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Introduction

This course is intended for first-year university students in the
technical sciences (ST) sector. It covers the mathematics module
“Maths2” with the harmonized program of the LMD system.

It is the result of long years of teaching courses and tutorials in
the Sciences Faculty of Tlemcen University.

Inspired by my own educational experience, | wrote it in simple
language, introducing theoretical notions through practical examples
and gave ultimate priority to pedagogy, even if it meant making my
impending mathematics teachers scold!

A minimum of sentences explains the procedure to follow to
solve an exercise and multiple examples illustrate most possible cases.

My challenges were first of all to simplify the theoretical notions
in order to bring the student in this sector — generally not very
interested in pure mathematics — closer to everything that can
encourage them to acquire logical thinking. Then secondly, to give -
as many times as possible - the solutions to the proposed exercises!
Because oh how many times | was disappointed not to find the
solution to an interesting problem in the book I held in my hands.

This typescript follows the official harmonized program and is
divided into chapters, each chapter is made up of several lessons,

followed by a series of exercises to definitively fix the ideas, because a



wise man once said: “methods are the economies of memory and the
habits of mind .

| hope from the bottom of my heart that this modest work can

help anyone in difficulty in the chapters presented.

Like anything produced by a human, this book is far from
perfect, but its author remains open mind and heart to any comments

or suggestions that could raise his level and/or correct his errors.



Contents

1 Chapter 1 Matrices and Determinants
1.1 Lesson N°1 Matrices: definitions and basic operations . . . . .
1.1.1 Some particular matrices . . . . . . ... ... ... ..
1.1.2 Matrix operations . . . . . . ... ... ... ... ...
1.1.3 Calculation of determinants . . . . .. ... ... ...
1.1.4 The inverse matrix calculus . . . . ... ... ... ..
1.2 Lesson N°2 Vector spaces and linear maps . . . . . ... ...
1.2.1 Internal laws and compositions . . .. . ... ... ..
1.2.2 Vectorspaces . . . .. ... ... ... ... ...,
1.2.3 Immediate properties . . . . . . . . ... ... .. ...
1.2.4 Basic definitions and properties . . . . ... ... ...
1.2.5 Theorem . . . . . . . . .. ... ...
1.2.6 Incomplete basis theorem . . . . ... ... .. ... ..
1.2.7 Dimension . . . . . . . . . . ... ...
128 Rank . . . ... .. oL
1.29 Linear maps . . . . . . . . .« .. o o
1.2.10 Matrix associated with a linear map . . . .. .. . ..
1.2.11 Linear map associated with a matrix . . . .. ... ..
1.3 Lesson N°3 Change of basis, transition matrix . . . . ... ..
1.3.1 Diagonalization of square matrices . . ... ... ...
1.3.2 FEigenvalues . . .. .. .. .. ... .. ... .. ...
1.3.3 Eigenvectors . . . . . . ... ... oL
1.3.4 Diagonalization theorems . . . . . ... ... ... ..
1.4 Series of exercises N°1 . . . . . . ... ... L.
1.5 Correction of the exercise series N°1 . . . . . . .. .. ... ..

2 Chapter 2 Systems of Linear Equations

2.1 Generalities . . . . . ... L
2.2 Study of the set of all solutions . . . . .. ... ... .....
2.3 Resolution of Cramerian Systems . . . .. ... ... ... ..
2.3.1 Inverse matrix method . . . . . ... ... ... ....
2.3.2  Cramer’s method (or determinants) . . . . . ... ...
2.3.3 Gauss”’method . . . . ... ... ... ..

2.4 Resolution of non-cramerian systems . . . . .. .. .. .. ..
2.4.1 Linear systems with number of equations strictly greater

than the number of unknowns . . . . . ... ... ...

2.4.2  Linear systems with number of equations strictly smaller

than the number of unknowns . . . . . ... ... ...

2.4.3 Augmented systems . . . . ... ...



2.5 Exercise series N°2 . . . . . . 80

2.6 Correction of the exercise series N°2 . . . . .. ... ... ... 81
Chapiter 3 Integrals 87
3.1 Lesson N°1 Indefined integrals, properties. . . . . . . ... .. 87
3.1.1 Defined integration . . . . ... .. .. ... 88
3.1.2 Integration by the table of laws . . . . ... ... ... 89
3.1.3 Integration by parts . . . ... ... ... ... 92
3.1.4 Integration by change of variables . . . . . .. .. ... 95
3.1.5 Integration of the pattern "polynomial by exponential
function" . . ... L o 96
3.1.6 Integration of trigonometric functions . . . . . . . . .. 97
3.2 Lesson N°2 Integration of rational functions . . .. .. .. .. 121
3.2.1 Definition . . . ... ... ... oL 121
3.2.2 Integration of some basic forms of rational fractions . . 121
3.2.3 Decomposition into simple elements . . . . . . ... .. 127
3.3 Lesson N°3 Defined Integration . . .. .. .. ... ...... 135
3.3.1 Surface calculation . . . ... ... ... ... 135
3.4 Exercise series N°3 . . . . . . . . . ... 141
3.5 Correction of the exercise series N°3 . . . . . . . .. ... ... 146
Chapiter 4 Ordinary Differential Equations 168
4.1 Introduction . . . . . . . .. ... 168
4.2 First order differential equations . . . . . . .. ... ... ... 168
4.2.1 Separable ODEs. . . .. ... ... ... .. ...... 169
4.2.2 Homogeneous ODEs . . . . ... ... ... .. .... 170
4.2.3 Linear ODE . ... ... ... . ... ......... 171
4.3 Second-order differential equations . . . ... ... ... ... 174
431 Patterny = f(z). ... ... 175
4.3.2 Pattern f(z,v,y")=0 . . . . ... 176
4.3.3 Second-order differential equations with constant coef-
ficients . . . . . . . .. 177
4.4 Exercise Series N°4 . . . . . . .. ... oL 181
4.5 Correction of the exercise Series N°4 . . . . . ... ... ... 182



1 Chapter 1 Matrices and Determinants

1.1 Lesson N°1 Matrices: definitions and basic opera-
tions

e Definitions

A matrix is -for the moment- a representation of any table of numbers on
which we can perform some algebraic operations like addition, subtraction,
multiplication...

Example
1%t representation: by a table 24 representation: by a matrix
1— 10l 2% Bll 41l 0 -1 351
2 A= 1 0 2 3
2— (10| 2|3 - 0 00
3— | 7| 0] 0]O0

Like the table, the matrix has rows and columns.

If n is the number of rows of a matrix M and m the number of its columns,
then the dimension of M, (or the size of M) is (n,m). We also note M, ).

Remark
Size = (number of rows, number of columns) and never the opposite!

Example

1) The size of the matrix A is (3, 4).

2 1
2) The size of B = 7(; g is (4,2).
-1 -1
1
3) The size of C' = | 2 | is (3,1). It is a column vector, (matrix with
3

only one column).
4) Thesizeof D= (0 —1 1 )is(1,3). It is a row vector, (matrix with
only one row).



Question
Give an example of an (1,1) matrix. What can you conclude?

Answer

M = (7)(1,1), we conclude that the numbers can be considered as matrices
of dimension (1,1).

e Finding the item m,;

We denote by m;; the item of the matrix M that is at the " line and
the j¢*" column, following the order.

Example
a32:0, 611:2, 021:2, C12 does not exist. d13=1...etc.

e Particular case

When n = m, the matrix is said to be square of order n.

Example

T 4 V2
M1 == _4 0 ,MQ = b} -3 0
(2,2) 1 0

\V)

(3:3)

e Definitions
— The diagonal of a square matrix M, ) is formed by all the ele-
ments m;;, (i.e when i = j), we write:
dZGgO(M) = (mll, mog, ..., m,m)

e — The trace of a square matrix (n,n) is the sum of its diagonal
elements, we write:

i=1

= M1+ Mo+, ... + Myn



Examples

1
dia’gO(Ml) = (270)7 dZCLgO(M2) = (71—7_570)'

(M) = 240=2:tr(My) = <7r _ %) |

1.1.1 Some particular matrices

e The null matrix

All of its elements are zero. Example O(y3) = ( 8 8 8 ) .
(2,3)

e The diagonal square matrix

All its off-diagonal elements are zero, i.e.Vi # j,a;; = 0.

= 0 O
Example N = | 0 —% 0
0 0 O

(3,3)
Attention: do not confuse the diagonal of a square matrix with the
diagonal square matrix!

e The identity matrix (very important):

Denoted Id, it is a diagonal square matrix, where all of its diagonal
elements are equal to 1.

Example
1 00 10
[d(g,g): 0 1 0 ,Id(g’g): 0 1
0 01 (3.3) (2,2)
Question
Find Id(l,l)-
Answer
Id(l,l) — (].)



e Upper triangular matrix

It is a square matrix all of which sub-diagonal elements are zero, i.e.
Vi, j if ¢ > j then Qi = 0.

Example
0 -1 %
M=|0 3 2
0 0 1

e Lawer triangular matrix
It is a square matrix of which all the over-diagonal elements are zero,
i.e. VZ,j if i < ] then Qi = 0.

Example

o w o
_— o O

1.1.2 Matrix operations

Equality

We say that the two matrices A and B are equal (A = B) if and only if A
and B have the same dimension and all the elements of A are equal to the
corresponding elements of B, (i.e. which are in the same position (ij)), i.e.

Vi, 7, Q5 = bji-
We then say that the elements of A and B are equal term by term.

Example

Onehas:E:<2x;_3 25 4> andF:(_g1 g) )
ey~ (2,2) (2,2)

Find x and y to get £ = F'?
Solution
1) E and F have the same size (2,2).

2) So that E = F' it is now necessary that :



We must therefore take :

Transposition
To transpose a matrix A, is to change its rows to columns and vice
versa, i.e.

.. /
Vi, j,a;; = agi.

The new matrix obtained after this operation is noted A?, (AT or A’). Its
size is (m,n).

Attention : in the general case A # A’

Examples
0 1 =«
_ 1
1g 1 . -1 0 0
HDA=|1 0 2 3 . A=
T 0 00 2 20
(3,4) 130/,
2 3 . 2 —4
- (5 3), - (3 F)
—4.0 /., 30 ),
1
3)C =1 2 Cr=(1 2 3),,,
3/
0
HYD=(0 -1 1) . D'=| -1
L /e

Addition and subtraction

To add or subtract two or more matrices, they must have the same di-
mension (size). The addition of matrices is done term by term, and the result
is a matrix of the same dimension as the matrices added (or subtracted), i.e.



Vi, j, (a+b),; = (ai;) + (bi) -

Examples

1)
1 2 3 1 2 3
e=(o 5 5 )50 0),,
0 —1 =5 ),y —5 0 =1 ),y
141 2+2  3+3 2 4 6
o= ) (545,
04(=5) =140 =5+(=1) ),y —5 —1 =6 ),

2)
2 3 10

M, = ( ) ,Id(2,2) = ( > )
—4 0 2.2) 0 1 2.2)

2—-1 3-0 1 3
(Ml_]d(272))_<_4_0 0_1)(22)_(_4 _1)(22)'

3) We cannot add or subtract Oz 3 and N33y because they do not have

the same dimensions.

Multiply a matrix by a scalar We multiply a scalar (a number) A € R
and a matrix by multiplying it by all the elements of this matrix.

Vi, 7, ()\a)ij = A(a;) .

Example

So that :

5A_(5x1 5x3 ) _(5 15)
5x(—4) 5x(-1) 22) =200 =5 )y



In the same way, to factorize a number of a matrix, we factorize it of all
the elements of this matrix, for example:

1 2 6
a=5( )
2\ —8 -2 (2.2)

The product of two matrices Reminder: Scalar product (or row-
by-column product)

Example
We multiply a row vector (1,3) by a column vector (3,1) as follows:

n
( T1 To X3 )(173) Yo = T1Y1 + T2y + T3y

Y3 (3’1)
Matrix Product

To multiply two matrices A and B, the number of columns of the first
matrix A must be equal to the number of rows of the second matrix B.

We must therefore have: A, ) X By, p). The result of this multiplication
is a matrix of size (M), -

It is because of this condition that the matrix product is not commutative
in general and that we have to pay attention to the "side" from where the
multiplication occurs.

After checking the condition above, the multiplication is done as follows:

The element m;; will be the result of the multiplication of the i" row of
A with the J** column of B. We write :

Vi, 7, (m)” = Zaik -bk:j-
k=1

Example

A:<O4 11) 532(153 31) '
T (2,2) - o (2,3)

A is of size (2,2) and B is of size (2,3), so multiplication between them is
possible and the result is a matrix M of size (2,3).

9



mi; M2 My
M = 3
Mo1 Maz M23 /(53

Where:

So,

Remarks

e We cannot multiply more than two matrices at a time.

e The matrix product is not commutative as the previous example prooves.
We can easily check that A.B = M, but B.A is not possible because
the number of columns of B (which is 3), is not equal to the number

of rows of A (which is 2).
e For any square matrix A, one has : A.Id = Id.A = A.

e (Ax B)' = (B)" x (A)" (and never the contrary).

e A x B = 0 does not necessarily mean that one of the two matrices is

Zero.

Example

10



< 0 —4 ) X( 0 —1 ) _ ( 0.0+ (=4).0 0.(=1)+ (—4).0 )
00 )y \O 0 /), 0.0 + 0.0 0.(-1)+00 /,,

0 o)
p— p— 0(272)'
( 00 (2,2)

e By the same manner A x B = A x C does not mean that B = C.

Raising a square matrix M to a power p

We define the n'* power of a matrix M by :

MP=MxMx..xM (p time).

This multiplication is in the sense of the matrix product.

