQ, @)
Gs(z,y) =0 if z € RV \ Q,
where y € Q is fixed and d, denotes the Dirac distribution centred at y.

Definition 1.5.2. Let u is a weak solution for the problem (P) it can be represented via
the formula:

u(z) = Gs[f](z) == /QGs(x,y)f(y) dy, almost everyx € ).

Such that G4(z,y) Green function is solution for (G).
We now outline sharp kernel and gradient estimates for Gj.

Lemma 1.5.1. Let G4(x,y) Green function solution to (G), Then there exist constants
C1,Cs > 0 such that for a.e. x,y € ()

1 5 () 5 (y)

T To =y T =y

1.G4(x,y) < min{‘ -} almost everyz,y € Q
x _

2.|V.Gs(x,y)| < CyGg(z,y) max{|x } almost everyx,y € Q

N —yl"d(x)
where 6(x) : dist(z,00).
Proof. See |38]. O

Lemma 1.5.2. Let s € (0,1) and 0 < ¢ < min{1,2s},for any y € Q let : a,, : RN — R
define by :

ay(x) = |z — y|N_(25_t)Gs(x,y), if v#y and ay(y) =0.
Then : a, € WHP(RYN) with

—_
| [~

1§p<%s if s <t<min{l,2s}
1<p< if 0<t<s

Moreover we have that :
— ay(z / — 2z, Vay,(0z + (1 —0)z))de.

Almost every x,y € RY and 0 € (0,
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Lemma 1.5.3. Let s € (0,1) and s <t < min{l, 2s}, there exists C > 0, such that:

(26 )| < Tty (1 ke =l + (o)) + =)
|z — y[Nm st 0t~ ()
for almost every x,y € €.
Remark. Let us define the radius R as :
R := % + %(diam(Q) + dist(0,Q)) (E)

such that Q € Bg(0).
This choice of reduis R in (E) guarantees the following estimate:

1
|z —y| > Z(l +z|) VyeQ, Vae B(0) (1.1)

We now establish upper bounds for the fractional derivative outside the domain :

Proposition 1.5.1. Let s € (0,1), s < t < min{l,2s} and let R be defined as in (E).
There exists C > 0 such that :

(i)

5o (n C 1 1 .
(-G < s (o ) € € B\
(i)

(—A)2Gy(x,y)| < ¥y € Q,x € BS(0)

(1 |2

Proof. Since x € RN \ Q we have by definition of fractional Green function G,(x,y) = 0
so it follow:

‘.CL' Z‘N+t ‘iL‘—Z’N+t

Gs(x y) G ( y)dZ—l—/ Gs('xay> — Gs(zay)dz
RN\Q

— Z|N+t ‘ / |z — Z’NH
Now according to choice of (E) we have z € RV \ Bg(0) :
1 4N+t

N+t > <
’ |x_Z‘N+t - (1+’$‘)N+t

> m(l + [z[)V =

|z — 2

Applying the upper bound from Lemma 1.5.1 :

¢ 4N+t 4N+t0
_A %Gs I — G
4N+tC’ /
I <
(L4 [ Jpuw) 12 = y!N”s C (It W)N”
On other hand for z € Bg(0) \ Q let split 2 in two parts:

Q={zeQ:|z—y|>Lz—yltand W :={z € Q: |z —y| < iz —y[}.
Notice that for z € Qs :

<

1
o =2l 2 |r —y+y—2 2]r—yl =]z —yl 2 Jlz —y|
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Let back to |(—A)2G4(x,y)| and using Lemma 1.5.1:

(—A)2G,(x \—/ B Y) g o 0/ dz
l’ Y |3j Z|N+t 1 |x_Z|N+t|Z y‘N 25

<c / dz +/ dz
= V1 o |z — 2N+t 2 — y|N-2s 0, |z — 2|N+t|z — y|N-2s

< 2N_2501 / dz + 2N+t01 / dz
— ‘l’ _ y‘N—2s o, ‘x _ Z|N+t ‘x _ y‘N—&—t Qs |Z _ y|N—2s

In Qy:
o0 N—1
[ o [ =T
0, [z — 2| §(z) P 6(x)
In Qy:
dz / dz o [zl dp _ _
< =0 SN 1 / SN 1 9 2s T — 2s
/Q2 |2 —y|N-2 = By ) |z — y|N-2s ( ) ; pl o( )( | Y| )
Then
+ 2N72sCr1 O.(SNfl) 2N+tcl
_AIQ s < SN—I 2—23 _2s
(RGeS 7 o)
G [}
ST g @ o g
O ()
[z —y[¥2 \o(e) o —ylf
which completes the proof. O]

Now we will give estimates for t-Laplacian of the weak solution u for the problem (P)
based on it fractional Green kernel defined in (G).
Let give this lemma

Lemma 1.5.4. Let s € (0,1), s <t < min{l,2s} and let u the unique weak solution of
(P) with f € L'(Q), then there exists C' > 0 such that:

(a)tu(o)] <€ [t + b)) + 5t

almost every x € §2, such that :

fly
VO < A<2s—t, 3C >0 such that hi(x) < C’/Q P y”N(()Z‘st/\) dy (1.5.4.1)

/|x_y|N sy (1.54.2)

hs(x) = (t — s) /Q %d(y (1.5.4.3)
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This shows that the operator (—A)% can be transferred from the solution u to the Green
kernel GG;. Using the estimate from Lemma 1.5.3, we obtain:

()| < [ |-micu el Wl dy
/u—y@ (1+|1n\x—y\|+|1n5< >|+%) )l

1 +|ln|f’3 y|| / |ln5 / 55 (2)
< ———————

We start by an estimate to get h;, we notice that :

w\r*

e —yll = |~ Info — yl| = |In .
—
Using Lemma 1.1.2 for 0 < A < 2s —t
1 1 1 1
| < —(ln——1
Mg S Aty Y
So we have:
. ()
ia) = [ (14 e =yl Ly

11 SNY0)
< Ja+ 3 1)+'| yw')u» y|N—<28—t>dy

<C/’x_y’N (2s5—t) /]x y’N 25t/\)dy
A 1f(y)
SC/]:E—y[ |z — y|V 23 t— )\d +/|x—y|N (25—t— )\)dy

y
< Cdiam(§) /|x_y|N (25—1—N) dy +/ |x_y|N (23 i A)dy

< (C diam(Q)* + 1) /|x— f(y) dy

y|N=( 25 t—X)

Since x,y € Q so |z — y| < diam(Q2) and let set C' = (C diam(Q)* + 1) so we get that for
0 <\ <2s—t we have:

<C/ |x_y|N 23 t— )\)dy
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And for hy we simply get by:

Ind(x
|t iy = 1wt [ by = st (o

we set ho(z / - y]N pory dy, and finally for hg

i (z) )
O = 5 [ g

Let set such that:

hs(z) = (t — s) \:c— ‘Ns /‘ _y‘Ns

So we finally obtain our result . O

1.5.1 Local regularity results

Before we got to the fractioal Calderon-Zygmund regularity, let us recall the following
first the classical regularity, considering the the Poisson problem with Dirichlet boundary
conditions:

—Au=f in (),
u=>0 on 0,

where Q@ C R”Y is a bounded domain and f € L™(Q2) for some m > 1. Now let give
the classical Calderon-Zygmund reglarity theorem for the unique weak solution u of this
problem, given by :

Theorem 1.5.1 (Classical Calderon—Zygmund regularity). Let Q C RY be a bounded
domain with C? boundary, and if f € LP(Q) for 1 < p < oo, then there exists a positive
constant C = C(Q2, N, p) independent of f such that :

1. If 1 <p < N, then

N
Va0 < Ol sy where p = 37—
2. If p= N, |Vu| € L1Q) for all ¢ € [1,4+0).
3. If m> N, ue CY(Q) for some v € (0,1).
Proof. See [13, 10] O

Remark. The classical Calderon—Zygmund theory shows that the Laplacian —A gains
two derivatives in LP(Q) for 1 < p < oco. In the fractional setting, the situation is more
delicate: the fractional Laplacian (—A)® gains only 2s fractional derivatives in general,
and the regularity of (—A)%u requires a careful analysis of the boundary behavior of the
fractional Green’s function, as developed in the next chapter.
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Chapter 2

Global Calderon-Zygmund regularity

We consider the fractional Poisson problem with Dirichlet boundary conditions defined
by:

u=0 in RV \ Q (P)

{(—A)su —f inQ
where Q C RY, N > 2, is a bounded domain with C? boundary, f € L™(f2) for some
m > 1, and for s € (0,1), (—A)® is the fractional Laplacian.

In this chapter, we present the theorems concerning the global fractional Calderén—Zygmund
regularity of (—A)zu with s < ¢ < min{1,2s} and u is solution of problem (P). The fol-
lowing theorems are classified according to the value of m: we consider separately the
cases 1 <m < % and m > %, and we establish several corollaries concerning the reg-
ularity of the solution u in fractional spaces, particularly in Sobolev and Bessel potential
spaces.

We conclude this chapter by presenting some compactness results related to the frac-
tional Green kernel, which will be useful in the next chapter for studying the existence
and nonexistence of solutions to problem (KPZ).

We now begin by studying the regularity of the solution u in Lebesgue spaces.

2.1 General regularity for the solution

Before going further, we study the regularity of the solution u of problem (P) in Lebesgue
spaces, under the assumption that f € L™(Q) for m > 1.
From [25], we have the following regularity result for the problem:

2.1.1 Regularity on Lebesgue Spaces:

We start with if f € L™(Q), for m > £ we get the bounded solution in L>(£2) given by
the theorem.

Theorem 2.1.1. Let f € L™(2) for m > &L, there exists a constant C' > 0 such that:
[l ooy < C
To prove this theorem, we use two approaches the Moser method and the Stampacchia
method. We provide the proof using both techniques.

Before presenting the Moser method, we first state the following proposition :

31
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Proposition 2.1.1. Let ¢ : R — R is a Lipschitz convex function such that ¢(0) = 0,
then if u € H3(Q2) we have:

(=AYo(u) < ¢'(u)(—A)°u  weakly in Q.

On the other hand, if ¥ : R — R is a Lipschitz concave function, then if u € HS(Q) we
have:

(—A) () = v (u)(~A)u weakly in O.
Boundedness of the solution via Moser method.
Proof. For § > 1 and T > 0 large, we define the following convexe function

o(t) = 7 if 0<t<T
BTN —(B-1)TP if t>T

Since ¢ is Lipschitz and ¢(0) = 0, then ¢(u) € H(S2) and by using the Proposition 2.1.1
we get:

(—A)°¢p(u) < ¢'(u)(=A)*u (2.1.1.1)
By Theorem 1.3.2, and since ¢(u) is positive, so we get :

0 < [ o)A o(u)da 2.)
In other hand by using (2.1.1.1), we have :

waxﬂmwwmms4¢wwx u¢rj/¢ u)f da

< 1 lm@ 60 (W)l s g < 11l muu%uﬁ .

< f ey | Bu**~ 1||Lm(m‘

Sllo(u)l72: gy < llo(u)

With the fact that ¢(t) < t% and ¢'(t) < ptP~L.
Setting m’ = —=, p = 2}, ¢ = 2m/ and let T' — oo, and using (2.1), we obtain that:

1

6P| 20y < ST'BIllimeo (/ u(zﬁ_nm,dx)
Q

2
B (26-1) a
< 500 i ([ a5 0ar) "
Q

1
1 (26—1) a8
lall sy < (S 15||f\|m<sz))5(/ d)
Q

We obtain that

1 (2.1.1.2)
Ba
< (8781 i) (1 + [ dx) |
Q
Setting By = 1, we define §3; = (%’)j and it follow that, 8;41q = 8;p.
Let us denote: 1
B m 1 _1
A = (/ " Jp) = (ST llmeBy) % (2.1.1.3)
Q



2.1. GENERAL REGULARITY FOR THE SOLUTION 33

From (2.1.1.2) and (2.1.1.3) we can set this formula :

1
Aj < cjn (1 + Af’p) 7"

And by normalizing it so we have Ay = 1 and as consequence A; > 1 and after that we
apply the log on the formula

1
log Aj11 <logecjy1 + 5—log (1 + Aﬂ]p) <logcjt1 + -— +log A;,

1
Bip Bjp
By using the fact that log(1 +x) < 1+ logz if > 1, and by induction we get:

Jj+1

log Aj1q < Zlog cr + Z _p + log Ay.

We can see that Ay < |u||gz@) and also by taking 8 — oo, we get this two convergent

series:
o0 o 1
> loge = Z—log CBfllme): > =
k=1 1 Brp
And by taking the limit lim A; = |Ju||f~ () we get the results . O
J]—00

Now, we use the second method. Before proceeding, we first state the following lemma,
which will be used in the proof.

Boundedness of the solution via Stampacchia method.

Lemma 2.1.1. Let ¢ : Rt — R* be a non-increasing function such that:

Vh >k >0,

with M >0, 6 > 1 and v > 0. Then 1(d) =0, where d” = Mw(())‘5*1255%1
and we have useful proposition for thus functions
Proposition 2.1.2. Let w be a function in H5(S2):

i) If 1 1s Lipschitz function such that ¥(0) = 0, then ¥(w) € HF(2). In particular,
) 0
for any k >0, Ti(w), Gr(w) € HF(2).

ii) For any k>0
|G (w)]

?{8(9) S/SZGk(w)(—A)Swdx; (1.5.2.1)

iii) For any k>0
1T (w)||?

He (52) S/QTk(w)(—A)Swdx. (1.5.2.2)

Proof of Theorem 2.1.1 Let £ > 0 and use Gi(u) as a test function and using

(1.5.2.1) we get that:
G ey < [ fGutu)da
k
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With Ay = {z € Q:u >k}, applying the Sobolev’s inequality we get:

STNGHWI2: (0 < NGk 17500

By using the Holder’s inequality, we have:

., f(@)Gr(u(x)) de| < || flom@l| Gl 12: o |Ak|1_*_ﬁ
So finally we have that:

1G] 25 0y < S Fllmqen | Axl' % 7.

Since for any h > k, we have A, C Ay and Gi(u)xa, > (h — k) with fact that A, C Q we
have that :

1 11
(h — k)| Ap)% < S| fllpm(e] Akl "2
Then we deduce that :
, S22 f ‘Ak| S-55 =)
<
Al (h k)%

Using the fact that m > = then

27 (1 L L > 1
2 m
Finally by using the lemma 2.1.1 setting ¥ (t) = |A;| so there exists ¢y such that ¥ (t) =
for any t > ty and then supu < tg, and by this we finish our proof. And for the case

m = % the boundedness of the weak solution u is not expected but at least we get the
exponential summability given in this theorem.

Theorem 2.1.2. Let f € L2 (S2), then the weak solution u of (P) verifies :

da >0 such that / e dr < o0o.
Q

Or we can say that, u € L1(Q2) for every q < co.

Proof. For any T' > 0, let define the convex function by:

et 1, it 0<t<T
ae®T(t —T)+eT -1, if t>T

¢(t) = or(t) = {

with a > 0 will fix it later. let u € H§(§2) the unique weak solution of (P) and since ¢(u)
is convex and is a Lipschtz function with ¢(0) = 0 then we can use it as an admissible
test function, also by using Theorem 1.3.2 (the fractional Sobolev’s inequality) and by
Proposition 2.1.1 we get:

Sllé(u / & (w)p(u) (—A)*u = /Q & (W)p(u)f

We see that for u < T' we have ¢/(u) = ae™ = a¢p(u) + o and so we get that :

So()2as q < /{ gy (BT 000 dr 4 0T /{ o(u)f d + C.

z€Q:u>T}
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And by using the Holder’s inequality we have that:

a/{er:u<T} (¢(u)2f + gb(u)f) dr < O‘HCb(U)||iz;(9)||f||L%(Q) (1 + |9 27v5> :

And also since ¢ is increasing, we get:

aT
aT € 2 2
ac sfde <o [ ow?f < 200000 o112
/{meﬂzuzT} o(T) Jpusry ( | Mz (@1 L2 @)
given that o' > 1. Putting all this estimates together, with fixing o small enough, get
the boundedness of ¢(u) in L (Q), that we give us the results for T — oo. O

Now we see a Calderon-Zygmund type regularity for the weak solution u on low summa-
bility of f,let give this theorem then

Theorem 2.1.3. Let f € L™(Q)), with NQJJF\QS <m< % and u the unique weak solution of

(P). then, there exists C := C(N,m,s) > 0 such that:

[ell gz ) < Cllfllm e

mN

k%
where my* = "5 —.

Proof. Let define this convex function by :

tP if 0<t<T,
ot)=1 . .
BTP-Yt—T)+ T if t>T,

Such that it is a differentiable function, with g = m2 > 1.

And since that ¢ is convex and ¢(0) = 0, we can uses¢(u) as an addmissible test function
and by the proposition 2.1.1 we have that:

(=A)o(u) < f¢'(u)

again we use ¢(u) in the above inequality, and we get :

/Q (—A)d(u) plu) dr < /Q £ b(u) ¢ () da

By the Holder’s and Sobolev’s inequlaties we get :

1
m!