If My, ) is a matrix with n # m, we then cannot multiply M, ;) X M, m),
because the condition of the matrix product is not verified. It is therefore
necessary that n = m. This is why, one can raise to a power only square
matrices.

Example
Calculate A? where A:( 13 ) )
—4 -1
2.2)
A = AxA:( 14 31> x( 14 31>
T (2,2) T (2,2)
B ( 1.1+43.(—4) 1.343.(-1) )
—4.1+4+ (=1).(—4) —43+(=1).(-1) (2.2)
_ (—11 0 )
0 —11 (2.2)
10
- on( )
01 2.2)
- (—11)1d(22)
Remark

11



(A+ B)? = (A’ + AB+ BA + B?)
So, in the general case, (A + B)? # (A?+2AB + B?). We must first

check that AB = BA to have (A + B)?> = (A? + 2AB + B?).
Particular case

When the matrix is diagonal square, we can calculate its n'* power, by
directly raising its diagonal elements to the n'* power,

Example
m™ 0 O 7 0 0
N=| 0 —3 0 | isdiagonal,soN*=| 0 1 0
0 0 O 0 0 0

Matrix calculation
We now present some examples of matrix calculation. Let us first recall
that:

AB # BA (in general) and that
Ald = IdA = A (for all A)

The division in matrices is not defined, consequently, it is better to write
%A than % !

Let A, B and C be three square matrices of the same order. We give the
following calculation examples:

1) A(B4+C) = AB+ AC and,
(B+C)A = BA+CA

2) (2BA+ AC —Id)A = 2BA*+ ACA- A
A(B — %[d)A _ AB- %AQ

12



3) A2+ AB—A = A(A+ B - Id) and,
A*—2BA+A = (A>—-2B+1d)A

4) In (BA2 + AB) factorization is impossible, neither of A nor of B.

Invertible square matrices
Let A be a square matrix of order n.

We say that A is invertible if and only if we can find a matrix B of the
same dimension as A, verifying:

AB = BA = Id.
We say that B is the inverse matrix of A, it is denoted A~
Remarks
1) (A H ' = A

2) (AB)"' =B 1.A!
Examples

Find each time the expression of A~! in terms of A:

1) A +3A=1d= A(A+3Id)=Id= A" = (A +3Id).

2) 24* - A = 3Id

= A(24% - Id) = 3Id
= %A(2A2 —Id) = 1Id
= Al= %(2;12 — Id).



1.1.3 Calculation of determinants

Definition

The determinant of a square matrix A, denoted det(A) (or sometimes A
or even |A|), is a number that determines whether the matrix is invertible or
not, thanks to the following rule:

| det(A) # 0 < A is invertible. |

1) Second order determinants

Let A be the following matrix, A = ( a b ) , SO
(2,2)

c d
det(A) = | @ 0 —ad—cb
e =, g|=ad—cb
Example
M—((l) _41> , SO
(2,2)
det(M) = ’(1) _41‘
= 14— (-1).0
4 +#0,

det(M) # 0 which means that M is invertible, or equivalently that A/~1
exists.

2) Co-factors et co-matrices

Definition
Let :
11 Q12 ... Qi
A — ?21 G2 ... Agp
Ap1 Gp2 ... Ann

14



The cofactor of A associated with the i*” line and the j** column, noted

cof(A);, is the multiplication of (—1)"*/ by the determinant of order (n—1),
obtained by removing the i’ line and the j** column of A.

aiq al(j_l) Cll(j+1) A1p
cof(A);; = (—1)it AG-n1 - AG-1)(G-1) A6E-1)@G+1) -+ Ai-n
! Ai41)1 - QG+1)(—1) O+ D)G+1) - Oi+D)n
Qn1 An(i—1) A (i+41) Qnn
Example
1+1 2 2
1 0 1 cof (M), = (—1) 1 0 =2
M=10 2 =2 SO 10 .etc.
01 0 cof (M) = (=1)**| | ':—1
Definition

The co-matrix of A, denoted coA, is the matrix formed by all the possible
cofactors of A, that is:

cof(A)11 cof(A)a ... cof(A)n
cof(A)ar cof(A)ae ... cof(A)ay,
cod = : : :
cof (A cof(Aa . cof (A |
Remark

coA is of the same size as A.

Example

Here is a convenient method to calculate all possible co-factors of M, and
coM by the same occasion:



2 9 0 —2 0 2
Tl o] Tlo oo Tlo1
01 11 10
coll = _‘10' +'00‘ o1
Lot o 1o
2 9 0 —2 0 2
2 0 0
— | 1 0 -1
2 2 2

3) Higher order determinants

ar a2 ... QA1
. a1 A2 ... Aop,

Let be the matrix A = )
Ap1 Ap2 ... QAnn

(n.n)

To calculate the determinant of A, we must first choose a line i, then
apply the following formula:

det(A):Zn:CLijCOf(A)ij'

We say that we have developed the determinant with respect to the chosen
line 7.

Example

10 1
M={02 -2
01 0 /.,

*) Development relative to the first line:

det(M) = myjcoMyiy + myscoMis + myzcoMis
1.24+0.0+4+1.0
2

16



*) Development relative to the second line

det(M) = m2100M21 + m2200M22 + nggCOMg;g
0.14+2.0+ (-2).(-1)
2

Remarks

1) We can also expand the determinant with respect to the columns, by
the following formula:

n

det(A):ZaijCOf(A)ij'

=1

For example, expanding with respect to the first column gives us:

det(M) = myicoMiy + maicoMay + mgicoMs;
= 1.24+0.1+0.(-2)
= 2

2) You should know that the value of the determinant does not depend
on the row (or column) chosen.

3) By common sense, we expand the determinant with respect to the row
or column that contains the most zeros.

4) If in a determinant, a row (or a column) is completely zero, then this
determinant is zero.

5) If in a determinant two rows (or two columns) are identical or one is a
multiple of the other, then this determinant is zero.

6)

det(A) = det(A")
det(A.B) = det(A).det(B)

4) The Sarrus method (with respect to lines)

17



It is an easy and fast method, unfortunately it only applies for the calcu-
lation of the determinants of order 3.

We copy the first and the second line then we multiply the elements of the
descending diagonals and we add the result then we multiply the elements
of the ascending diagonals and we subtract the result.

Example
1 0 1
M= 0 2 -2
01 O
1 0 1
1 0 1 0 2 -2
detM=|0 2 -2|=] 01 O
01 0 1 0 1
0 2 -2
= 1.2.0+01.1+0.0.(-2)—-0.0.0-1.1.(-2) - 0.2.1
det M = 2.
Remark

We can also use the Sarrus method with respect to columns, which con-
sists in copying the first and the second column and writing them on the
right of the matrix then restarting the calculation in the same way.

= 1.2040.(=2).0+1.0.1 — 0.2.1 — 1.(—=2).1 = 0.0.0
det M = 2.

5) Particular case

To calculate the determinant of a diagonal square, upper triangular, or
lower triangular matrix, simply multiply its diagonal elements.

Example:

18



)

|
S o
|
N |
—_ o O

o

(33)

Then, det (N) = . (3).1 = (5F) # 0. We thus can conclude that N is
invertible.

Question  Give det Id.

Answer Whatever the size of the I'd matrix given, det Id = 1.

1.1.4 The inverse matrix calculus

Let A be a square matrix of order n.

If A is invertible, (that is to say that det A # 0 ), then its inverse matrix
is given by the following (important) formula:

’ Al = m(coA)t ‘

Exercise
Calculate M~!. How can we check the found result?

Correction

Since we have already calculated det M and coM , it remains to apply the
formula:

_ 1
Mt = detM(coM)t
L[ 2 00 !
-2 2 2
2 1 =2
1
0o -1 2



To check the result, just multiply M by its inverse M ~!. We must then
find the identity matrix.
Indeed, for our example:

1
MM! :% 0
0

1

0

0

important Remarks:
1) Id™'=Id.

1

2) det(47) = o

3) To have the inverse of a matrix which is diagonal, it suffices to invert
its diagonal elements.
For example

e}

N = =N"1=

(3,3) (3,3)

o o
o |
D=
_ o O
O O
|
[\
e}

20



1.2 Lesson N°2 Vector spaces and linear maps
1.2.1 Internal laws and compositions

Definition : Internal composition law

A set E is endowed with an internal composition law if at certain evens
(a,b) of elements of E, corresponds a well-determined element of E.

Examples
1) Addition is a law of composition internal to the set of real numbers.

2) Division is also a law of composition internal to the set of real numbers
defined when the divisor is not zero.

Definition : External composition law

Consider two sets E and K. Suppose that at any element a € E and that
to any element A € K we associate an element b € F.

We say that we have defined an external composition law on E.
Example
E is the set of vectors in three-dimensional space and K = R.

The multiplication of a vector @ by a real number \ is a vector (A ).
This operation is an external composition law on the set E.

1.2.2 Vector spaces
In what follows the set K denotes R or C.

Definition

We say that a set E is a vector space over the field K and we denote E
a K-VS if we can define on the elements of E -which we now call vectors-
two composition laws, one internal and one external satisfying the following
axioms:

e The intern operation: noted -+, it must be commutative, associative,
having a neutral element Oz and for which each vector v of E admits a
reciprocal (or inverse) element u' that verifies: u + v’ = Op.

Our internal operation must therefore verify:

21



1. Ve,ye E,(z +vy) = (y + )

2. Va,y,2 € E,(x+y)+z=a2+(y+2)

3.Vx e E,(x4+0p)=0g+2z)==x

4. Vre E,Ar e E/(x+2') = (¢/ +2) = 0p.

e The extern operation: denoted -, it is the multiplication by the (ex-
ternal) elements of K, which we will henceforth call scalars as opposed
to the vectors of E.

It must satisfy the following axioms:

1. Va € K,\Vz,y € E,a-(z +vy) = a-x+ «a-y.(Distributivity over
2. Vo, € K,Vx € E,(a+ ) - =a-x+ -z (Distributivity over

3. Vo, e K\Nx € E,(a-B) -z = a- (fx).
4. Vz € E,(1g - x) = x. 1k is the unity of K.

Operations 1. and 2. are called linear operations on the vectors of E.
Examples
The following sets are K-Vector Spaces:

e E the set of vectors of elementary geometry.

e P(n) the set of polynomials in one real variable of degree less than or
equal to n.

e S the set of convergent numerical series.

e 3 the set of solutions of a linear differential equation without second
member.

1.2.3 Immediate properties

1. Vx € E,OKSE = 0g.
2. Va € K,OJ.OE =0g.

3. Vae K,V € E,(a.x) =0 = a =0k or z = 0p.

22



1.2.4 Basic definitions and properties

Independent vectors, related families
By taking p elements (uj,us,...u,) from a K-VS, we constitute a family
(or a system) of vectors.

Definiion

One says that the p vectors are independent or that the family of p vectors
is free if and only if:

p
Vo, € K,Zaiui =0=aq;=0,i=1,p
i=1
. . . . p
Otherwise, that is, if there is p scalars «; not all zero such as Y a;u; =0
i=1
then the vectors (uy,us, ..., u,) are dependent or form a related family (not
free).

In this case, at least one of the «;, say «, is non-zero. We can then write:

AUy = —QUp — QU — ... — Op_1Up—1
p—1
Q;
= u,= E Aiu; where \; = ——
o
P

=1

We say that a vector of the family is a linear combination of the (p — 1)
other vectors.

Vector subspaces
Let E be a K-VS let F' C E be non-empty.

Definition

For F to be a vector subspace of E, it is necessary and sufficient that any
linear combination of vectors of F be a vector of F. We say that F is stable
under linear combination:

Yu,v € F.Va,f € K, (au+ pv) € F
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Examples
1) {0} is a vector subspace of all vector spaces.

2) The space of vectors parallel to a given plane forms a vector subspace
of free vectors of elementary geometry, it is called vector plane.

Generators, bases and coordinates

a) Consider a family of p vectors (uy, us, ..., u,) of a K-VS E. The set of
all possible linear combinations of these p vectors form a vector subspace F
of E. We say that F is generated by the family (us,us, ..., u,) or that the u;
are generators of F.

b) If the family above is free, then we say that it is a basis of E. We also
say generator free family of E.

Examples

1- Two independent, i.e. non-collinear, vectors of a plane constitute a
basis of this plane.

2- Functions y; = sinz and y» = cosz form a basis of the VS of the
solutions of the differential equation 3" + y = 0.

1.2.5 Theorem

For a family of n vectors 8=(ey, ea, ..., €,,) of a K-VS E to be a basis of E, it is
necessary and sufficient that any vector v of E admits a unique decomposition

with respect to this family, of the form : u = > z;e;.

=1

The scalars (z;) are called the coordinates (or components) of u with
respect to the basis 8= (e, e, ..., €,) .

1.2.6 Incomplete basis theorem

Let 8= (eq, €2, ..., €,,) be a basis of a K-VS E and let (uy, ug, ..., u,) be a family
of independent vectors of E with p < n.

We can then complete the family (uy, us, ..., u,) by (n—p) suitably chosen
vectors from 3 to form a new basis of E.
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Remarks
1/ Any basis of E has exactly n vectors.
2/ Any free family of E has at most n vectors.

1.2.7 Dimension

Definition

If there exists a natural number n such that the VS E has a basis made
up of n vectors, then any other basis of E is also made up of n vectors and
this number n is called dimension of E, denoted dim(E) .

dim(E) =n

Remarks

1/ If n is finite, the vector space E is said to be finite-dimensional, like
R2, R3.

2/ The space {0g} is of dimension 0 by convention.

Canonical basis
We often favour a basis that we call canonical and we represent it by the
n-tuples : {(1,0,0,...,0),(0,1,0,...,0),(0,0,1,...,0),...,(0,0,0,...., 1)} .

1.2.8 Rank

Let be a system of p vectors (uq, ua, ..., u,) of a K-VS of dim(E) = n.