S ) < 1w ([ 16010001 )"

with m/ = 2.
m—1

With our choice of 3, there exists a constant C' > 0 indepent from 7', such that:
VE>0 |¢'(t)e(t)" < Cle(t)
2 1

S (/Q |p(u) 2;) R cllfllzm-

Finally, with our choose of 3 we have that

*
23
Y

So we get

2 1 1
2* / 2 _ 1 ks d _
p2: =m' (26 )=m." an —22 vl e

By taking T" — oo we get that :

[ll s () < CllSllme
and we got the Calderon-Zygmund regularity. O]
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Remark. For the case 1 <m < see for instance [25], |38].

N+2 ’

For a more general regularity result, based on Calderéon-Zygmund theory and the esti-
mates provided by the fractional Green representation formula, we establish the following
theorem

Theorem 2.1.4. Let s € (0,1) with u := G;[f]| the unique weak solution of (P) with
f e L™Q) then if :

( ( N
r = 00, ifm > —, q = o0, ifm > —,
2s S
N N
6[1,00), me:_a q < [].,OO), me:_a
2s S

\ mN £ 1 N and mN - N (2:2)

r_—N—Qms’ if <m<£, q—N_mS, if <m<;,
N N

\TE { 7N_28)7 me ) \qe [ 7N_S>7 me )

there exists C' > 0 such that:

1wl L) < Cl fllzme)- (2.3)

55 La(Q)
Let give a quick proof for Theorem 2.1.4

Proof. Taking into account the representation of the fractional Green kernel, and using
Lemma 1.5.1, we obtain the following result, we get:

fly
]</\G z,y)f |dy<C/| |y|N25dy

Now, setting J,(f) = /%dy with @ = 2s then Lemma 1.4.1 so we get the
ol —yl~ e

following estimates :
[ullzr@) < CillJa(Fllir@) < ClifllLme)

Now for £ the regularity in L7(€2) let using Lemma 1.5.1 to get:

Cy [ 6(x)°|f /()
‘dy<($(l’) /’.73— ’Ns C/| |Ns

/()]

Then we get our result after using Lemma 1.4.1 by setting J,(f) = / Wdy with
xr — [e%
a=s: u “ Y
|50,y < Gl lzni@) < Ol 2oy

where ¢ depends on the values of m. O
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2.2 The global fractional Calderon-Zygmund theorems

We now establish a global fractional Calderéon-Zygmund regularity result, starting with

the case of m > 2£

-
Theorem 2.2.1. Let s,t € (0,1) and u unique weak solution for (P), f € L™(QQ) for

m > max{%, 2=}, then:

1. If0<t<s, forall 1 <p<oo, AC > 0 such that :
H(_A)%UHLP(]RN) < Ol fllzme-

2. If t=s, for all 1 < p < oo, 3C' > 0 such that:
I(=2)2u]l ey < ClLf lomen.

3. If s <t <min{l,2s}, forall 1 <p< ﬁ, 3C > 0 such that :
1(=2) 20 o) < Cllf [l

Proof. Since m > min{Z, 2=} and by [29, Proposition 14,(iii)], there exists C > 0 such
that :

[ulles @y < Csll £
For any z € RV \ Bg(0), we have from Proposition 1.5.1 and Definition (E), and since

(=A)zu(z) = /(—A)éGs(x, y) f(y)dy, there exists C' > 0 such that:
Q

Lm (Q) .

|(=2)2u(x)| =

[emicanin] < [ [oi6.ens]a

1) c
< [ Ty e < g,k

By using Holder inequality and setting Cp = C|Q|# we have:

Co
Wﬂfﬂm(ﬂ)-

(=88] <
Since z € B%(0) that mean |z| > R then :

1 1
(1 + |x|)N+t < (1+ R)N+t

1+ 2PV > 1+ RN =

Thus

Co
vl < Cllfllme)-

A Ul oo e < e
[(=A)2ul| oo (Bs,0)) < 1R

In other hand we have :

[(=A)2ul[1(Bg ) =/

B(0)

dx

v < Cllfllem@)-

—A)z < m T N+t
()t ae < ol [ 1

Taking into consideration that (—A)zu € L*(B%(0)) and (—A)zu € L=(B%(0)) then by
interpolation inequality we get:

(=A)2u € L(B3(0) and [[(=2)2ull g0 < | fllme) (1)
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for 1 <p < oo.

Now, we split in three cases:

First case : 0<t<s

Let start with 0 < ¢t < s we will use the estimation given in [29, Proposition 14|, and by
the fact that u € C*(€2), we have

oyt < [ =Tl

RN |75 - ?/|N+t

w(x) —u w(x) —u
By CCETC PRy S 1 ST
Br(0) |z =y RN\ Bg(0) |z -y

We analyze each term separately, since u € C*(€2), we have :

ju(z) —uly)l , u(@) — u(y)] dy
Nyt WY > Sup s N—(s—1)
Br(0) [z — | z,y€BR(0) |z —y| Br(0) |z — |

dy dy
< JJulles / < f e / S
(=) Br(0) |z — y| N @ Br(0) |z — y| N7

In other hand, with the condition that m > 2—]\; by using Theorem 2.1.1, u is in L®(RY),
we have :

|u(z) — u(y)] / u(z)] + |u(y)| dy
dy < dy < 2sup{u(z)
/RN\BR(O) |z —y|NH RM\Br0) |7 — Y|V @ RN\Bg(0) [T — Y[Vt
dy
<2lulle, |
=5 RN\Bg(0) |z — y| N+
dy
<2 oy [
@ RN\Bg(0) |z — y| N+

By combining the above integrals and by applying the change of variables p = |x]_%y|, we

get:

: dy dy
—wa‘SC’Sf m </ —+/ —>
‘( jule) I llmcon Bg(0) |z — y|N (=0 RN\BRr(0) |z — y| N
< G| fllpm(eyo (SM (/ +2/ —)
11l ( ) o p D s P

< C|\ fllzm -

Almost every z € RY, such that o (SV~!) is the Lebesgue measure of the unit sphere.
In one hand we have :

ess Sup
IEBR(O)

(—A)EU(SU)’ = [[(=A)2ullzBr0) < Cll fllLm@)-
And in other hand :

/BR(O) (-2)¢u(e)|dz < 0||f||Lm(Q)/B

So we get that H(—A)%UHLl(BR(O)), then we have that (—A)zu € L'(Bg(0)) N L®(Bx(0)),
as consequence we use the interpolation inequality and according to (1), we obtain :

d:l? S Cl”f”Lm(Q).
0)

R(

[(=A)2ul| Lo@ny < CfllLme)
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for 1 <p < oo.
Second case : t=s

1f ()

For z,y € 2 and N
Qlz—yN

dy < oo, we have:

LI

olr—y|V=s

hs(z) = (1 = s)

We also have m > g, choosing 0 < A < s — %, there exists C' > 0 such that:

ulz) = <O/Iﬂﬂ—le

With o = s — A and by condition of A we have m > =, by Lemma 1.4.1
hi(z) < | Ja(Pllz=@ < Cllfllom@)-

/()]

and by set ha(x) = Jo(f)(z) = oz — y|N-

have:

ha(z) = [ Ja(HllLe@) < Cllfllm o)
By using Theorem 1.5.4 and by the fact that hy = 0, we obtain:

(—2)5u(@)| < Clhaa) + [ 0(@)| ha(@)] < Ol fllmiey (1+ o))

39

—dy, with a = s then using Lemma 1.4.1, we

Integrating both sides over 2, and by the fact Ind(z) € LP(Q2), using Lemma 1.2.2, we

obtain:

A

l\D\u—

u(z)| dz < opufupm(m/ (14 nd(z)])" dz
Q

<Gl f

then we have :
t
[(=A)zul[zr) < C|| f]lLm(e)

IIJ/’”(Q) Q]+ [ [Ind(x)|” dx SCHprm(Q)
Q

(12)

Now, we have |z — y| > min{d(x),d(y)} for x € Br(0) \ ©, and y € Q, it is result that:

1 1

r—yl=oy)=lr—yl”=0d(y) = <
o=l 2 8() = =yl 200) = o S

Let back to ’(—A)%u(x)’ by using Holder’s inequality and Proposition 2.1.4, we obtain :

m\ﬁ

d
) /Iw—yl“s /Ix—lelx—yl Y

</ lu(y) 1 4 <‘ / dy
~ Ja 5(y)8 w—y VY= @) Jo |z —y|N

5

d
< OUlmo @) [ < Ol limyo®=) 2R - )
o(x)

< Cllfllem@o(S" ) 2R + [nd(2)[] < C|lfllzm@ (1 +nd(x)) .
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Such that o(SV1) is the Lebesgue measure of the unit sphere, now let estimate (—A)zu
in LP(Bg(0) \ 2). We have:

Joonal
BR(O)\@

SN—
|

u@)] e < CN gy [ (4 (e da

BRr(0)

< Cp||f||pm(ﬂ) (lBR(O)| —l—/ [In d(z)|” da:) < C’p||f||pm(ﬂ)
Br(0)
By the same argument as before, since Ind € LP(Q) for all 1 < p < oo, we obtain:

[(=A)2ull o Brone) < Cllfllzn@)- (13)

Thus by (1), (I3) and (I3) we deduce that

(=) zu]| Loy < O fllzmee) forall 1 < p < oo

Third case : s <t < min{l,2s}
For x € (, let start by estimate of hy, by choosing 0 < A < 2s —¢ — %, there exists C' > 0

such that:
<C/ |ZE—y|N 25 t— )\)dy

By Lemmal.4.1 and setting J,(f)(x) = / %dy, with o = 2s — ¢t — X\ and by the
Q=Y

N—a
choice of A we have m > ]\é 5 - So:

hi(@) < [[Ja()llze@ < Clfllme
By using again Lemma 1.4.1, such that :

1f ()

oz —yN-e

ha(z) = Jo(f)(2) =

with o = 2s — ¢ and since s < ¢ < min{1,2s} we have m > ;2= so :

ho(z) < [|Ja(f)llLe@) < O f

L7n(Q)
And for hs since t — s < 1:

|f(y)] dy < |f(y)]

hs(x) = (t —s — 2 dy < — e
ole—y|N=s olr—y|N=s

1f ()l

By Lemma 1.4.1 J, T) =
y (D)= | s

v dy with

ha(z) < [[Ja(f)llLe@) < Cf

Lm (Q)

So finally we get:

() uw)] £ € (mfa) + [dlhete) + 5t )

<C|flleme (1+\ln5( )|+ ﬁ)
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We now establish the L? regularity of (—A)2u:

fl=a

mw

1 p
< CP 1 1 _—
o) o < ey [ (15 300+ 5 ) o

< Cpll flme) <\Q\+/Q|ln5(x)|pdx+/95(x>P(tS)dx>

By the Lemma 1.2.2 we have Iné € LP(Q) for 1 < p < oo and §(z)~=*) € LP(Q) for
1<p< ﬁ, thus:

I(—=A)2u(@) || o) < Cllfllzmy (14)

Now for z € Bg(0)\Q and y € 2, using the fact that |x —y| > d(y), and applying Holder’s
inequality together with Proposition 2.1.4 with ¢ = oo, we obtain:

‘ ’ / [u(y)] L
- Iw—le” Ix—le“‘%—yls

< [ <1l [
= Jo 6()* [z —y|Nt—s = lgs Loo(§) |z — y|N+t s

2R dp (s (s
smumwmluptﬁl_cwmw L ((2R) 9 — §(a)~9)

< Cllfllzme@ (1 + () =)

It follows that the L? in Bg(0) \ 2 regularity estimate holds:

/B ona ‘(—A) [6(2)" dfﬂ)

By Proposition 2.1.4, §(z)~*=*) € LP(Bg(0)) for 1 < p < 7 we obtain :

G

) o < Gl lemio (1820 01+ [

r(0)

1(=A)2u(@) || Lo(Brone) < Cllflm@) (I5)

Finally, using (/;),(/4) and (I5) thus, for s <t < min{1, 2s}:

H(_A)%u(x)HLP(]RN) < CHfHLm(Q) forall 1 <p<

_S'

We next consider the Calderon-Zygmund regularity when 1 < m < %

Theorem 2.2.2. Let s € (0,1), s <t < min{l,2s} and u unique weak solution of (P),

with f € L™(Q) for 1 <m < 251\17:' Then for all 1 < p < p*(m, s,t), there exists C > 0
such that:
[(=A)2ullr@ny < Ol fllzm@)-
With:
mN
3 fO’f’ t = S,
. . N —ms
p (m7 87 T ] mN 1 f t o
min or :
N—-—ms+mN({t—s)t—s]’
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Proof. First let see for x € B%(0) by using Holder’s inequality and Proposition 1.5.1 we
get:

1

o] = [ kcenso]dy < 1lome ([ [-256.w0| @)

dy w7 C
= Ml (/ ) < a e

w\l*

We start by :

Jo

t Cllfllzm dx
—A?um’darg/ D) g0 < || f || /
( ) ( ) B2 (0) (1+|x|)(N+t) || ||L ()  (0) |m|(N+t)
1y [T dp
< Cl i) [ < i

Where o(S¥1) is the Lebesgue measure of the unit sphere. Then (—A)zu € L'(B%(0)).
And since |z| > R, we have :

t C C
‘(—A )7 u ‘ < WWHLW(Q) =< WHJCHLW(Q)
So we get:
C
I(=2)2ull (00 < W\Ifl\m(m
Then (—A)2u € L®(B%(0)) and we have [|[(—=A)2ul|=(5g0)) < C|I.f]|m(0)-
Since (—A)zu € L'(B%(0)) N L™(B%(0)) and by Interpolation inequality, we have

[(=A)2ul r(e0)) < Cll fllLme) Vl<p<oo (1)

Now, for € Bg(0) and 1 <m < &
Since z €  we have :

‘(—A)%u(x)’ <C {hl(x) + I 8(x)| ho(z) + ﬁhg(;p)

Notice that 0 < A < 2s — t, we set :

[/ (W)l
h(z) < Ju(f)(z) = | ——5—d
1( ) ( )( ) Q|l'—y|N_a
With o = 25 — ¢t — A and by using Lemma 1.4.1 (b) and (c¢) together, we obtain for
L<m< 5=
1hallze) < 1a(H)llzr@) < Cllfllm@

forall 1 <p < (¢ with $ =X — £ where
1 N—ma_N—m(2s—t—/\)>N—m(25—t)
¢ mN mN mN
Which applies that ¢ < m thus:

mN
N —m(2s —t)

||h1||Lp(Q) S C||f||Lm(Q) for all 1 S p < (24)
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Now, for ho we use the Holder’s inequality with 1 < 6 < oo such that % + 0, =1, so:
9 p}?’ 0 1%9
</ | Ind6(x)|he(z)[” dx) (/ [l d(z)|” dx) </ |ho(2)|” dx)
Q
By Lemma 1.2.2, we have In§ € LP'(Q) for 1 < pf < oc.
For
ho(z) = Jo(f)(z) = Ly)]\L with a=2s—t.
o lr —yN-e
Using (b) and (c) in Lemma 1.4.1, we get if 1 <m < ;7=
172l oo () = 1 Ja( )l Lr@) < Cllfl[Lm(e)
ol 1 a N-ma N- m(2s —t) mN
For all 1 <pf </{ with :- = ——— = Ny — .
Cral i S PEs Wy TN mN mN N —m(2s —t)
We deduce that:
11061 bl ooy < CIIS forall 1<p<-—"N (2.5)
n p m r . .
2/lLr(Q) = L™ () ora Y N —m(2s — 1)

Now if ¢t > s then hs # 0.
By Holder’s inequality for 1 < # < oo such that % + % =1, so:

- (/Q ()" dw)pé/ ( /Q (g ()" dx)"le

Using Lemma 1.2.2, we have §(z)~(=*) € LP(Q) for 1 < p#’ < ~. In other hand we

have :
|f ()l ay |f ()] dy

.

ha(x) = (t - s)

Let set

Applying Lemma 1.4.1 (b) and (c) again to get:

23]l ooy = | Ja ()]l zeo) < C|l fllm(e) For 1 <pf < /. (2.6)
With
1 1 a N-ma (N-—ms)
¢ m N mN  mN
We now determine values for p
1< pb 1 0<t—s<i<1
=P <t—s N pd — S test —ms<1(1 1> 5
_S f— —_—
mN N —ms 1 mN p\0 0)
1 <pl < 0< < —-<1
=P N —ms mN — pf —
:>N—ms—|—(t—s)Nm<1<2:>1< < mN
mN p - 2_p_N—ms+(t—s)Nm
mN
=1<p<
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So finally :

mN

< Cllfleme for1<p= N —ms+ (t—s)Nm’

Lr(Q)

B
‘5’1575

By combining (2.4), (2.5) and (2.6) we get :

1(=A)2ull oy < Cllflme) for 1 <p<p” (12)
Such that:
mN
, for t = s,
«._ ) N—ms
p = mN
for t > s.