The maximum number of free vectors that can be extracted from the
given system is called the rank r.

It is to highlight that :

r<n and r<p ie. r <inf(n,p).
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1.2.9 Linear maps

Definitions

Linear maps

Let E and F' two K-VS.
We call linear map of F into F' the map f : EF — I that verifies:

Vo, 3 € K,Va,y € E, f(azx + By) = af(z) + Bf(y)
Remark

It is easy to proove that, when f is a linear map, we then necessarily have

Kernel (or core)
We call the kernel of f and we denote by ker f! the reciprocal image of
the null vector of F', i.e.

ker f ={u € E/f(u) =0p}

Image
We call image of f and we denote by I'mf, the vector set f(u) such that
uisin F, i.e:

Imf={veF/FueE/f(u) =uv}
Or:

Im f ={f(u) withu e E}

Theorem
If F is of finite dimension, and f : F — F is a linear map, then one has:

dim(ker f) + dim(Im f) = dim F

lker comes from the German word kern which means core.
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Rank of a linear map
We call rank of a linear map f : E — F' the dimension dim(Imf) when
it is finite.

Remember that when dim(FE) is finite, then dim(Imf) is also finite.
One has :

rg(f) < n and
rg(f) = n<ker f={0Og} < [ is injective.

Reminder : Injection, surjection and bijection Let us recall the no-
tions of injection (or one-to-one), surjection (onto) and bijection maps, since
we are going to need them in the rest of this chapiter.

In mathematics, injections, surjections, and bijections are classes of func-
tions distinguished by the manner in which arguments (input expressions
from the domain) and images (output expressions from the codomain) are
related or mapped to each other. A function maps elements from its domain
to elements in its codomain. Given a function:

f: X—=Y

e The function is injective, or one-to-one, if each element of the codomain
is mapped to by at most one element of the domain, or equivalently,
if distinct elements of the domain map to distinct elements in the
codomain. An injective function is also called an injection.

Vo, o' € X, f(x) = f(a') = x =1

e The function is surjective, or onto, if each element of the codomain is
mapped to by at least one element of the domain. That is, the image
and the codomain of the function are equal. A surjective function is a
surjection.

VyeY,JxeX | f(x)=y

e The function is bijective (one-to-one and onto, one-to-one correspon-
dence, or invertible) if each element of the codomain is mapped to
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by exactly one element of the domain. That is, the function is both
injective and surjective. A bijective function is also called a bijection.

VyeY,dzeeX / f(z)=y
1.2.10 Matrix associated with a linear map

Let E be such that dim(FE) = n with basis 8 = (ey, €s, ..., €,) and F be such
that dim(F) = p with basis Br = (1,99, -, 9)) -

Let f: E — F be a linear map.

f is completely defined by giving the image of the vectors of 5 into F' :

(f(€1)7 f(62>7 ) f(en» :

Since f(e;) = a1jp; + (2js + ... + oy, We take : a;; the i coordinate
of f(e;) in the basis (py, s, ..., @) -
Considering u € E/ u = ) x;e;, one has:

=1

n p
flu) = Z%Zazj%
=1  j=1
Put :

y = f(u)
This means that :

Y1 = a111 -+ 12T + ...+ ATy
Yo = A21T1 + A22T2 + ... + A2, Ty

Yp = Qp1T1 + GpaTo + ... + QppTy
f is therefore perfectly known if we know the following rectangular table

which we call the matrix associated with the map f:

ai; ... . Qip
A=

Qp1 ... cee Qpp

Remark
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The number of columns of A is equal to dim(E) i.e. to n and the number
of lines of Ay is equal to dim(F) i.e. to p.

Example

Let E be such that dim(F) = 3 with basis B = (e1, €2, e3) and F' be such
that dim(F) = 4 with basis 8r = (¢, ©s, 3, ©4) -
Let f: E — F be the following linear map:

flr,y,2) =(x =2y —2z,-3x+y+2 —2x —2y —2z,—x + 3y + 2)

Take: (y1,y2,y3,9a) = f (2,9, 2).
We get the following linear system:

= — 2y — 2z
Yo = —3v+y—+z
ys = —2x — 2y — 2z
Yys = —x+ 3y +z2

Which is written in matrix form as follows:

n 1 -2 -2
Y2 . -3 1 1

ys | | =2 —2 —2 y
Ya -1 3 1 ‘

So, the matrix associated with our linear map is:

1 -2 -2
-3 1 1
Ar= 2 -2 -2
-1 3 1

(4%3)

1.2.11 Linear map associated with a matrix

Let E be a K-VS of dimension n provided with the basis Bg = {ey, €s, ..., €, }
and let I be a K-VS of dimension p provided with the basis Br = {uy, ua, ..., u, }.

Let f be a linear map from E into F' of corresponding matrix given by :

a1 . Qip
A =

Qp1 ... coe Qpp
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Let’s take : (y1,vy2, ..., ¥p) = f (21,22, ..., T) .

In matrix form, we can write:

U1 aip ... o Qp T

Yp pr oo - Qpp Tp

So, in the form of a system, we will have:

Y1 = a11T1 + A12T2 + ... + A1,Ty
Yo = A21T1 + G22To + ... + A2y Ty,

Yp = Ap1T1 + Ap2T2 + ... + AppTh

Which allows us to write:

f(l’l,IQ,...,l’n) = (y17y27"'7yp)
(@111 + @122 + ... + A1 T, Y2 , A21T1 + Q2272
+...+ a2y y ooy Ap1T1 + Ap2T2 + ...+ CLpn.In)

Which is exactly the linear map associated with the matrix A;.
Remarks

1. The matrix of a linear map depends on the choices of the bases of the

starting and the arrival sets.

2. Expression f (z1, %2, ..., x,) also depends on the choices of the bases of

the starting set and that of the finish.

3. Changing a basis changes the matrix and the expression f (x1, za, ..., z,) .
Example

Let E be a K-VS of dimension 3 provided with the basis B = {e1, €2, e3}

et Let F' be a K-VS of dimension 3 provided with the basis Br = {u1, ug, us}.

Let f be a linear map from F towards F of a corresponding matrix,

given by :
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-1 -2 1
Ar=| 2 -2 1
-2 -2 -1

Let us take: (X,Y,7) = f(x,y,2).

In matrix form, we can write:

X -1 -2 1 x
vy |=[ 2 -2 1 y
Z —2 -2 -1 2

So, the linear map associated with the matrix Ay is given by :

flx,y,z) =(—x — 2y + 2,20 — 2y + 2, —20 — 2y — 2)
1.3 Lesson N°3 Change of basis, transition matrix

It is necessary to keep in mind that the matrix of a linear map is a represen-
tation of it, which depends on the choice of the bases at the beginning and at
the arrival set. It is useful to know how to move from one basis to another.

Definition

Let E be such that dim(F) = n and consider two different basis of F,
= (617 €2, --ey €n> and § = (9017 (2 YRRS Spn) :

The vectors of 3/ can be expressed in the first basis 3 as follows:

1 = ai1€e; + aizez + ... + apey
Py = G21€1 —+ agey + ... + Ao2nEn

©p = Qp1€1 + Ap2e2 + ... + appéy

The square matrix P obtained by writing the above system of equations
in matrix form is called the transition matrix from basis 83 to basis 3.

a1 N AT
P =

Ap1 ... QApp
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Remark

1. P is necessarily invertible.

2. The matrix P! is the transition matrix from the 8 basis to the $
basis.

Example

Let 8(o, i, j) and (o, 7', j/) two orthonormal landmarks of R% We
consider the rotation on the origin o of angle 6.
So the transition matrix to pass from B to 8 is given by :

cosf —sinb
P= ( sinf cos6 )
1 [ cosf  sind
P _(—sinﬁ cos@)

Another way of basis change is the diagonalization of square matrices,
which we will expose in the following.

And its inverse is:

1.3.1 Diagonalization of square matrices

Diagonalizing a square matrix M amounts to finding a passing matrix P
which is invertible and a diagonal matrix D such that: M = PDP~!,

Unfortunately, not all matrices are diagonalizable. To know if a given
matrix is diagonalizable or not, we have to go through three steps:

1. Calculate its eigenvalues,

2. Calculate its eigenvectors,

3. Apply the Diagonalization Theorem.

In what follows, we will consider three examples on which we will apply
the theory in order to assimilate the basic notions:

5 3 1 0 0 1 4 -2
A—(41> . B=|l0 1 0], c=|( 0 6 -3
(22) 1 -1 2 14 0
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1.3.2 Eigenvalues
Let A € R,

Characteristic polynomial

We call characteristic polynomial of a square matrix A and we denote it
by P()), the determinant of the matrix (A — AId), in other words P(\) =
det(A — \Id).

Eigenvalues
The eigenvalues of the square matrix A are the roots of its characteristic
polynomial, i.e. the solutions of the equation

P(\) = 0.

-(39)

Find the eigenvalues of A:
Calculate the characteristic polynomial, first :

10 A0
i = (5 9)=(0 %),

N (A—Ald):<i_)‘ ?_A).

Example 1

4 1—AX
= (2-N)(1—)) —12

P(A) = det(A—AId):‘ 2—-X 3 ’

P(\) = \* — 3\ — 10.

To find the roots of P()\), we must factor it, by calculating the discrimi-
nant:
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A = (=3)* —4(1)(—10) = 49,
So )\1 = —2 and )\2:5
P(A) = (A+2)(A—5).

P()\):O<Z>A1:—2 and )\2:5

So, the set of eigenvalues of A , denoted o(A) is :

o(A) ={-2,5}
Example 2

Find the eigenvalues of B:
Calculate the characteristic polynomial:

(B — \d) = 0 1-X 0
1 -1 2-2A
1—-XA 0
P(\) = det(B—Xd)=| 0 1-2)\
1 —1
= (1-XN2(2-)).

P()\):(){:})\lz]. and Ay = 2.

So, the set of eigenvalues of B , denoted o(B) is :

o(B) ={1,2}
Example 3

1 4 =2
C= 0 6 -3
-1 4 0
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Find the eigenvalues of C:
Calculate the characteristic polynomial:

1-\ 4 -2
(C-Md)=| 0 6-x -3
1 4 -

1-X 4 -2
P(\) = det(C—Md)=| 0 6-\ —3
—1 4 =

= — (P =7 +16)-12).

Note that \; = 2 is an apparent root, we therefore make an Euclidean

division by (A — Ay):

A —7AZ 4 16) — 12 A—2
—2)\? A2 —B5\+6
—5A2 + 16\ — 12
10\
6\ — 12
0

We get :

P(A)=—(A=2)(\*=51+6).

It remains to factorize (A* — 5\ + 6) by calculating the discriminant A.

A= (-5)2—4(1)(6) =1,50,A\; =2 and A, = 3.
POY=—(A\=2)(A=2)(A=3) = —(A=2)*(A—3)

P()\):O@)\1:2 and )\2:3

So, the set of eigenvalues of C' , denoted o(C) is :

o(C) = {2,3}
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Multiplicity of eigenvalues

The multiplicity of the eigenvalue A is the number of times it is the
root of the characteristic polynomial, that is, its power in expansion of the
characteristic polynomial.

In example 1, the multiplicity of Ay = —2 and Ay = 5 is equal to 1, We
say that they are simple eigenvalues.

In example 2, Ay = 2 is a simple eigenvalue, but the multiplicity of \; = 1
is equal to 2, it is said to be a double eigenvalue.

In example 3, \; = 2 is a double eigenvalue. \y = 3 is a simple eigen-
value.

1.3.3 Eigenvectors
Definition the solution space and its dimension

Let (S) be a non-Cramerian system, where the solution is given by the
parameter « as follows :

T = ax
y=ba ,a€R.
Z = cx

The set E = {(z,y,2) € R¥/z = aa,y = ba, 2 = ca, o € R} is called the
solution space of (S).
a
We say that the vector V' | b | is the vector that generates E the solu-
c
tion space of (S).
There are as many generating vectors as there are parameters in the
expression of the solution.
We call dimension of the solution space and we denote dimFE, the number
of vectors generating the space E.

Definition eigenspace associated with an eigenvalue

Let \; be an eigenvalue of a matrix A,

The solution space of the non-Cramerian system (A — \;/d)X = 0 is
called eigenspace associated with );, it is noted E},.
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The eigenvectors associated with the eigenvalue \; are the vectors which
generate the eigenspace L),.

Calculation of the eigenvectors of A
*) For \; = —2:

(A= MId)X =0« (A—(-2)Id) X =0

-3
The vector generating the eigenspace is V; ( 4 ) , s0 dimEy, = 1.

*) For Ay = 5 : 1
(A= XId) X =0 (A— (5)Id) X =0
= (7 5)0)-(0)

—3z+4+3y =0
dr —4y =0

T=y
yeR "’

{x_&,aGR.

y=a

. . . 1 .
The vector generating the eigenspace is V5 ( 1 ) , so dimkbE), = 1.
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Calculation of the eigenvectors of B

*) For A\ = 1:
(B=—MId)X=0& (B-(1)Id)X =0
00 O x 0
& 00 O y |=120
1 -1 1 z 0
0=0
& 0=
r—y+z=0
r=y—=z
& yeR
zeR
r=a—p
& Y=« ,a€R B eR.
z2=0
1
The vectors that generate the eigenspace are V; [ 1
0
dimE,\1:2.
*) For \g = 2:

(B=XId) X =0« (B—(2)Id)X =0

-1 0 0 T 0
& 0 -1 0 y |=120
1 -1 0 z 0
— =
& —y =
r—y=
r=20
= Yy =
z€eR
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x=0
y=0 ,a€eR.
2=«
0
The vector generating the eigenspace is V3 [ 0 |, so dimFE,, = 1.
1

Calculation of the eigenvectors of C

*) For Ay =3
(C—MId)X =0 (C—-3)Id)X =0
-2 4 =2 x 0
& 0 3 -3 y |=10
-1 4 -3 z 0
—2x+4y—22=0 (1)
& 3y—32=0 (2)
—r+4y—32=0 (3)
. -2 4 .
Since A = ‘ 0 3 ' = —6 # 0, we sacrifice the parameter z, and we

keep equation (3) as verification equation: (2) &y =z .
Replacing in (1) & —2x4+4(2) =22 =02 = 2.
(3) & —(2) +4(2) — 32 = 0, is verified.