N —ms+mN(t—s)’

For x € Bg(0) \ 2, we have that |z — y| > min{d(z),d(y)}, Yy € Q2 and Vz € Bg(0) \ ©,
and we have Ve > 0:

w\l*

[GN

/ lu(y)| a0
\x—y\N“ Iw—y|N E\x—y\t stelp — gyl

u(y)| 0y -
‘I—y‘N sé(x)t—s—i-s 5(y>s t s+e s |.7}—y|N e

[ )| 1
B /Q o(y)* o — y|N‘€dy

By using Holder’s inequality we get:

Let setting

t 1P >
—A)zullrp < _— Pd
[(=A)2ull o(rone) < (/BR(O)\Q ) lg(2)| f”)
/ 1 p@’d ﬁ </ | ( >|p9d )1)19
< - z glx z
Br(ope |0(z)imste Br(0)\Q

By Lemma 1.2.2, we have §(z)~=s*+) € [P (Bg(0) \ Q), if and only if 1 < pf’ <
Now, for g(x / [u(y)

1
t—s+e’

1
— dy, let set :

= —h(y) wi T :M a=
_/II—yINE’ . he) 5(y)5’ B

We have from Proposition 2.1.4, since 1 <m < ¥ s01<g¢q <

u
— <C m
|50 = A
Since 1 < g < 7 — < ¥ we choose ¢ such that ¢ < % — s, by Lemma 1.4.1, we have
u
9] zro (Brop0) < [ TalP)] oo (BR0)) < C’ 5 |y < O fllmoy for 1 < pb < /.
\With 1 1 N N N
€ q q m
-—=—-— == h that : (= <
¢ q N N-—g’ Such tha N—ge N —ms—me
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Thusl<p9<m
We now determine the values of p:
1 1
1<ph < ——— O0<t—-st+e<— <1
t—s+¢ po
=
1< o0 < mN O<N—ms—m€<1<1
=P N —ms —me mN —pb —

N —ms — me 1/1 1
St—stet——---—<—[2+-])<2
mN P

=
3

= -<p<

[\

N—ms+ (t —s)Nm+em(N — 1)
Nm

=1<p<
=P N—ms+ (t —s)Nm+em(N — 1)

N
For1 <m < — and 1 < p < p*, we fix:
s

N 1
€ (0,e") with " =min{ — — s,

m m(N—l)( == (V- ms+mN(t—s)))

Therefore, we conclude that:

t *
[(=A)2ullzeBrone) < Cllfllzm@) for 1 <p <p" (13)

Thusif 1 <m < %, we have :

I(=A)2ull oy < Ol fllim@y for  1<p<p"

Case : N<m< 23 53
In this case, since s < t < min{1, 2s}.
For z € (), arguing as in the first case, we obtain:

[hllze@) < Cllfllem@), YV1<p< N — :;(];[5 — 1)
and mN
[l olhzllie@ < Cllfllime, V1P < F—rm=s
Now for 6=~y with ha(z / ﬁd% by Holder’s inequality we have :

- </Q 5() " dw)piﬂ ( /Q Vg () P dx)”le

Using Lemma 1.2.2 we get 0(x)~%) € LP(Q) for 1 < pf’ <
For h3, we set

..

Jo(f)(z) = Mdy, with «a =s.

|z —y/Ns
Applying Lemma 1.4.1, with m = % then:

1hsll ooy < N JalH)llLre) < ClifllLm@ for all 1 < pf < o0
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We now determine the values of p for which the estimate holds:

1 <pb <

1/1 1
t—s = =>1t—5<— 5%—@ <2
1<ph <0 0<—=<1 p

Recalling that % < m, we deduce that #h > ﬁ =
|

6t—s

p*, and hence:

1
SCHf”Lm(Q) for 1<p< P
Lr () 5

Finally we have for 1 < p < p*:

I(=A)2ull oy < Cllf |- (L)

Now for x € Br(0) \ Q and y € Q, since |z —y| > min{d(x),(y)}, and arguing as above,
for e > 0, we have:

L [l
1 < 5 i

N+

[(=4)

1
By setting g(x) = / ]u(y)sl ~—-dy, and using Holder’s inequality:
o 0(y)* [r —yl

1

. pt’ P07 o5
[(=A)2ulloBrope) < (/ dx) (/ \g(x)!pedx)
Br(0)\Q Br(0)\Q

Using Lemma 1.2.2, we have d(x)~ =5+ ¢ [P (Br(0) \ Q), for all 1 < p¢’ < ——. For

b
5(x)t—s+s

t—s+e
1 (y)] : |u(y)]
ga::Jahx:/—dy, with  A(y) = and a =¢.
0= I = | =y W= 50y
First, by using Proposition 2.1.4, since m = %, we have:
u
A :‘— < C||f|lm for all 1 < ¢ < oo.
hllzae) = ||5, Ly = [ f1lzm @ orall 1 <g¢<oo

N N
Applying Lemma 1.4.1, which require 1 < ¢ < —, we choose ¢ € <0, —), and we get:
€ q

u

Ja(h <C‘— < C||fl

oW lisgionen < €|, < Ol

: qgN .
For all 1 < pf < ¢ with ¢ = . As above, we now determine the values of p:
1< pb < ! 0<t—s+e<i<1
=P t—s+e pd — N—-qg 1/(1 1

N = Neg 1 = t—s+e+ v <zlzt% <2

1<ph < 0< < - <1 q p

N —qe gN — pb
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= ! aN =1<p< eV
2_p N+qN(t—8)+€q(N—1) =P N +gN(t—s)+eq(N —1)
Now considering 4 Y<m<ooand 1 <p < =, we choose:

0 € (14=5,00) and = € (0,°) with =* = {{j oy (2= (v Ng(t - ) }-
Thus we get that :

t 1
I(=A)2ullesrone) < CllfllLm@ forl<p<=,— (Z5)
. N
So gathering (1), (I;) and (I5), we conclude that for — < m < 5s 7 and 1 <p<p*=
s s —
1 .
t—s )
1(=A)2ul| oy < Cl[fllLme)
Finally if 1 <m < 5, we have :
HFAFmewSCWMww for 1<p<yp
With:
mN
, for t = s,
(. s.1) = N —ms
e i mi fort > s
min or :
N—-—ms+mN(t—s)t—s]’

]

Now and since we give the proofs of Theorems 2.2.1 and 2.2.2 we get as consequence
the precise rate of explosion of the half ¢-Laplacian of the solution u of (P) at the boundary
of Q

Theorem 2.2.3. Let s € (0,1), s <t < min{l,2s} and let u be the unique weak solution
to (P) with f € Lm(Q) for m > 1.

i) If m > 5=, there exists C > 0 such that:

o (=AYb < Clfllmin)

—1 s
ins (=)l g + (¢ = 5)| o

i) If 1 <m < 3 t,foralll<p< mf;g and 1 < q < there exists C > 0

such that:
1061 (=) 3u] o + (¢~ 5) ‘

(2 —t)’

<C m
X F P

(5t’5(—A)%u‘

Remark. A direct consequence of the above results is the local Calderon-Zygmund regu-
larity. For any w C €2, we have :

o Ifm< N , there exists C,, > 0 such that:
H(—A)EUHLW () (= S)H(—A)EUHLW(M < Cull fllzme)

e If1<m< g, forall 1 <p<
such that:

there exists C,, > 0

and1<q<m,

||(—A)%U||Lp(w) +(t - 8)||(—A)%U||Lq(w> < Collfllme)
Proof. See [38]. O

Remark. Tn the same way as for the half ¢-Laplacian (—A)z, the Calderon-Zygmund reg-
ularity also holds for another fractional differential operator, the Riesz fractional gradient
Ve
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2.3 Regularity of the solution in the fractional spaces

Since we have the regularity of (—A)% and V' we can go further and see the reg-
ularity of the solution in fractional spaces, we start in the Bessel potential space if

m > max {%, %} with this Corollary

Corollary 2.3.1. Let s,t € (0,1) and u the unique weak solution given by u := Gg[f]
with f € L™(Q) for m > max {£, 21

s 25—t

i) If 0 <t <s, thenu e L"*(RY) for all 1 < p < oo and 3C > 0 such that:
ull er@yy < Ol f]lLme)-

i) If s <t <min{l,2s}, then u € L'(RY) for all 1 < p < 7~ and 3C > 0:
luller@yy < CllfllLme)-

Let give a proof for this corollary

Proof. Since u is solution of (P) then u = 0 in RY \ Q, so we just need to see if
u € L§P(Q) and since we have an equivalent norm for this space, given by lull or ) =

||(—A)%U||LP(RN) by proposition 1.4.4, since we have already the results of regularity for
(=A)zu in LP(RY) in Theorem 2.2.1, so we have that :

1. IfO<t<s forall1<p<oo,uc Li?(Q) and 3C > 0 such that :

lull ey < Cllfllm).

2. If s <t <min{l,2s}, forall 1 < p < 2, u € LiP(Q) and IC > 0 such that :

t—s?