Finally
T =2z =
y=2 <4 y=a ,acR.
z€eR z2 =«
1
The vector generating the eigenspace is V3 [ 1 |, so dimFE),, = 1.
1
*) For Ay = 2:

(C = XoId) X =0 (C— (2)Id) X =0

39



—r+4y—22=0 (
& 4y —32=0 (2)
—r+4y—22=0 (3)
. -1 4 .
Since A = 0 4|7 —4 # 0, we sacrifice the parameter z, and keep

equation (3) as a verification equation: (2) &y = 3z
Replacing in (1) < —z+4 (22) =2z =0& 2z =2
(3) & —(2) +4(32) — 22 = 0, verified.

Finally
r=2z r=a«
y=3z &¢ y=3a ,aeR
zeR 2=«

The vector generating the eigenspace is V5 , 50 dimFE), = 1.

— s =

1.3.4 Diagonalization theorems

Theorem 1
Let M be a square matrix (n x n).
If M has n simple eigenvalues, then M is diagonalizable.

Theorem 2
If each eigenvalue of M has an eigenspace of dimension equal to its mul-
tiplicity, then M is diagonalizable.

Example 1:
For matrix A, one has:

Eigenvalues | multiplicity | dim E)
A= -2 1(simple) 1
A2 =05 1(simple) 1
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A is of order 2 and it has 2 simple eigenvalues, then A is diagonalizable,
(by Theorem 1).

Example 2 :

For matrix B, one has:
Eigenvalues | multiplicity | dim E)
Ar=1 2(double) 2
Ao =2 1(simple) 1

Which means that B is diagonalizable, (by Theorem 2).

Example 3 :

For matrix C, one has:
Eigenvalues | multiplicity | dim E)
=3 2(double) 1
Ao =2 1(simple) 1

so C' is not diagonalizable.

Diagonalization

Theorem 3

if M is a diagonalizable square matrix, then M = PDP~! where D is
the diagonal square matrix formed by all the eigenvalues of M and P is the
square matrix formed by the associated eigenvectors, in an ordered way.

Example 1

=~

A= PDP ' where D= (

-2 0 —= 1
0 5) aundP(1 1).

Example 2

1 -1
and P = 1 0
0 1

— o O

1
B=PDP ! where D=1 0
0

o = O
N OO

41



Usefulness of diagonalization
When we diagonalize M, we find P and D that verify M = PDP~! we
can then calculate the nth powers of M easily, since:

M = PDP™!
M? = M.M =PDP 'PDP = PD?P !(because P 'P = Id).
M? = M*>M = PD?P'PDP~!'=pPD3pP!

M"™ = pD"P~ .

Knowing that D" is easily obtained, one can caculate M".

Exercise
Calculate A%
Correction

We start by calculating P~ :

_3 1
— 4
P ( 11 > ; and
4
D = ( 02 (5) ) = D*= ( ( 02 ) (50>4 ) because D is a diagonal matrix
(16 0
= D ( 0 625

At = pD'P!
12 16 0 —4 4
o7\ 11 0 625 4 3

(364 261
— o\ 348 217 )
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1.4 Series of exercises N°1

Exercise 1

0o 1 -1
I) Let A be the matrix: A=| -3 4 -3
-1 1 0

1/ Verify that : A2 — 3A + 2Id = 0.
2/ Using the first question, calculate A~1.
3/ Confirm the result found in question 2 of A~! by another method.

IT) Let be the matrix A = ( (1) _21 ) .
Calculate A", Vn > 1.

Exercise 2
1) Calculate the determinant of the following matrix:
2—x 2 0

Ka)=[ 1 1-2 o0
0 0 4—uz

2) What are the values of x for which K (z) is invertible?
Exercise 3
— —
Let 6 € R. Let 8(o, i, j) and 8(o, ¢, j') two orthonormal landmarks

of R2. We consider the rotation on the origin o of angle 6.

A(D) = < cosf) —sinf )

sinff cosf

1) Calculate A'(6), A%(9).

2) Show that A(f) is invertible and calculate A~*(6).

Exercise 4

Check if the following spaces are vector subspaces of the K-VS R3 :
1. A={(x,y,2) € R®/z > 0}.

2. B={(z,y,1) e R?/z,y € R}.
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3. C={(x,y,2) e R¥/z? + ¢y + 22 < 1}.

4. D ={(z,y,2) € R?®/z = 2y and z = 0}.

Exercise 5

1. For what value of k the following vector of R® | u = (1,—-2,k) is a
linear combination of the two vectors a = (1,1,1) and b = (1,2, 3)?

2. Show that the vectors a = (1,1,1),b = (1,2,1), and ¢ = (2,—1,1)
generate R3.

Exercise 6
1. Show that the functions f, g and h defined by:

flz) ==z, g(x) = sinz, h(z) = cosx

are linearly independent in the set of functions of R into R, noted F (R, R).

2. Let the vectors a = (0,1,—1),b = (—1,0,1), and c¢= (1,—1,0) of R3.

a) Show that these vectors are independent in evens.

b) Is the family {a,b, ¢} free?

¢) What is the dimension of the vector space generated by this family?

Exercise 7

Let E be the vector subspace of R* generated by the vectors :
a=(-1,1,-3,0),b=(1,2,0,1),c = (2,1,3,1)

Give a basis of E and determine dim(FE).

Exercise 8

Show that the vectors:

a=(1,1,2,1),b=(1,-1,0,1),c = (0,0, ~1,1), and d = (1,2,2,0)
form a basis of R?.
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2/ Find the coordinates of the vector u = (1,1, 1,1) in this basis.
Exercise 9

Say if the following maps are linear or not:

1. f:R?—R3/f(z,y) = (v +y,z — 2y,0).

2. g:R* -5 R3/g(z,y) = (v +y,z — 2y,1).

3. h:R? = R/h(z,y) = 2% — >

Exercise 10
1/ Let f:R? — R? be the linear map defined by
f(l',y> = <$+yax_yax+y)'
Determine the kernel of f then find its image.
Can you tell if f is injective (one-to-one)? Surjective (onto)?
2/ Let f: R?® — R? the linear map defined by :
flz,y,2)=(-3z—y+2z 8r+3y—2z,  —dxr—y+2z).
a) Determine a kernel basis of f along with its dimension.
b) Is f injective?
¢) Find a basis of Im(f).

Exercise 11

Let the two following matrices:

2 2 0 1 0 0
A=1 10|, M= -2 0 -1
00 4 —2 -2 1

1/ Find the eigenvalues of A and M.

2/ Find the eigenvectors associated with the eigenvalues of the two ma-
trices.

3/ Give the diagonal matrix D and the transition matrix P for both
matrices.
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1.5 Correction of the exercise series N°1

Exercise 1

0 1 -1
I) Let A be the matrix: A=| -3 4 -3
-1 1 0

1/ Verify that : A2 —3A+2Id=0:

0 1 —1 0 1 —1
A =1 -3 4 -3 -3 4 -3
-1 1 0 -1 1 0

-2 3 =3
= -9 10 -9
-3 3 -2

(@]
—_
|
—_
— SN——————
O O N
o
|
w0
w

—3A=-3| -3 4 3 |=9 -12 9
-1 1 0 3 =3 0
100 0 0
2[d=21 0 1 0 | = 20
0 01 0 2
-2 3 -3 0 -3 3 2
A? —3A+2Id = -9 10 -9 |+19 —-12 9 |+ O
-3 3 -2 3 =3 0 0
000
= 000
000

2/ Using the first question, calculate A~ :

A2 —3A+2Id = 0
o A2 —-3A=-2Id
& A(A-3Id) = —2Id

S0,
-1

Finally
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o™
0__331
N PR N
L 1
— —
e T

3/ Confirm the result of A~! by another method.

(coA)*

1
det A

A—l

-3 4 3 |=2

det A

™ — ™
L= <2
+ 1+
[ap) — — ™M
< 1 <20
(Al — (ap]
I
_ + N
i
1_3
[ap) — — ™M
@] [a)
_ _ [ —
3_3
<t = = <A
311
+ + |
I I
<
&)
QO

3 -1 1
(coA) =3 -1 3 |.
1 -1 3

S0,

-1
-3 1.
-3

-3 1
-3 1
-1 1

{

3 -1 1
3 -1 3 | =
1 -1 3

— |

A7l =

-1

II)A:(
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1 2 ) )
(0 _1> if n is odd

Vn > 1, A = 10 . )
01 if n is even

Exercise 2

1) Calculate the determinant of the following matrix:

2—x 2 0
K(z) = 1 11—z 0
0 0 4 —x

2—x 2

det(K(x)) = (4 — x) 1 1—g

=@-2)[2-2)(1-2) -2

=4 —1)(2* —3z) =24 —z)(z —3)
2/ What are the values of x such that K (x) is invertible?

det(K(z)) =0 z(4—2)(r—3)=0& 2 =0,z =4,or z = 3.

For K (x) to be invertible, it is necessary that = € R\ {0, 3,4} .

Exercise 3
— — — —
Let # € R. Let 8(o, i, j) and 8 (o, 7, j') two orthonormal landmarks

of R2.
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We consider the rotation on the origin o of angle 6.

sinf cos®

A(B) = < cosf —sin )

Knowing that:

cos? () —sin? (#) = cos(20)
2cosfsinf) = sin(20)
cos? (0) +sin?(0) = 1

AD) = cos sme)

—sinf cosf

sinf cos®

cos? (0) —sin? () —2cos fsin 0
2cos€sm0 cos? (0) —sin? (0)

- (o i)

2) Demonstrate that A(#) is invertible and calculate A~

cosf —sinb
det A(9) = sinf cos6

= 1#0.
So A(0) is invertible.

+cos 6 —sinf

¢ cos sin 0
[co (A@))]" = ( —sinf cosf )
—1 . 1 t
A0 = s eo(A0)
B 1 cos sin 6
1\ —sinf cosf
1 _ cosf  sinf
A7) = ( —sinf cosf )

49

sinf cos6

(
20) — <0089 —sme)(cose —sin @
(

)

' = cos? (6) + sin

cos 6

co(A(0)) = ( —(—sinf) +cosd ) - ( sin 0

H(6).

—sind
cos 6

)



Exercise 4
Check if the following spaces are vector subspaces of the K-VS R3 :

1. A={(x,y,2) € R¥/z > 0}.

One has : A C R?® and A is non-empty since it contains the vector
(0,0,0) for example.

Then just take u = (4,0, —1) and A = —1 for example to have

Au = (—4,0,1) ¢ A.
So, no, A is not a vector subspace of R3.

2. B={(x,y,1) € R®/z,y € R}.
B is not a vector subspace of R? because (0,0,0) ¢ B.
3. C=A{(x,y,2) e R¥/a? +¢y*> + 22 < 1}.
One has : C C R? and C is non-empty since it contains the vector
u= (%, %, %) for example.
Then just take A = 2 for example to have \u = (1,1,1) ¢ C.

so, C'is not a vector subspace of R3.

4. D ={(z,y,2) € R®/z =2y and z = 0}. It is easy to see that D C R?
and that D # ().

Let a, f € K,u= (z,y,2),v = (2/,y,2') € D . One has :

ar + B2’ = a(2y) +B(2Y)
= 2(ay + ByY)

And since z = 2’ = 0 then az + 52’ = 0. So (au + pv) € D. One may
then conclud that D is a vector subspace of R3.

Exercise 5

1. For what value of k the following vector of R® , u = (1,—2,k) is a
linear combination of the two vectors a = (1,1,1) and b = (1,2,3)?

The vector v = (1, —2, k) is a linear combination of the two vectors a and
b if we can find two scalars o and [ that verify:
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u=axr+ Py
We then have:

(1,-2,k) = «(1,1,1)+ 5(1,2,3)
= (a+8, a+28, a+3p)
a+p=1
& a+28=-2
a+38=k
& k=-5

2. Show that the vectors a = (1,1,1),b = (1,2,1), and ¢ = (2,—1,1)
generate R3.

We must show that any vector u = (z,y, z) of R?® is written as a linear
combination of a,b and c.

That is, there are scalars «, 3, such that u = aa + b + ve.

i.e:

(#,y,2) = (a+B+2y, a+28-7, a+38+7)
a+fB+2y=ux
S § at2B-v=y
a+38+y==2
a+fB+2y=ux
& —B+3y=x—y
—284+y=x—=2
a+f+2y==x
< —f+3v=x—-y

-9y =—r+2y—=z2

Which gives :

5:%(—2x—y+3z)
v=3(—-2y+2z)
a=r+y—=z

Since the dim(R?) = 3 then the family {a,b, ¢} form a basis of R3.
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Exercise 6
1. Show that the functions f, g and h defined by :

f(x) =z,9(x) =sinz, h(zr) = cosx

are linearly independent in the set of functions of R into R, noted F (R, R).
Let the scalars «, 3,7 be such that af + 89 + vh = 0zr )

let’s remember that 0zgg) is the zero function of R into R. It is the
neutral element of F(R,R).

So, one has :
Vo € R,af(r) + Bg(x) +yh(z) =0

Especially for x = 0,m and 7 one obtains :

a0+B0+v1=0
a(Z)+B1+~4.0=0
arn+pB0+v.(-1)=0

Which gives: a = =~ =0.

Finally, we have the following equivalence:
af +Bg+vh=0rer & a=F=7=0

So, the given functions are linearly independent.

2. Let be the vectors a = (0,1,—1),b = (=1,0,1), and ¢ = (1,—1,0) of
R3.

a) Show that these vectors are independent in evens.
Let’s show that a and b are linearly independent:
Let the scalars a, 8 be such that aa + b = 0.

So,
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a(0,1,—1)+ 3(=1,0,1) = (0,0,0)

-8 =
& a=20

_a+5:
S a=[0=

This implies that a and b are linearly independent.

By the same way, we show that a and ¢ are linearly independent and that
b and c are linearly independent too.

b) Is the family {a, b, c} free?

Suppose that aa + Sb + v¢ = 0 where «, 3,y are scalars. We will then
have:

a(0,1,—-1) + 5(-1,0,1) +v(1,-1,0) = (0,0,0)
—B+~7=0
& a—v=0
—a+3=0
& a=f=79

Therefore, we have an infinity of solutions, the scalars «, 5,7 don’t have
to be all zero.

Family {a, b, c} is consequently not free, it is dependent.
Remark

We could just notice from the beginning that : a = =7 = a+b+c=0
for example.

c) What is the dimension of the vector space generated by this family?
Let S be the set generated by the family {a,b, ¢} :

S = {veR¥v=oaa+pb+yc, where a,B,v R}
= {weR/v=a(-b—c)+ pb+ryc, where a,B,v € R}
= (weR/v=(—a+p)b+(—a+~)c, where a,B,v€R}
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So b and ¢ generate S and since they are two linearly independent vectors
then they form a basis of S. Which means that dim(S) = 2.

Remark

Similarly, we can prove that {a, b} and {a, ¢} also form two different basis

of S.
Exercise 7

Let E be the vector subspace of R* generated by the vectors:

a=(-1,1,-3,0),b=(1,2,0,1),c = (2,1,3,1)

Give a basis of E and determine dim(FE).

One has :

E={veFE*)v=aa+ pb+~yc, where a,B,v€ R}

If the vectors a, b, ¢ are linearly independent and the family {a, b, c} gen-
erates E then it forms a basis of E and therefore dim(E) = 3.

But, notice that b = a + ¢ , which means that the vectors are not linearly
independent, that’s why dim(FE) < 3.

So,

E = {veE*v=aa+p(a+c)+re, where a,B,v € R}
= {ve E*/v=(a+Ba+ (B+7)c, where a,B,7€ R}

This demonstrates that a and ¢ generate E. It remains to show that a
and c are linearly independent:

Let the scalars «a, 8 such that aa + Sc = 0.

Yet:

a(—1,1,-3,0) + 5(2,1,3,1) = (0,0,0,0)
20— (=0
a+ =0
3a—38=0

o =
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That way, a and c are linearly independent. They therefore form a basis
for E. Therefre, it is concluded that dim(E) = 2.

Exercise 8

Demonstrate that the following vectors :

a=(1,1,2,1),b=(1,-1,0,1),c = (0,0, —1,1),d = (1,2,2,0)

form a basis of R*.
Since dim(R*) = 4 it is enough to show that the family{a,b,c, d} is free

or that it engenders R*.

We will show the second option, that is that it generates R* :

Let X = (z,y, 2,t) € R, we need to find scalars a, 3,7, d such that

X = aa + b+ ye + dd.

ie:
(x,y,2,t) = «(1,1,2,1)+ 5(1,-1,0,1) +~(0,0,—1,1) + (1,2, 2,0)
a+pf+d=ux
a—[B+20=y
< 20— 7+ 20 =2
a+pB+y=t

After calculations, we find:

(—4x —y + 3z + 3t)
dr—y—2z—1)
(y—z+1t)

(

2r4+y—z—t)

2 ™ Qo
Il
D10 [ [ =

2/ Find vector coordinates u = (1,1,1,1) in this basis.

Just replace (x,y, z,t) by (1,1,1,1), one finds:

2 @R
|
DO T [ =y [

ot
ot



Which gives : u = 411@ + }lb + %c + %d.
Exercise 9

Say if the following maps are linear:

L f:R* >R/ f(z,y) = (v +y,2 —2y,0).
Let u = (z,y) and v = (2/,3) be in R? and let A be in R :

flutv) = (z+2)+w+y), (@+2")-2(@wy+y),0)
(z+y,2—2y,0) + (2" + ¢, 2" —2¢/,0)
= f(u)+ f(v)

Likewise :

fAu) = Az + Ay, \x — A (2y),0)
= Mz +y,2—2y,0)
= M)

So, yes,, f is a linear map.

2. g: RQ - R?’/g(:my) = (x—i—y,x - 23/,1)
Since f(0,0) # (0,0,0) then no, g is not a linear map.

3. h:R* > R/h(x,y) = 2% — y*.
One has :

f(lv()) = 1>f(_170):1af(070):0
f<1’0)+f<_170) = 27£f(070)

Hence h is not a linear map.

Exercise 10

1/ Let f: R? — R? be the linear map defined by:
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Find the kernel of f then its image. Is f injective? Surjective?

ker f = {u € R?/f(u) = 0}

r+y=0
flu) = 0&¢ z2—y=0
r+y=20
r+y=0
20 =0
o x=0
y=20

So: ker f = {(0,0)}. Which means that f is injective.

Imf = {v=(abc)€R/Tu=(z,y) € R?/f(u) =v}

rt+y=a
flu) = v v—y=0>
r+y==c
- o
& y=1222
c—a=0

So :

Im f = {v=(a,b,c) € R*/c—a=0}
Just notice that v = (1,1,0) ¢ Im f hence f is not surjective.
2/ Let f:R? — R3 be the linear map defined by:

flz,y,2) = (=3 —y+ 2,8x + 3y — 2z, —4x — y + 22).

a) Determine a basis of the kernel of f and its dimension.
ker f = {u € R*/f(u) = 0}

—3r—y+z2=0
flu)=0& ¢ 8+3y—22=0
—dr—y+22=0
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After solving, we find:

(x,y,2) = (x,—2z,x)
x(l, -2, 1)

Hence a kernel basis of f is the one-element family {(1,—2,1)}, which
implies that dim(ker f) = 1.

b) Is f injective?
As the kernel is not reduced to Ogs, f is not injective.

c¢) Determine a basis of Im(f).
Im f = {v=(a,b,c) € R?/Fu= (z,y,2) € R®/f(u) = v}

—3r—y+z=a
flu)=0& ¢ 843y —22=10
—4r —y+2z=c
After solving, we find:

Im f ={u=(a(-3,8,—4) + b(—1,3,—1) + ¢(1,-2,2)}

Taking u;(—3,8, —4) and uy(—1,3,—1), it is easy to show that {ui,us}
constitute a basis of Im f.

Exercise 11

2 20
o Let be the matrix A = 110
0 0 4
1/ Find eigenvalues of A.
2— )\ 2 0
det(A — \ld) = 1 1—A 0
0 0 4 — )\
2— )\ 2
1 1—A



det(A—Md) = (4—A) [N\ =3)]
= A4-N(\-3).

det(A—Ald)=0< A =0o0r \y =4 or A\3 = 3.
The eigenvalues of the matrix A are then:
M =0, =4 X3=3

2/ Find the eigenvectors associated with the eigenvalues of A:
*/ For: A\ =0:

2—-0 2 20
(A= \Id) = 1 - 110
0 4 0 0 0 4
2 20
(A-MId)X =01 10
0 0 4
204+ 2y =0
xr = —
& r+y=20 @{
Z:
z=0
or ¢ y=u
z=0
—1
The first eigenvector is : V; = 1
0
*/ For: \y=4:
2—14 2 0 -2 2 0
(A—Xld) = 1 1-4 0 = 1 =30
0 0 4-4 0 0 0
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-2 2 0 x
A-XIld)X = 0& 1 -3 0 y | =
0O 0 0 z
—2x+4+2y=0 x =0
& r—3y=0 ¢ y=0
0=0 z
z=0
or y=20
z=«
0
The second eigenvector is : Vo = | 0
1
*/ For: A3 =3:
2-3 2 0 -1 2
(A —N3ld) = 1 1-3 0 = 1 =2
0 0 4-3 0 O
-1 2 0 x
(A= XId)X = 0& 1 -2 0 y | =
0 0 1 z
& _ijgyig @{xzzy
y= z2=0
Z =
T =2«
or Y=«
z=10
2
The third eigenvector is : V3= | 1
0

3/ Give the diagonal matrix D and the transition matrix P:

-1

D: P:

)

O O O
O = O
w O O
_ o O
O~ N

1
0
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e Consider the matrix :

1/ Calculate the eigenvalues of M.

1-A 0 0 o
det(M —Ad)=| —2 —A -1 ::Q—AW_Q 1_A’
2 -2 1-)\

=1 =N[=N 1= =2

det(M —Md)=(1-A) [N =A=2] =(1-A)(A+1)(A—2).

det(M—)\[d):0(:>A1:10r/\2:—10r)\3:2.

The eigenvalues of the matrix M are then : Ay =1, Ay = —1, A3 =2.

2/ Compute the eigenvectors associated with the eigenvalues of M.

¥/ For: A\ =1:
1—-Xx 0 0 0O 0 O
M-xId)=[ -2 —x -1 |=[-2 -1 -1
—2 -2 1-X -2 =2 0
0O 0 O T 0
(M-MIDX =0& [ -2 -1 -1 y | =1 o
-2 =2 0 z 0
0=0 o
s 2r—y—2=0 <:>{ :zy
—2x —2y =0 N
Or :
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y=a
z=«
-1
The first eigenvector is : V; = 1
1
*/ For: Ay =2:
1—X O 0
(M — X\ 1d) = -2 =X -1 =
-2 -2 1-=X
2 0 0
(M —=XId)X = 0| -2 1 -1
-2 =2 2
20 =0
& 2r+y—2=0 &
—2r—-2y+22=0
rx=0
y==z
y==z
Or :
x=0
y=a
z =«
0
The second eigenvector is : Vo = | 1
1
*/ For A3 = 2:
1—X3 O 0
(A —X3ld) = -2 =3 -1 =
-2 -2 1—=X3
-1 0 0
(A= Xld)X=0& | -2 -2 -1
-2 =2 -1

0 0
1 -1
-2 2

0



—r = r=0
S 2r—-2y—2=0 & ¢ z2=2y

—2r—2y—2=0 z =2y
Or :
x =0
y=ao
z =2«
0
The third eigenvector is : V5= 1
2
3/ Give the diagonal matrix D and the transition matrix P:
1 0 0 -1 00
D=0 -1 0|, P= 1 11
0 0 2 1 1 2
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2 Chapter 2 Systems of Linear Equations

2.1 Generalities

We call linear system of n equations with p unknown a system of the type:

1171 + a2 + ... + A1pTyp = bl
(S) : 2121 + 2T + ... + a2pTp = by

Ap1T1 + ApaTa + ... + QppTp = by
Where the (a;;) and the (b;;) are real constants and the (x;;) are the

variables or unknowns of the system (S) for 1 <i<mnand 1< j <p.

Solving the system (S) amounts to finding the unknowns (z;;) .
2.2 Study of the set of all solutions

The set of solutions of a given system is the set of all its possible solutions. It
is generaly noted S. It does not change if the following elementary operations
are performed on its equations:

*) Change the order of the equations.

*) Multiply an equation by a nonzero constant.

*) Add to an equation a multiple of another equation.

)
)
)
)

*) Change order of variables.

The matrix form
Any system of linear equations is written in the following matrix form:

a1l a2 o Q1n T bl
21 22 e A9y, ) bg
(S) & . = _
a a .. a T b
o T2 "/ (n.p) P/ (1) ARCRY
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Take:

a1 a1z ... Qip
A1 Qg2 ... oy

A = _21 > ) 2 = (@) (n,p) the coefficient matrix.
Qp1 Ap2 ... Qpp (n.p)
T
X2

X = _ = (%ij)(py) the unknowns vector.
RAVARY
b1
ba

b = ) = (bij)(n,1) the vector of the second member.
b
"/ (1)

So, now one gets :

(S): AX =b..... (Eql)

Matrix form Properties
e We can go from the matrix form to the "system" form by multiplication.

e In matrix form, the rows represent the equations and the columns rep-
resent the variables, for example, the first row corresponds to the first
equation of the system, the second row to the second system equa-

tion...etc.
an
a1 | . . .
e Also, the column . is the column corresponding to variable x1,
Qn1
a2
a9 . .
the column corresponding to variable x5 ...etc.
an2
Example

Consider the following system of linear equations, where the number of
equations is equal to the number of unknowns.
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We are going to use this example several times to present different meth-
ods in the subsequent paragraphs :

2+y+r—-8=0
(S):¢ x—324+2y=>5
y—3r—2—-2=0

This given system is not ordered, we must first the ordinate before writing
the matrix form, that is, we must write it correctly, as follows:

r+y—z2=28
(S):q v+2y—32=5
3r—3y—z2=2

To solve this system, we first turn to the matrix form...

We separate the coefficients of the variables in a matrix, the variables
in a column vector and the second member in another column vector, (S)
becomes:

1 1 -1 T 8
(S) 1 2 -3 y — [ 5
373 1/ sa \# /sy 2/ 1)
Take:
1 1 -1 T 8
A=11 2 =3 X=1|y b= 5
373 1/ s /6 2/ )
So now, one gets :
(S): AX =b..... (Eql)

Cramer’s systems
Definition
A system of linear equations is said to be Cramer’s if and only if:

1) We have a number of equations equal to the number of unknowns.
That is, it is a square system.