[ull ey < Cllfllm @)

And since LiP(9) is a subset of L?(RN) we have same results for the last space. ]

Now let see the regularity of solution w in the fractional Sobolev space WP for m >

N N
max { 7, 5.5}

Corollary 2.3.2. Let s,y € (0,1) and u the unique weak solution of (P) given by u =
Gs|f] with f € L™(2) for m > maX{N N }

R 25—y |

i) If 0 <~y <s, thenu € WYP(RY) for all 1 < p < oo and 3C > 0 such that:
[ullwr@yy < Cllfllme)-
i) If s <y <min{1,2s}, then u € WP(RY) for all 1 <p < ﬁ and 3C > 0:

|l wre@yy < C|| fllzm -
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Proof. For 0 < v < s, we get the result immediately by using Corollary 2.3.1 with
Proposition 1.4.6 the embadding

LEr(RYY ¢ WP (RY)

Forall0<e<vy<land 1< p<oo.
00, for v = s,

Now for s <~y <min{l,2s} and p:= 1

, fory>s.
v —s
And since m > 2% and 1 < p <P, we can choose:
5=
e € (0,e*) with ¢* = min {min{l,Qs} — 9,25 —y — %,]% — (v - s)}

By the corollary 2.3.1 i1) we set t = vy + ¢, we get:

|| Lyrer @y < Cll fllme

t=y+e=>v=t—ec=s—ec<vy<min{l,2s} —e < min{l, 2s}.

And by the choice made for € we get s < < min{1, 2s}.
Finally by the embedding LY*P(RY) c W7P(RY) and corollary 2.3.1 we have u €
W’Y’p(RN)7
for 1 < p < p and:
[ullwr ey < Cllfllpm ()

]

Now let see if 1 < m < %, then what is the regularity of u in fractional spaces, we
start with Bessel potantial space.

Corollary 2.3.3. Let s € (0,1), s <t < min{l,2s} and u is unique weak solution of (P)
given by u = G,[f] with f € L™(Q) for 1 <m < ;2. Then, for all 1 < p < p*(m, s,t),
there exists C' > 0 such that:

[ull ooy < CllfllLm@)- (2.7)
Proof. According to Theorem 2.2.2 ||(_A)%u||Lp(RN) < CWfllgmy for 1 < p < p*,

and since u = 0 in RV \ Q.
So by the definition of the space Lg"(f2), we have:

[ull e @) = (=A)2ull Lo@ry < ClIfllLm
And since LgP(Q) € L*?(RY), then v € L*?(RY), and

luller@ry < Cllfllom@)

and let see the regularity in the fractional Sobolev space if 1 < m < %

Corollary 2.3.4. Let s € (0,1), s <~ < min{l,2s} and u is unique weak solution of (P)
given by u = Gg[f] with f € L™(Q) for 1 <m < % Then, for all 1 < p < p*(m,s,7),
there exists C' > 0 such that:

[ullwrr@yy < Clfllme)- (2.8)
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Proof. Let 1 <m < 57~ and 1 < p < p*, let choose ¢ € (0,&*) with .
, . . 1 1
e" = min ¢ s, min{1,2s} — v, — + —
p p

We have from proposition 1.4.6 that ~ L7"*P(RY) c W»P(RY)  for 0 <e <y <1 and
1 <p<oo.

We have from corollary 2.3.3 that  ||ul| per@yy < C| f]l2m(e)-

Let set t = v 4 ¢, so we have :

[ullwrr@yy < ull rren@yy < Ol fllime
So we get for 1 < p < p*:

[ullwe@yy < Cllfllom).
[l

We can resume all corollaries 2.3.1-2.3.4 in this proposition, let define, for 0 < s <t <
min{1, s(1 + N~1)}, let us set:

1 , N
W, 1fm> s—1°

i m¥ ! if 1 <m < X
min i m < 5.
N—ms+mN(t—s) (t—s)t ]’ - Zs—t

p(m, s, t) :=

Proposition 2.3.1. Let 0 < s <t < min{1,s(1 + N1} and let u be the unique weak
solution to (P) with f € L™(Q) for m > 1. Then, for all 1 < p < p, there exists C > 0
such that:

HuHLt,p(RN) S CHf Lm(Q) and ||u||wt,p(RN) S CHfHLm(Q) (29)

2.4 Compactness results

In this subsection we give some compactness results for the fractional poisson problem P
that will help us in the next section.

Proposition 2.4.1. Let 0 <t <min{l,s(1+ N"H} and 1 <p < N/(N(1+t—s) —s).
The solution map:

G, : LY(Q) — L7 (Q)
P Gl = / Gl y) f(y) dy,

Q

18 well-defined, continuous and compact.

Proof. Since Gy is well defined and continuous (it linear also) by the Corollary 2.3.3, for
* _ N

all 1 §p<p (1,t,5 = m)

Now, we need show that G, is compact:

Let (fa)nen C L'(Q2) a Cauchy’s sequence such that || f|| 1) for all n € N, and let define

u, = Gy(f,) for all n € N, then from corollaries 2.3.3 and 2.3.4 we deduce that u, is

bounded since we have:

N
N—s+N(t—s)

| s @nws ) < Cllfllp < C for 1 <~
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By Theorem 1.4.1 Proposition 2.1.4, there exists a sub-sequence (uy, ),eny and u € W*7(Q)

u, — u strongly in LYRY), forall1<gq<

n—00 — 25

, (*)

and also, up to a subsequence, LP convergence implies almost everywhere convergence
(see [13]), so that:

U, — u almost everyz € RY
n—oo

By using Vitali’s convergence Theorem 1.2.7 and Proposition 2.1.4 we obtain :

N
5 — 5—US strongly in L(R"Y), forall 1 <gq< N5 (%)
since we have now that (u,),en converges strongly in L2(RY) for 1 < ¢ < {=. Now we

show that((—A)2u, )nen strongly converges in LP(RY), we have for i, j € N:

(—A)S(Ul — U,j) = fz — fj in Q
u—u; =0 in RV \ Q

We have 2 cases:
case 1:s < ¢t < min{1,s(1 + &)} First let start if 2 € RV \ Bg(0), by choice of (E) we
have that |z —y| > (1 + |z|), Vo € RV \ Bg(0) and y € €, then for all 4, j € N we have:

|ui(y) — u;(y)|
< < T NN L7 L T ] 1 .
- /Q |z — y| N+ Y= (1+ |xDN+t”uZ UJHL ()
By the same argument used in the proof of Theorem 2.2.1, it follows that (—A)%(ui—uj) e
LY RV \ Bg(0)) N L*(RY \ Bg(0)), and :

(=A)% (u; — uy)

1 1 ..
[(=2)2 (ui—u) || 1 @\ Br(o)) T 11 (=2)2 (wi =) || Lo @\ Br0)) < Cllui—ujllzi) Vi, j €N

Then using the interpolation’s inequality we get for all 1 < p < oo, (—A)2(u; — uy) €
LP(RY \ Bg(0)), and :

1(=A)2 (u; — w) |l Lo\ Broy < Cllui —ujllzr@) Vi, j €N
and since we have (x) then:
(=A)2 (u; — uj) — 0 strongly in LP(RY \ Bg(0)),V1 < p < . (2.3.1.1)
7, —00

Now if z € Q2 and y € : by the theorem 1.5.4 we have:

(—A)2 (u; — uy)

<C [JQS—t—A(fi — fi) 1 Ind|Jos—o(fi — f5) + 5t_1s<]s(fi — f3)

such that J,(f)(z) := [, |$|_f;|3§3|,ady. For Jos—1—x(fi — f;) we use the theorem 1.4.1 so we
have :

Jos—i-a(fi = fj) LY(Q) — LP(Q)

is well defined, continuous and compact for all 1 < p <
2s — t so we have:

m, let choose 0 < A\ <

Jos—t-x(fi — f;) — 0 strongly in LP(Q2), VI <p<

_— L1
i,j—00 - N —2s+t ( )
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For |Ind|Jas—i(fi — f;), by using Holder’s inequality and lemma 1.2.2 (i) we get:

1106 ]Jas—e(fi = Fi)llpogay < 108 oo g 1 T2s 4 (fi = i)l ooy
< Ol Jas—i(fi = f)ll oo

for 1 < pb <ooand 1< ph < then using theorem 1.4.1 :

Nooert i
| Iné|Jas—+(fi — fj) —— 0 stongly in LP(Q2), V1 <p< L (L2)
I i oo ’ - N —2s+1t
Finally 5 J(f; — f;) by using Holder’s inequality and lemma 1.2.2 (i)we get:
1 —(t—s
s ds(fi = fi) < N0 ooy 19 fi = i)l oo
Lr(Q)
< O Js(fi = fi)llro
for:
1< pt ! 0<t—s<i<1
= p < t — g pel N — S 1 ]. 1
= =t—s+ <=(-4=)<2
L<ph < oM s oLy N\l
=P N —s N —pb—
N(it—-s)+N—-s 1
= <-<2=1<p<
N p =P Nl+t—s)—s
Then using Theorem 1.4.1, we get:
N
R 0 strongly in LP(Q), V1< . (L3
ol ) 5o O stronly in D2(9), V1< p < s (1)
Combining (L1),(L2) and (L3), we get:
t . N
(—A)z (u; — uy) ﬁ 0 strongly in LP(Q2), V1<p< NOTi—s—s (2.3.1.2)