2) The Matrix A is invertible (i.e. det A # 0).

Theorem Every Cramerian system admits a unique solution.
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2.3 Resolution of Cramerian Systems

2.3.1 Inverse matrix method

Given a Cramer system AX = b.

Since the matrix A is invertible (that is to say that A~! exists), we can
multiply the equation (Eql) by A, we find:

(Bql) & A'AX =A1
& IdX = A"

o [X=27)
To find the X, we have to calculate A~ then multiply it by b.

Attention, we multiply by A~! on the left because the product bA™! is
not possible (because of the dimensions).

1 1 -1 ~11 -8 -9
detA=|1 2 —=3|=-10, coA = 4 2 6
3 -3 -1 -1 2 1
So:
—11 4 —1
1 -1
1= Af=—1| -8 2 2
Ty 06 1
Finally :
14—l 8
= = -8 2 2 5
-9 6 1 /.0 \2/4y

(—11).8 +4.5+(—1).2

-1
= T —(8).84+25+22
(—9).84+6.5+1.2
10\ 40
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7 x="17
X=1]25 or y=2>5
4 z=4
So the solutions set of system (.5) is given by :

S={(7 5 1))

2.3.2 Cramer’s method (or determinants)

For this method, one takes :

1 1 -1
A=detA=|1 2 -3|=-10,
3 -3 -1

Called main determinant.

We call determinant associated with a given variable, the determinant

found by replacing the column corresponding to this variable by the vector
of the second member, so we have:

8 1 -1 1 8 —1 1 1 8
Ay,=15 2 =3|=-70,A,=|15 —=3|=-50,A,=|1 2 5 |=-40
2 -3 -1 3 2 -1 3 =3 2

And we claim that :

_Az _AT _AZ
o= y=32=%]
Which gives:
’xzj—zgzﬁyzj—?g:&z:_—‘m:é‘

So we get the same solutions set of system (.5) as by the previous method,
which is given by :

S={(7 5 4))

68



2.3.3 Gauss’ method

In this method, we want to simplify the system (S) by making the matrix
A upper triangular. We are going to do linear operations on the matrix A
to make 0 appear under its diagonal. Of course, these operations must also
be done on the vector of the second member so as not to change the initial
system.

To make this task easier for us, we will adopt a new writing of system

(S):
Gauss’ writing [A| ]

The matrix obtained by writing A then b next to it, on the right, is
called the augmented matrix of the system (S). It simply allows us to do the
Gaussian transformations on A and on b at the same time.

In our Example, the writing of Gauss gives the following augmented ma-
trix:

1 1 —1]38
[Al))=|1 2 -3|5
3 -3 —1|2

The lines are numbered like this:

L — 1 1 —-1|8
ly — 1 2 -3|5

We need three zeros below the diagonal, so we’ll do three steps, making
one zero appear per step:

First step, to be done between /; and [, :

In our example, we calculate : I = (I — [4)

ly: 1 2 -3 5 [y — 1 1 -1 8
I : 11 -1 8 =104— |0 1 —2|-3

Second step, to be done between [; and I3 :
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In our example, we calculate :

I3 : 3 -3 -1 2 I — 1 1 -1 8
3.1y : 3 3 -3 24 =10U— |10 1 —-2| -3
L=1l3—30,: 0 —6 2 —22 IL— |0 -6 2 | —22
Third step, to be done between [ and [5:
In our example, we calculate : I§= (I5 + 6.0})
I 0 -6 2 =22 lh — 11 -1 8
6., : 0 6 —-12 -18 = I,— |01 -2 | —3
W=1460: 0 0 —10 —40 21— | 0 0 —10| —40

After these three steps, we return to the form of the system with the new
matrix and the new second member:

11 -1 x 8
01 -2 y | = -3
0 0 —10 z —40
r+y—z=28 (1)
In system form, this gives : y—2z=-3 .(2)
— 102 =—40 ..(3)

And we solve going from the bottom to the top of variables:

B)ez=4
2)ey=-3+24)=5
(1)ex=8+4)—(5)="7

=

Attention

The operations we perform must be linear, that is, we cannot multiply or
divide two lines between them, nor multiply by 0.

Remarks

1. Cramer’s systems have a unique solution, so we must find the same
result (the same solution) regardless of the method used.
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2. For homogeneous Cramer systems, i.e. when the second member is
zero (b=0), then the only solution is the zero solution (also called trivial
solution): (z =0,y =0,z =0).

3. If a1; = 0, we need to do a row swap at the first step between [; and
l5. Then we continue the procedure as before.

e Example:

Iy — 0 1 -2|4 ly — 1 1 -3\ 2
ly — 1 1 3(2|=L— 0 1 -2|4
l3 — 3 =3 —0] 2 l3 — 3 =3 =01 2

2.4 Resolution of non-cramerian systems

The given linear system is said to be non-cramerian if we face one of the
following two situations:

1) The number of equations is different from the number of unknowns.
Or

2) The system is indeed square but its matrix is not invertible (i.e.
detA = 0).

For the resolution of this type of systems, we proceed as follows:

e Step 1: framework

From each non-Cramerian system with n equations and p unknowns
(n # p), we extract a square Cramerian subsystem of maximum order r.
We note it (Sc).

The equations and the unknowns which form this subsystem are said to
be main or primary.

Those outside the subsystem are said to be auxiliary or non-main.
The non-primary equations are the verification equations.
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e Step 2: Resolution

We solve the system formed by the r main equations, where the non-main
unknowns (if they exist) are considered as parameters and are transferred to
the second member.

Recall that the subsystem (Sc) is Cramerian, so it can be solved either
by the inverse matrix method, Cramer’s method or by Gauss’s method.

e Step 3: System Compatibility Requirements

We replace the found solutions of the subsystem (Sc) in the verification
equations. There will be 2 possible cases:

Case 1: If the verification equations are respected, the main system has
either a single solution or an infinity of solutions (this will be the case if the
solutions are parameterized).

Case 2: If the verification equations present a contradiction, the system
is impossible (it does not admit any solution), it is said to be incompatible.

2.4.1 Linear systems with number of equations strictly greater
than the number of unknowns

In other words, the system verifies (n > p), like this one :

rT—2y=25 (lh)
(S1):< 2x+3y=3 (I2)
3r+2y="7 (I)

To solve (S1), we must look for a minor of order 2 nonzero and leave the
remaining equation outside this choice as a verification equation.
For example, we choose:

1 -2
3o [} 2 -rs0

We then solve the reduced system

r—2y=5 (k)
2x+3y:3 (lg) ’
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And we keep (3) as verification equation.

By elimination of Gauss (for example, but we could have chosen any
method appropriate to cramerian systems, since the minor is non-zero and
therefore the associated system is cramerian), we have:

2x () =2x—4y =10
(l) =>2x+3y=3

() —2x(h)&e -Ty=7T=y=—1.

Substituting in (1) (by Example, but could very well have replaced in
(2)), we find:

(h)erz—-2(-1)=5=x=3.

We found a candidate solution:

r=3
y=-1

If this solution satisfies the equation (l3) it is accepted, if not it is refused.

(I3) < 3(3) +2(=1) = 7.

Equation (I3) holds, so the solution { z B 1

The set of solutions of system (S1) is given as follows :

s={(3 1)}

is accepted.

Remark

In the case of systems with number of equations strictly greater than the
number of unknowns, one can have either a single solution (if the verifica-
tion equation is satisfied) or no solution (if the verification equation is not
satisfied).
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2.4.2 Linear systems with number of equations strictly smaller
than the number of unknowns

In other words, the system verifies (n < p).
Example

Jr+2y+32=4 (1)
(52) { —x +y2y—7z:4 (2)

In this case, it is impossible to find the 3 unknowns, some of them must
be "sacrificed", they go from "unknown" status to "parameter" status, they
pass with the constants in the second member .

The solution of the system will be according to those "parameters".

To solve (S2) we must look for a nonzero minor? of order r and leave the
variables outside this choice as a parameter.

In our example, we choose:

1 2
3= | 4 2|=apo

We then solve the reduced system:

r+2y=4-32 (1)
(52)‘:){ e tap =4t (2)

By the method of elimination of Gauss, we have:

L)+ () ©dy=8+4z=y=2+z2,
Then,

(h)er=4-32-2(2+2) & x=—bz

The solution is directly accepted:

2 A minor is a determinant formed from the matrix of the given system but which is of
order smaller than the order of the system.
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Tr = —5z
y=24+=z
z€R

Some authors replace z by a parameter a € R to accentuate the parame-
terization notion of the solution. This gives:

T = —Ha
y=2+4+a,(aeR).
Z =«

Now, we set the solutions set of system (S2) as follows :
S:{( —Ha 24+a « ),OzGR}.

Remarks

1. When n > p, we always have an infinity of solutions, (because of the
parameter). We say that we have a space of solutions rather than a set of
solution.

2. In the previous example, since we have only one parameter, the space
of solutions is of dimension 1.

3. We can have several parameters at the same time in the solution,
for example, to solve the lying system formed by a single equation and the
following three unknowns:

(Sys) :{z—y+22=1

We consider the coefficient of = which is here non-zero (= 1) as the
principal minor. x is now a main variable, but y and z are now parameters
that must pass to the second member, so:

r=1+y—2z r=1+a-248
(Sys) : yeR or acR
zeR beR

The space of solutions of system (Sys) is of dimension 2. It is given as
follows :

S:{( l+a—-28 « ﬁ),a,ﬁER}.
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2.4.3 Augmented systems

These are square systems (i.e. the number of equations is equal to the
number of unknowns, (n = p)), but where the main determinant is zero

(det A =0).
Example

r—2y+32=2 (1)
(S3):8 2x—3y+8=7 (2
3r—4y+132=8 (3)

In matrix form, we have:

1 -2 3 T 2

2 -3 8 y | = [ 7],

3 —4 13 z 8
AX = B

But det A = 0. This means that we might have at least a verification
equation and a parameter.

To solve (S3) we have to look for a nonzero minor of order 2, leave the re-
maining equation outside this choice as verification equation and the variable
outside this choice as a parameter.

For example, we decide to choose the minor:

1 -2
se |} 2 |=1s0

Equation (3) 3z — 4y + 13z = 8 is left as the verification equation and
the unknown z as the parameter.

Our system then becomes:

r—2y=2-3z (1)
(S3) =< 20 —-3y=7-8z (2
|3z —4y+132 =8|

(3)

By Gauss elimination:
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(2)—2x (1) y=3-2z,
Then,

(1) r=2-32+2(3—-22) =8— Tz,

r=8—17Tz

We have a candidate solution :{ .
y=3-—2z2

We have to see if it verifies the equation(3):
(3) & 3(8 — 72) —4(3—22) + 132 = 12 £ 8.

Equation (3) is not respected, the candidate solution is then refused, so
there is no solution.

We say that (S3) is an "impossible" or "incompatible" system. In this
case :

Remarks

1) In the case of augmented systems, we have either an infinity of solu-
tions, or no solution.

2) Attention, if the second member is null in a non-cramerian system, the
solution is not inevitably null.

Example

Solve the following non-cramerian system:

20 +y =20
(S)d z+y+2=0
y+22=0

Correction

Note that the second member is all zero.
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(S) in matrix form would be:

2 10 x 0

1 11 Y = 0

01 2 z 0
AX = B

21 0
A= 111 ],detA=0
01 2

To solve (S) we have to look for a minor of order 2 nonzero, leave the re-
maining equation outside this choice as verification equation and the variable
outside this choice as parameter.

For example, we decide to choose the minor:

2
A=}

1
1':1%0

Equation y + 2z = 0 is left as the verification equation and the unknown
z as the parameter.

Our system becomes:

20 +y =20 (1)
(S v+y=—= (2)

By Gauss elimination:

Thus,

Let’s see if it verifies equation (3):
(3) & —22+22=0.
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Clearly, equation (3) is respected, the candidate solution is then accepted.

T =2z
y=—2z .
zeR

Or :

T =0
y=—2a,(adeR).
Z2=a«

The solutions set of system (5) is the following one dimensional space :

S:{(a —2« oz),anR}.
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2.5 Exercise series N°2

Exercise 1

1 1 1 -3 1 2
1/ Let the matrices: A=| 1 -1 1 |, B= 3 -3 0
4 2 1 6 2 =2

Calculate AB then BA. Deduce accordingly A~! the inverse matrix of A.

2/ Let f be the function defined on R by : f(z) = 23 + ax? + bx + c.

f(1)=0
Where a,b, ¢ € R. Let the system (S):¢ f(—1)=0 .
f(2)=10

Solve the Cramerian system (.5) by three different methods.
Exercise 2
Let m € R and consider the following system:

mr+y+z=m—2
(Sm) mr—y+z=m-—2
(m—1y+(m—1)z=m(m—1)

1) Write system (S,,) in matrix form AX = B.
2) For which value(s) of parameter m, the matrix A is invertible?
3) Solve system (.S3) by the method of your choice.

Exercise 3

Consider the following matrices :

w=(3 3 )v=(4 1)

1. We call Lie bracket between two matrices A and B the following oper-

ation :
[A,B] = AB — BA

Calculate [M, N].

2. We say that matrices A and B commute if and only if AB = BA.
Find z and y so that M and N commute.
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2.6 Correction of the exercise series \N°2

Exercise 1

1 1 1 3 1 2
A=|1 -11), B=[ 3 -3 o0
4 2 1 6 2 -2

1 1 1 -3 1 2 aijl aiz a13
AB = 1 -1 1 . 3 -3 0 = 921 Q922 Q923
4 2 1 (3,3) 6 2 —2 (3,3) as; Q32 as3
-3 1
an=(111) 3 =6,a2= (11 1) =3 | =0...ete.
6 2
6 0 0
Finally: AB=1 0 6 0 = 61d33). By the same way, we obtain
0 0 6

(3,3)
: BA= 6Id(373).
Hence, one has AB = BA = 6ldzs) < A [%B] = [%B] A = Idsgs),
which gives A7! = [%B] .

2/ Let f be the function defined on R par : f(z) = 2 + az® + bz + ¢

f(1)=0
where a, b, c € R. Let be the system (5):X f(—1)=0
f(2)=10

Solve the Cramerian system (.5) by three different methods.

We first have:

f(1)y=0 l+a+b+c=0
(S) f(=1)=0 &< —14+a—-b+c=0
f(2) =10 8+4a+2b+c=10
a+b+c=-1
& a—b+c=1
4a +2b+c =2

In matrix form, this gives : AX = B :
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1 1 1 a ~1
1 -1 1 b = 1 |,
4 2 1 c 2

1/ By the inverse matrix method:
Since we have already calculated the inverse of A in the first question, we

directly apply : X = A7'B.

That gives :
1 -3 1 2 -1
X = 6 3 -3 0 1
6 2 =2 2
6\ _g
4
3
= -1
4
3
Or :

Il
ol

a

b=-1

C—4
= {(3

-1 3 )}
2/ By the Cramer method
One has :
1 1 1
A=detA=]1 -1 1|=6
2 1
-1 1 1
A, = | 1 -1 1|=8
2 2 1
A, 8 4
T 'TATE 3



1 -1 1
A, = |1 1 1|=-6
4 2 1
Ay 6
YTA T 6
1 1 -1
A, = |1 -1 1 |=-8
4 2 2
N Az -8 —4
I = —,
A 6 3
Finally :
0=t
b=—-1
_ 4
c=3
_ 4 -4
s =A{(; -1 3)}
3/ By Gauss method:
Gauss’ writing :
L1 1 1] -1
Sl 1 -1 1] 1
Sl |4 2 1] 2
First step: between [y and [ : I — 1
— [y 1 1 1] -1
— o 0 -2 0 2
— 3 4 2 1 2

Second step: between [; and [3 : I3 — 4,

— [ 1 1 1
— 3 0 -2 -3

Third step: between [, and I3 : I3 — Iy
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— 1 1 1 1 -1
— s 0 -2 0 2
— I3 0 0 3| 4

Our system is now written:

a+b+c=-1 a=3
-20=2 &< b=-1
—3c=4 c:%‘l

4 —4
=5={(3 -1 )}
Exercise 2
Let m € R and consider the following system :

mr+y+z=m—2
(Sm) mr—y+z=m-—2
(m—1y+ (m—1)z=m(m-—1)

1) Write system (.S,,) in matrix form AX = B.

m 1 1 T m — 2
1 —1 1 y | = m— 2
0 m—1 m-—1 z m(m — 1)

2) For which value(s) of parameter m, the matrix A is invertible?

m 1 1
A= 1 -1 1
0 m—1 m-—1

m 1 1
det A = 1 —1 1
0 m—1 m-—1

= 2m —2m? =2m(1 — m).

For A to be invertible, it is necessary and sufficient that m € R —{0,1}.
3) Solve system (S3) by the method of your choice.

2 1 1 x 0
(S)= | 1 -1 1 y | =10
0 1 1 2 2
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Just apply what was learned before about the inverse matrix method, Cramer
method or Gauss method to find the answer. The solution is given by :

X =

DO CODND [ =

—S={(-1 3 3)}
Exercise 3
. . . z —1 4 y
Consider the following matrices : M = 1 N=( Nk

1. Calculate : [M,N]=MN — NM.
(-1 4 y\ [ 4or+1 zy—2
wv=(5 ) (4 8) =" i)
- 4 y r —1 dr+2y y—4
w= (4 g ) (5 7)) = (55 st

Hence:

- de+1 2y—2\ [(4do+2y y—4
v = () (S

_ 1-2y zy—y+2
- x+3 2y — 1 '

2. Now, find x and y such that M and N commute:
M and N commute means that M N = N M, which implies that [M, N] =

0.
- 1-2y zy—y+2Y\ (00
[M’N]_O‘:)(xw 2y — 1 )‘(0 0)
1-2y=0 (1)
ry—y+2=0 (2)
r+3=0 (3) -
2—1=0 (4)

=

Attention, it is not a linear system (because of the (zy) in the second
equation)!
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There is no unified method for solving a nonlinear system.

In this case, we can solve it intuitively: we first find x and y from the
first and the third equation while keeping the second and the fourth
equations as verification equations.

That gives : { v :__13 .
=3
Then :
Qe ry—y+2=0&(-3)1-14+2=-2+2=0.
He2y—1=2(3)—-1=0.

The two verification equations are respected. Therefore we can conclude

that the solution { * ;1 is accepted.

We may also point out that it is unique.

—s={(=3 1)}
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3 Chapiter 3 Integrals

3.1 Lesson N°1 Indefined integrals, properties

Let f be a defined and continuous function on [a, b]. We say that the function
F is a primitive of f on [a, b] if, and only if for all x € [a, b], F' is differentiable
and :

Example
The functions :

Fi(z) = 2% Fy(x) = 2* + 5 and F(z) = 2> — 4

are all primitives on R of the same function f(x) = 2z; because Vz €
R, Fi, F5 and F3 are differentiable and

Vo € R, F|(x) = Fy(z) = F3(x) = 2z,
So the primitive of a function is not unique.

Remark
a) Primitives of the same function differ by only one constant C', That is
why, we write :

/f(x)dx _ F(z)+C,(CeR).
Where :

o [ f(z)dx is called an indefinite integral (without bounds).

e dx is the differential that indicates that x is the variable of integration
(and derivation too!).

e (C € R is the integration constant.

So :

I(x):/Q:Ud:U:xz—i-C, (C eR).

b) We may find the value of C' when we know the value of the integral
for a certain x. This specification is called the initial condition.

87



Example
Determine the antiderivative of f(z) = 2z which is worth 3 for z = —1.

Since :

I(z) = /2:1:61:6 =12’ +C,
then, the initial condition translates to:

I(-1)=3= (-1?+C=3=C=2.

Finally, the primitive that verifies the requested initial condition is:
I(z) = 2> +2.

Remark

The primitive that verifies the initial condition is unique.

3.1.1 Defined integration

Let be a < b € R and let f be a defined and continuous function on [a, b],
and F' a primitive of f.

So :

/ f(@)dz = [F()]2 = F(6) — F(a)

is called defined integral (i.e* with bounds) from a to b.
The result of a defined integration is therefore a constant number and not
a function.

Example

0
/ drdr = 22 + Oy = [0+ C] — [(~1)* + C] = 1.
—1

As we have just noticed on this example, the constant C will always be
eliminated at the time of the calculation of the bounded integrals, this is
why we do not take it into account in this case. It is therefore more usual to
write:

/O 2vdr =[], = 0° — (=1)* = —1.

1

3i.e = "id is" expression widely used in mathematics and which means "that is to say".
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3.1.2 Integration by the table of laws

Let’s first learn how to handle integrals, we have the following calculation
laws:

D Jf(@) £ g9()]de = | f(z)de £ [ g(x)dz | 2) f?ch f)dfr Zf\f(f)(;?)df
3) [ f(x).g(x)dx # [ f(z)dx. [ g(x)dz 4) [ o(2) dx # To()a
Some fundamental formulas of integration
Basic formula (a,C € R) Generalization (a # —1)
1) [ adx = ax + C,
2) [ zdx = " + C (when a # —1) | [/ () [u(z)]" dz = [u(@)]" +C
a+ 1 a+1
3)[ df =Injz[+C (z#0) I Z((xx))dx =Inu(@)|+C (u(z)+#0)
’ 4) [ e"dx =e* + C ‘ [/ (2)e"Dda = "@4C
5){ [ cosazdr =sinz + C { J ' (z) cos [u(z)] dx =sin [u(z)] +C
[sinzdzr = —cosxz + C J W (x)sin [u(z)] de = — cos [u(z)] +C
6){ [ chadr = sha + C { [ (z)ch [u(z)] de =sh [u(z)] +C
[ shaxdx = cha + C [/ (z)sh [u(x)] dx = ch[u(x)] +C
I 1 ) T
7/ o 1da: = arctan (z) + C i mdw = < arctan (5) +C
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Other useful laws :

1 1 1+
1)f1—x2d$:§1n1—a: +C; (CeR)
Generalization : dr=21m |2 Lo (ceRr
eneralization : [ — wa—%na_x—i- ; (a,C €R)
2) [ L4 J(1+tan?z)dz = tanz + C
T = an’x)dr = tanx
cos?2x
3) [ L 4 +C
T =—
sin 2z tan
| In tan(§+§1)]+c
D osz™ =\ mtane + +C
cos T
1 ] In tarll(g)’ﬁLlC’
5)fsin3: "7\ — = +C
tan x sin &

f\/ﬁdx—ln’x—l—\/x?—i-oﬂ!—i-@
22 + a2

| 7)[Inz de =xzlnz —x+C;(z > 0) |

| 8)[tanz do = —In|cosz| + C |

dx = arcséc(x) + C

1
W T

dx = arccos éc (z) + C

—1
) e

| 11) [secazdx = In|tanz 4 seca| + C |

| 12) [sec® zdx =  [secztanx + In [tan x + secz]] + C' |

Examples

Calculate the following integrals:
e Ii(x) = [(2+5)"de
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One takes u(z) = 2z + 5; so u/(z) = 2.
(Multiply the integral by 2 to show the derivative u/(z) = 2 and divide
by 2 to recover the initial integral).

Ih(z) = % / 222 +5)dx — % / o () (u(z))

By applying the generalization of the law 2) of the table, it comes:

Li(z) = %—[U(TQ)] +C
(22 4 5)'2
= T +C, (O c R).

o I)(z) = [23/a*+3dx = L(z) = [ 2® («* +3)% dx

One takes u(z) = (z* + 3); so v/(z) = 423

I(z) = ;1/4:(:3 (2* +3)% dr = i/u'(m)(u(aj))%dx

By applying the generalization of the law 2) of the table, it comes :

_ 1fu(@)?
_ <x4—g3)2+0,(C€R).
o I3(x) = f%dx = fé(lnx) 2dx

One takes u(z) = (Inz); so v/(z) = -

waz/w@xwmﬂw

By applying the generalization of the law 2) of the table, it comes :
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1 3
= “?)+cxcem.
6x — 3
RS e s L

One takes u(z) = 2% — x + 3, so v/(x) = 2x — 1, we can then write :

m@:/am@m

u(z)

By applying the generalization of the law 3) of the table, it comes :

Ii(z) = 3nju(z)|+C
= 3In|2® —z+3|+C,(C eR).

3.1.3 Integration by parts

When an expression to be integrated is formed from a product of two func-
tions, one of which is easy to integrate, we can use integration by parts.

Let u and v be two differentiable functions. We derive the formula for
integration by parts from the formula for derivation of a product of two
functions as follows :

(w.v) = u' v+ ur

Hence,

u'ow = (uv) —ud

[uo= [y~ [uv
[io=twa = [uo

To apply this formula, we must separate under the sign [ a part that will
be noted v’ and another part noted v, but beware :

Which gives :

1) The part chosen as «' must be easily integrated.
2) [ w.v’ must not be more difficult than the desired integral [ u/v.
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Some tips for integration by parts

1) If we have under the sign [ a product of : Choice of v’ and v
. exponential function u'(x) The function
A polynomial x : . . . .
or trigonometric function (sin, cos,...) v(x) A polynomial

A polynomial x logarithmic function.

v (x) A polynomial
v(x) The function

2) When we integrate by parts, we add the integration constant

completely at the end of the calculations.

Examples

1/ Calculate I = [ x cos zdx

u'(z) = cosx u(z) = [ cosaxdr =sinx
One takes { o(z) = o , to get { V(z) =1

The integration by parts formula gives us :

[ = /u’vz[uv]—/v'u

= xsinm—/sinxdz
I = zsinz+cosx+ C,(C €R).

2/ Calculate I = [ ze®dx

’ oz B . .
Onetakes{u(x>_e ’toget{u(l’)—{edx_e

v(x) ==z V' (z) =

The integration by parts formula gives us :

I = /u'v:[uv]—/v’u
= xex—/exda:

I = ze®+e"+C,(C eR).

3/ Calculate I = [xlnzdx ; (for z > 0).
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(z) = _ _ a2
Onetakes{u<x)_x , to get { U(ﬁ)—fidx_ >

v(z) =Inz V() =+

The integration by parts formula gives us :

I = /u'v:[uv]—/v'u
2 2

= x—lnx—/(lxx—>dx
2 r 2

2
I = w—lnx—l/xdx

2 2
2 2
I = %1nx—%+0,(CeR).

4/ Circular integrals :

Calculate I = [ sint.e'dt

u'(t) =€ u(t) = e
One takes { o(#) = sint to get{ V(1) = cost

The integration by parts formula gives us :

I = /u'v:[uv]—/v’u

= [sint.e'| — [ cost.e'dt
[

One takes J = [cost.e!dt and we have to proceed by parts again to
calculate J:

u'(t) =¢é u(t) = €
One takes { o(t) = cost to get { V() = —sint

The integration by parts formula gives us :

J = /u'v:[uv]—/v'u

= [cost.et] +/sint.etdt
We therefore come to the initial integral I = [ sint.e'dt.
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This kind of integrals are called circular integrals (i.e. which return to
the starting point), we have to cut the vicious circle as follows:

I = [sint.et} — [cost.et —i—I}
21 =sint.e! — cost.e!

I= %(sint—cost) e +C,(C eR).

4l

3.1.4 Integration by change of variables

There is a precise technique when doing an integration by change of variables
that we must follow to the letter. We have to change the variable but also
the dz according to the new variable. Do not forget to return to the primary
variable at the end.