Finally we see the convergence in Bg(0) \ Q,we have |z — y| > min{d(z),d(y)}, for all
y € Qand x € Bg(0)\ €.
For almost every x € Bgr(0) \ 2 and i,5 € N, for € > 0:

ot - o) < [ =20y

(- u)@)|  dy
Sawwﬂfﬁ 5wy e -y

setting g(z) = [, |(“i(5’(;§2(y)| Iw—ZfN*S ,and using Holder’s inequality and lemma 1.2.2 (4):

< H(Sf(tfere)

Lo(BrONQ) — HLpe/(BR(O)\Q) 191l oo (B o) < C 9l e Brone)

for 1 < pt < — +€

(ui—uy)
58

Now for g using lemma 1.4.1 (b), (c) we have [|g[| 105,00y < (BN’
R

forlgpegzv?—N

1 1
1<pf < —— teste<—<1
t—s+e N pb’
N N — 1
1< ph < 0< € 2 <1

N —qe gN  — pb
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gN(t —s+e)+N—q 1/1 1
= <-|z+=5) <2
N o \a +o =
gN(t—s)—q¢g(N-1)+N 1 qgN
= <-<2=1<p<
gN p =P gN({t—s)—qs(N—-1)+ N
: . N
So by the choice of € € (0,&*) and ¢ € <1_p€’t_s), N_g),
. * . N 1 .
with e* = mm{ g q(Nl)(Npq(NJqu(ts)))} we have:
: (ui — uy)
[CINEICE <ol
Lr(Br(0)\Q) 0° |l LaBro)\a)
for1<p< W and Vi, 5 € N, and by using (**) we get:
(=A)Z(u; —u;) — 0 stongly in LP(Bg(0)\ ), V1<p< N .
77 i oo ’ - N(l+t—s)—s
(2.3.1.3)
Gathering (2.3.1.1), (2.3.1.2) and (2.3.1.3) we get:
(—A)%(u —u;) — 0 strongly in LP(RY), V1 <p< N
Y o ’ - Nl+t—s)—s

Since ((—A)%un> is a Cauchy sequence in the Banach space LP(RY), so is strongly
neN
N

convergent in LP(RY) for all 1 < p < NaT—s=s"

case 2:0 < t < s Since we have convergence for s <t < min{1,s(1 + N~1)}, we can get
the convergence for 0 < t < s by using Proposition 1.4.5. O]

Corollary 2.4.1. Let 0 <t < min{l,s(1+ N H} and 1 <p < N/(N(1+t—s) — s).
The solution map:

G, : L'(Q) — WP (Q)
s Hmm:éamwmm%

18 well-defined, continuous and compact.

Proof. The proof of this corollary is the same as the one of the proposition since Lg” ()
and WJP(Q) have equivalent norms. O
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Chapter 3

Existence and non-existence of
solutions for KPZ problems

We now present the Kardar-Parisi-Zhang type equations, known as KPZ problems, in-
volving the nonlocal gradient term (the half ¢-Laplacian). Let Q@ € RY, N > 2, be a
bounded domain with boundary 99 of class C?. For s,t € (0,1), we consider problems of
the form:

{(_A)Su = [(=A)2u|? + Mf(z), inQ, (KPZ)

u =0, in RV \ Q,

where ¢ > 1 and A > 0 are real parameters, f belongs to a suitable Lebesgue space, and
(—A)2u denotes the nonlocal gradient term, defined as follows:

Loy u(z) — u(y)
For any function u € C°(RY), and the normalization constants :
['(Z+a)
Cngi=—20p 22/
: T T

We now state the definition of a weak solution to problem (KPZ).

Definition 3.0.1. We say that a function u is a weak solution to KPZ if u and |(—A)zul?
belong to L'(Q), u = 0 almost everywhere in RY \ Q and

[ ut=aygds = [ (-85l + As@)p e
Q Q
for all ¢ belonging to
X*(Q) := {p € C*(RY) : p(z) = 0 for all z € RV \ Q and (—A)*p € L™(Q)}.

In this chapter, we analyze the existence and non-existence of weak solutions to prob-
lem (KPZ) for suitable values of A and g. We begin with the existence results.

3.1 The existence results for KPZ problems

For g € (1,+00) we now analyze the existence of weak solutions to the problem involving
. t . -

our non-local gradient term (—A)z, we now analyze the existence of weak solutions to

the problem:

(KPZy)

(—A)u=[(=A)2ul” + Af(z), inQ
u=0, in RV \ Q.

35
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Let set 0 < ¢t < min{1,s(1 + N~} and define:

.

to0, iftgsandmz%
s if t > s and m > &
N(t_$)7 1 S and m P
~ = N a
Q(masat) , if ¢ S sand 1 S m < ﬂ) (Q)
N —ms :

ift>sand1§m§%.

L (N —sm+mN(t—s))
Then we have the main results for the existence of the solution of (KPZ):

Theorem 3.1.1. Assume that 0 <t < min{1,s(1+ N~H}, f e L™(Q) for some m > 1.
Then, for all 1 < q < G, there exists \* > 0 such that, for all 0 < X\ < X*, (KPZ;) has a
weak solution u. Moreover:

e Ifm > N/s, then u € WP(RY) N C%(RY) for all 1 < p < +o0.

e If1<m < N/s, thenu € WS (RYN) for all 1 < p < ) ms)

Proof. The proof is divided into two cases:
Cas 1:m > %
1
(q(t =)t

Then let set r = r(m, s, t,q) > 0, verifies 1 < gm <r < (PR )+, we define:

First of all, we notice without loss of generality that E <m <

—1

q—1 o
A= (q(Ck)||| oo () |Q] 7
ql[ fllzm ) ( (CE) [l 2o [€2] )

r—qm

By setting C' = (Ck)4| | oo () |€2] 7, the maximum of the function

1
q C)i-a
mwzﬁ—m+0@mﬁ—@) -
q
is attained at t = t,, where t, satisfies:
11
St - 0=0
q
and the maximum value is given by:
1
* . 4 qC T-a
This determines the definition of A*.
Since ¢ > 1, using Lemma 1.1.6, setting a = C' , b = | 2o 7 k¢ and C* =
NN fllzm(q) so the function can have unique root ¢ such that:
Cq <‘Q|qu;nkq£+ )‘*HfHLm Q)> — ¢ =0
equivalent to:
Qgpﬂww+xwfhmm)_eq (3.1.1.1)

Since we have \* and ¢ let define:

By = {v € L)+ ol < 07}
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with v := max{¢, s} and 0 < 7 < min {q —1, —N(Sljr]z[ﬁ;;)is}

E, is closed and convex set of L 1+”(§2), we can prove those by using Fatou’s Theorem
and trigonometry inequation.

To get the existence of a weak solution for (KPZ;) in E,, we will use the Schawder’s
fixed point Theorem 1.1.1, let define the operator:

T:E,— LJT"(Q)
pr=u

such that wu is the unique weak solution for the problem:

(—A)u=|(=A)2¢|? + Af(z), in
u=0, in RV \ Q.

we can also see that the operator 7" as the Green representation given by:
1)) = [ Glow) (DI + A W) dy = u(z)
Q

The existence of the weak solution in Lg’H”(Q) immediately by using the fixed point of
Schawder theorem to T. First of all we have by Proposition 2.4.1 that T is well defined
n L3'7(Q). we split the proof in three steps

Step-1: T(E,) C E,:

Let ¢ € E,, and u = T'(¢), by using Propositions 2.3.1 and (3.1.1.1) we get:

lull @y < CI=2)50l + Afll ey

<0 (|||<—A>%so|qnm o+ Aoy )
< O (I8l omn + Xl
< O (=AY 50l |7 + X1 (0
< C (10100 0y [T + X1 men
< C (K] |27 + X1 )

(WIQI 4 /\*”fHLm(Q)) i

Thus ||ull L3+ @) < 07 and by definition of T' we have that u € L] () so obtained that
u € E,. Which is equivalent to say T'(E,) C E,,.

Step-2: T is compact:

Let (¢n)n C E,, such that HSOnHLg»H"(Q) <1 and (h,), such that:

hn = K_A)%(Pn‘q +Af
" Now, we prove that (h,), is bounded in L'(2). Since 1 +7n < q < r, it follows from
Hoélder’s and interpolation inequalities that:

T / (—A) ()9 + A / f(2)|da

/ (=AY (@) + X719 |l
< k(A )280n||Lq(g)+>\*|Q|m7_||f||m(

< k0 (-8l (- )Epullliey) + X101
< B9+ X0 | iy
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So (hy), is bounded in L*(€2) and since T can be given by the Green representation, then
we use Proposition 2.4.1 to get that 7' is compact.

Thus, (hy,), is bounded in L'() is given by the Green representation, Proposition
2.4.1 ensures the compactness of T'.
Step-3: T is continuous:
Since T is not a linear operator, we need to verify its continuity, we consider (¢,), C E,
be a sequence converging to ¢ in L' 77(2), and let (u,), C B, such that u, = T(y,) for
all n € N and u = T'(¢) such that:

(up —u) =0, in RV \ Q.

— 0.
Ll(Q) n—oo

By applying Holder’s inequality and the Mean Value Theorem, we obtain
-y~ ) € - -
|(areu —1ayer)| < (I e 1)
< COl(=A)2(pn — D)ll1ae)

with C' = \Q\ o, On the other hand, by Proposition 1.4.5 and the interpolation inequality,
it follows that:

Therefore, it suffices to show that H( )2g0n\‘1 — (= )2@]‘1)

LH(Q)

t Bt
1(=2)2(pn = P)llLe) < llon = @l 2@y < Fllen = @lllge@) = kI(=2)2 (en = @)l La@y)

i t
< EI(=2)2(n — D)1 L10n@my | (=2)2 (n — Oy
:kH@n W‘HLMM )”Son QDH‘LWT(Q) (26 )1 GkH‘Pn SDH‘LW 110

R ) 1
Wlthq—Hn

‘KK—Aﬁ¢M“—K—AﬁwP)L%m

Therefore, by Proposition 2.4.1, we conclude that 7" is continuous.

ince T is a continuous, compact operator mapping E, into itself (7'(E,) C E,), the
Schauder fixed-point theorem ensures the existence of a fixed point u € E, such that
T(u) = u.

Since T is a continuous compact operator and T'(E,) C E, and by the Schawder fixed point
theorem we get that 7" admit unique w such that T'(u) = u, E, into itself (T'(E,) C E,),
Under these conditions, we establish the existence (and uniqueness, if applicable) of the
solution u € E,. Next, by applying Proposition 1.4.6 and Theorem 1.3.1 for % < m, we
obtain:

——¢ in LJ'(Q), we obtain that:

1.1
< CQU) " klln — @l eniq) —= 0

uwe WPRY)YNCO*(RY) forall 1 <p< oo

Case 2: 1<m <%
First, let us choose r= r(m,t,s,q) > 0 such that 1 < gm <r <
the same \* and /¢ from Case 1, we define:

mN
(N—ms+mN(y—s))T

. Using

1
B, = {U € Ly(Q) « [[o]l gyinggy < M and ol zrq) < ea}
such that v := max{t,s} , 0 <7 < min {q -1, %}, and :

M = Cy (|97 R + X f ]| o)
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where 61 > () is the same constant as in Proposition 2.3.1 for m = 1. It is clear that En
is a closed, bounded, and convex subset of LJ"'™(Q). Similarly to Case 1, let us define:

T:E,— L)
pr=u

This can be obtained via the Green representation formula. Following the same ap-
proach as in Case 1, one can prove that T is a continuous and compact operator satisfying
T(E,) C E,. Thus, applying Schauder’s fixed-point theorem (Theorem 1.1.1) ensures the

existence of a solution v in E,. Furthermore, by Lemma 1.4.1, we obtain

e WHP(RV)* forall 1 <p<
u (R™)¢ for a P<

]

Remark. Similar results can be obtained for the case where the nonlocal gradient term is
replaced by the Riesz t-gradient V!, which is given by:

— — F(M)
Viu(z) = p / (z = y)(ulz) — uly)) dy such that o= gy 2
R P i o e
Specifically, regarding the existence of a weak solution to the problem:
_ Spy — t, g :
()= [Vult + Af(@), in € —
u =0, in RV \ Q.

The main result for (KPZ,) is given by the next theorem.

Theorem 3.1.2. Assume that 0 <t < min{l,s(1+ N"H}, f e L"™(Q) for some m > 1.
Then, for all 1 < q < G, there exists \* > 0 such that, for all 0 < X\ < X*, (KPZy) has a
weak solution w. Moreover:

e Ifm > N/s, then u € WP(RY) N C%(RY) for all 1 < p < +o0.

e If1<m< N/s, thenu € WH(RYN) for all 1 < p <

mN
(N—ms)*

Proof. See |38] O

3.2 Non-existence results for KPZ problems

After proving the existence theorems, we now state a nonexistence theorem for problem
(KPZ).

: : 2(s+1)
Theorem 3.2.1. Let 0 < ¢t < min{1,2s}, f € L'(Q) with f > 0 and ¢ > =35>, Then,

there exists \** > 0 such that, for all A > \*, (K PZ,) has no weak solution in W3*().

Proof. We suppose that u € W3*(Q), and let ¢ € W*2(Q) N C%*(RY) be unique energy
solution of :

(—A)¥¢p=1, inQ
¢»=0, inRV\Q.
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We denote that ¢ € X*(Q2), so we will use it as test function in (K PZ;), and we get:

/Q(—A)Su¢dx:/Qu(—A)sgbda::/Quda::/Q|(— )auli¢ dz + A | foda

(3.2.1.1)
> / (= A)bult¢ d + )\/ fode.
Q 0
In other hand, let ¢ € WO%’Q(Q) N C%(RY), the unique energy solution of:
~A)zp=1, inQ
(=Ap¢ =1 i (3.2.1.2)
=0, in RV \Q.

Since W5 (Q) C Wf’z(ﬂ) we can use u as test function in (3.2.1.2), by integration by
part and (3.2.1.1), we get:

/( @Wdﬂf—/@b A)zy x—/ﬂudxz/Q|(—A)5u|q¢dx+)\/gf¢dx (3.2.1.3)

Moreover by Young’s inequality:

t t 1 Y
[}M—Awum:ié(vAwuww)(wﬁ)dx

L (3.2.1.4)
< [l-a)hulrode+ ¢, [ 2
Q Q pa-1
from (3.2.1.3) and (3.2.1.4) we get:
/|(—A)3ulq¢d:c+)\/f¢dx§/](— Eu]ngdx—i-C /wq Y e,
Q Q Q Q a1
Which is equivalent to:
/ fodr < C, ki da (3.2.1.5)
Q gbq
Finally we have from [18], there exists Cy > 1 such that:
Cité%(x) < ¢ < Cod*(z) and Cplé%(x) <1p < Cod*(z) in Q (3.2.1.6)
Since q > 2(;21), we get the right side in (3.2.1.5) is bounded and :
C / p ——dx
Q ¢q —- )\**
/ fodx
[

Remark. The regularity assumption on f can be slightly relaxed. In fact, for the nonex-
istence result in Theorem 3.2.1 to hold, we only need f € L'(€,§*(x)dz). Furthermore,
note that we only used the fact that u is a weak super-solution to (K PZ;). Conversely,
the restriction on the power ¢ seems to be of a technical nature.



Conclusion

This Master’s thesis, based on the works [3, 4, 1, 38], is devoted to the study of the global
fractional Calderén-Zygmund regularity theory for the fractional Poisson problem with
homogeneous Dirichlet boundary conditions, and to its application to the existence and
non-existence of weak solutions for a class of nonlocal Kardar-Parisi-Zhang (KPZ) type
equations involving nonlocal gradient term.

We prove the global fractional Calderéon—Zygmund estimates for the nonlocal gradient
term (—A)"%u, with s <t < min{1,2s}, in the Lebesgue space LP(R"), distinguishing
the regimes m > 2;\; and 1 < m < 2S]\it. These estimates were extended to obtain
global regularity for the solution u itself in the Bessel potential spaces L'?(R") and the
fractional Sobolev spaces W4 (RY). We further derived precise rates of blow-up of the
fractional derivatives of u near the boundary 02, and we obtained compactness results for

the Green operator G4, which played an essential role in the subsequent existence theory.

This regularity theory was then applied to the nonlocal KPZ-type problem involving either
the half t-Laplacian (—A)"?u as the gradient nonlinearity. Using a Schauder fixed-point
argument built upon the compactness of the solution map G4, we proved the existence of
a weak solution for small enough values of the parameter A and for exponents ¢ below an
explicit threshold g(m, s, t), with the solution shown to belong to appropriate fractional
Sobolev or Holder spaces depending on the summability of f. Conversely, by a suit-
able testing procedure combined with sharp boundary estimates for both the fractional
Green’s function and an auxiliary function associated to the half t-Laplacian, we proved

a non-existence result for large values of A\, when the exponent ¢ exceeds the critical value
2(s+1)

t+2 °
Altogether, the results of this thesis extend, in a global setting over the whole space R,

regularity estimates that were previously available only locally, and they provide a fairly
complete existence and non-existence theory for a family of nonlocal KPZ-type problems
driven by fractional gradient terms.

61
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