Examples

1) Calculate I = [ sin(Inz)dx.
One takes t = Inx, so one gets z = ¢’ and dx = e'dt.

I = /sint.etdt

And we continue by parts, (see example 4 about circular integrals in
the previous page, section "integration by parts").

Hence :

2z

dx.

2) Calculate [ = [ T
e X

1 11
One takes t = 2%, to get x = 2 Int and dx = §Zdt'

Hence,

t 11
I = . =dt
/1+ﬂ2t

1 1
= 5 [t
2) 1+1¢2

= %arctan(t) +C,(C € R).
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3.1.5 Integration of the pattern "polynomial by exponential func-
tion"

Reminder

We call polynomial of degree n any function that can be written in the
form :

P(z) = ap2™ + ap12™ '+ ...+ a17 + ag
Where a;,i = 0, ..., n are real constants, a,, # 0.
Example :
*/ P(x) = 4a® + 32* — 2? is a polynomial of degree 5.
*/ The function Q(x) = v/22 — 1 is not a polynomial !
Integration of the form [ P(x)e**dx

Let be P(z) a polynomial of degree n and « € R.
We should notice that the integral I(z) = [ P(x)e**dx actually has the
same form as the function to be integrated, i.e.:

Ve e R, I(z) = /P(x)ewdx =Q(x)e™ 4+ C,(C € R).
Where @(x) is a polynomial of degree n too.
Example

Calculate I(z) = [(2® — 2® + z + 1)e **du.
From the above, we have:

Ve eR, I(z) = Q(z)e > +C ,(C€R). (¥
Where () is a polynomial of degree 3 too.
Let be Q(x) = az®+bax?+cr+d, which implies that Q' () = 3ax?+2bx+c.

By differentiating (*), we find:

’

Vo € R,[l(a:) = Q' (x)e ¥ —2Q(x)e "
= [Q@) —20()] e
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So, on one hand, we’ve got :

Vi e R,|Q(z)—2Q(z)| = 3ax? + 2bx + ¢ — 2(az® + bz® + cx + d)
= —2ar® + (3a — 2b)2® + (2b — 2¢)x + ¢ — 2d

And on the other hand, we’ve got :

VeeR, I (z) = (2® — 22+ 2+1)e >

Hence :

Vo € R, (2 —z?+a+1)e > = [-2az® + (3a — 2b)2® + (2b — 2c)z + ¢ — 2d] e 7"

By analogy, we find:

—2a=1 a:%l
3a—2b=—-1 b=
2b—2c=1 c=
c—2d=1 d= =

Finally,
1
Ve e R I(x) = —§(4:1:3 +22% + 62+ 7)e > + C, (C € R).

3.1.6 Integration of trigonometric functions

1/ Patterns of the form : [ sin” (z)dz et [cos™ (z)dz, (n>2).
a) If n is even :

We use the following linearization formulas : Vz € R,

cos? () = %(1 + cos(2))

sin? (z) = %(1 — cos(2x))

Example : calculate I = [ cos* zdz.
One has :
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COS4 r =

—

cos?(z)] *

N | —

(1+ Cos(2x))} 2

[1+ 2cos(2z) + cos?(2z)]

[ e N N S

[1 + 2cos(2z) + %(1 + cos(4:c))1

Hence :

1
I = l/ 1dm+/2cos (2z)dz + = /1dx+§/cos(4x)dx}

1 1
= —:C+—sm(2:v)—l— x—l——sm( z)+C

4 4 2 8
1 1
= Zm + 2 sin(2x) + S sin(4z) + C, (C € R).

b) If n is odd :

We separate the power n in n = (n — 1) + 1. We then keep the power 1
which will play the role of the derivative, then we use the relation :

Vr € R, cos? (z) +sin? (z) = 1.

Example calculate I = [ sin®(z)dz.

One has :
sin’(r) = sin*(x)sin(z)
= [1 — cos?(x)]?sin(x)
= [1—2cos*(z) + cos*(z)] sin(z)
= sin(z) — 2cos?(z) sin(z) 4 cos*(x) sin(z)
Hence :

[ = / sin(z)dz — / 2 cos?(z) sin(x)dz + / cos* () sin(x)dz

3 5
= —cos(x)+ 260S3($) - COS5<x) +C,(C eR).
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2/ Patterns of the form : [ cos” (z)sin™ (z)dz  (n,m >1).
a) If either n or m is odd :

We proceed as before by decomposing the one that is odd then, we still
use the relation :

Vo € R, cos? () +sin? (z) = 1.

Example
*/ Calculate I = [ sin®(x) cos? (x) dz. One has:

sin®(z) cos* (z) = sin®(z)cos* (z)sinx

(1 — cos %z) cos* (z) sin =

= cos' (7)sinz — cos® (z)sinx

Hence :

I = /cos4 (x) sinzdz — /0056 (x) sin zdz

_ _COS?“”) n COS;(I) +C,(CER).

*/ Calculate : I = [sin®(z) cos® zdz. One has:

Vr € R, sin®(z)cos® (x) = sin®(z) cos® () cos (z)
= sin®(z) [1 —sin?® (z)] cos (z)
10 (

sin®(x) cos z — sin' (z) cos ()

Hence :

I = /sins(:v) cosx dxr — /sin10 () cos (x) dx

sin? ()  sin™ (z)
= 5 11 +C,(C eR).

b) If n and m are both odd :
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We decompose the smallest between n and m, then we use the relation :

Vo € R,cos? (z) +sin? (z) = 1.

Example calculate [ = [ sin®(z) cos” (z) da.

One has:
sin® (z) cos” (z) = [sin*(z)] ?cos” (z)sin (z)
= [1—cos?(z)]?*cos” (z)sin (z)
= cos’ (z)sin (x) — 2cos® () sin (x) + cos'! (z) sin ()
Hence :

— /0057 () sin (z) do — /20089 (7)sin (z) alx%—/cos11 (z)sin (z) dx

cos® (r)  cos'®(z) cos'?(x)
_ _ R) .
s T & 5 T C,(C eR)

c) If n and m are both even:
We use the following relation — sin(2z) = 2sinxz cosx.

Example calculate I = [ sin*(z) cos? () d.

One has:
sin*(z) cos® (z) = [sin(z) cos (x)] *sin?(x)
~ [sin(27) >
= [ 5 ] sin “(x)
Recall that : Vo € R,sin?(2) = %(1 — cos(2x)), so
sin(z) cos? (z) = }lsin2(2x) %(1 - cos(2x))]

1 1
= 3 sin ?(2x) — 3 sin ?(2x) cos(27)

= % [%(1 - Cos(4x))] — ésin2(2x) cos(2x)
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Hence :

1
I = 1_16 (1—cos(4x))dx—g/sin2(2x)cos(2x)dx
1 1 1 [1sin®(2z)
= — |z—Zsin(dz)| — ==
76 {x 4sm( x)} 16 [2 3 ]—l—C
= L Gnn) - Lsind2e) 1+ 0, (C € R)
= 17 g inlde) — g x : :

3/ Patterns of the form : [ sin (ax) cos (8z) dz, [ sin (ax) sin (8z) dz, [ cos (ax) cos (Bx) dx

For this type of primitives, we use the following trigonometric formulas :
Vo, € R,

cos (ax) cos (Bx) = % [cos (v + 3) x + cos (v — 5) x] .
sin (ax) cos (Bz) = % [sin (o + ) x + sin (o — ) ] .
sin («x) sin (Bx) = % [—cos (o + B) x + cos (o — ) 2] .

Example

Calculate : [ sin (5z) sin (3z) dz.

One has :
sin (5z) sin (3z) = % [—cos (5+3)z+cos (5 —3) z]
= % [— cos (8x) + cos (27)] .
Hence :
/sin (5x)sin (3z)dx = %/(— cos (8z) + cos (2x)) dx
= % {%1 sin(8z) + %sin(Qx) +C

—1 1
= T sin(8z) + 1 sin(2z) + C, (C € R).
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4/ integration of fractions containing trigonometric functions

Let be the following integral I = [ R(x)dx where R(z) is a fraction that
contains circular functions sin, cos and/or tan.

a) If R(x) = cosxRy(sinx)

In this case, we put ¢t = sinx, and find dt = cos zdzx.
Example: [ = [(1+ 3sin )3 cos zdx

Let’s put t = sinx, we then find dt = cos zdzx.

So :

1| (1+3t)s
= 3 1 +C,(C eR)
3
1
- 3 [(1 + 3smx)%] +C,(CER).
b) If R(z) = sinxRy(cos z)
In such cases, we put ¢t = cosx, and find dt = — sin xdx.
sin
Example: I = fm

Since Vx € R, cos? (z) + sin? (x) = 1 then :

sin x

I = d
/6—(1—C0821‘) v
:/ sinx o

5 + cos2x

one sets t = cosz, and find dt = — sin zdzx.

This gives :
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c) If R(z) = Rs(tanx)
In similar cases, we put t = tanz, and find :

dt

dt = (1—|—tan2m)dm:dw: e

Example:

cosx +sinxtanx
I = - dx
2sinx + 3cosx
1+ tanz

_ /—dx
2tanx + 3

dt
1+t

/1+t2 dt
] =
2 + 31+ t2
dt
2t +3
1
= §[ln|2t+3|]+C,(C€R).

Take t = tan z, deduce that dx =

d) If R(x) is not written in any previous form :
In this case, there is a particular change of variable, very useful when
integrating fractions in sin, cos, tan, etc...

We pose y = tan (%), v # (2k+1)%,(k € Z). Which gives :

xr = 2arctan(y) and dzr =

1+ dey.
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And by the trigonometric formulas we can get sinx, cosx and tanz de-
pending on the new variable y.

Indeed, we have :

sinz = sin (2 gg)):

and since Voo € R, sin(2«) sinacosa  we obtain :

2
. . [T T
sinx = 2sin <—> CcoS (—> .
2 2

We multiply and divide by cos (g) , SO NOW

siny = 2sin (%) cos? (E)

cos (%) 2
. 9 (T 1
and since cos <—> = ——— we get :
2 1+ tan? (%)
i 2tan () !
siny = an ( —
2/ 1+ tan? (%)
Hence
: 2y
sinx =
1492

Afterwards,

COS ™

on (2 (3))
2
and since Vo € R, cos(2a) = cos’a —sin®?a we obtain

cos? (£> —sin? <E> .
2 2

COS T

x .
Take out cos? (—) as a common factor, we obtain

2
sin? (&
cosT = cos2(£> 1-— Q(i)
2 CcoS (5)
= os?(3) (1 -t (3))
1 9 (T
- (1—tan (_))
1+ tan? (%)
l—y2
CoOsT =
1492

Finally:
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tanx =
cos T
2y
142
= 1
1+y?
t = 2y
anr = 1= 42
Example
dx
Calculate I = | ———.
alculate J 0% (2)
2
Let’s put y = tan (%), to get z = 2arctan(y) and dz = 1+ dy.
Hence,
2
_[ / 1+y de
2y
(%)
B 1/(1+92)2d
= 3 "
1 1 2 4
= = — 4+ = d
4/(y3+ +y> g’
1 1 Yo
= Z|—— 421 = C
4[ y2+ n |yl + 5} +
1 1
— 1] — 9’ +C
3 +2 n|y|+20y +
We now return to the initial variable x:
1 1 T 1 T
[:——+—ln’tan(—>‘+—tan5 <—)+C, C eR).
8tan2(§) 2 2 20 2 ( )
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Abelian integrals in what follows, we are going to learn how to integrate
three patterns which we call Abelian integrals:

0.

Form 1: I} = [Va? — 2%dx

Consider f(z) = Va? — a2

Dy ={z e R/a®> — 2*> > 0} = [—a,qa].

and take r = asiny, so y = arcsin (z) and dxr = a cosydy.
Hence :

I, = /\/az—a2sin2yacosydy
= a2/\/1—sin2ycosydy
= a2/\/cos2ycosydy
= az/\cosy\cosydy

Note that when = € [—a, a], then y € [-7, —F], which implies that cosy >

So,

I, = /cos ydy
2/(:08 2y) +1
= a

1
= %[— sin(2y) -I—y}-I—C(C’ER)

l\D

and since Vo € R, sin(2a) = 2sin « cos @ we obtain:

CL2

I = 5 [sinycosy +y| + C,(C € R).

Now just go back to the variable by acknowledging that :

sy = (2
y = arcsin (f)

cosy = 1—(%)225 a? — x?

So :
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2

1
I = % arcsin (E) + §x\/a2 — 224+ C,(C € R).
a
Example Calcuate [ = fol V1 — 22dx
First method : Variable change

One poses x = sin y, one finds dx = cosy.dy
xz €[0,1] and z = siny = y = arcsin z.

So,

r1=0= 1y, =arcsin0 =0
rg=1=yp =arcsinl = 3

Hence,

g
I = / /1 —sin2y cosy dy
0
2
= / |cos y| cos ydy
0

But since y € [0, %} then cosy > 0. Which gives that :

L
I = /cosydy
0

™

1 (%
= —/2 (cos(2y) +1) dy
2 Jo
101 :
= 3 [58111(23/)—1—3/]0
T
I = —.
4
Second method: by parts
u'(z) =1 u(z) =z
—2
Take{ (@) = V=22 and get V(z) = (—2z) _

Hence :
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1 12
I = [:10\/1—1:2 —/ ——dx
V1—22
L L —1
B 0 \/1—$2

dx

= 1 1__96 dx—l—/l !
= —
_H/ S

0 1—ZL‘2

= 2I = [arcsin (v)],

]:l[ﬁ]:

T
212 4

Form 2 : I, = [Va?+ z2dx

Consider f(z) = va? + x?

Dy ={z eR/a*+2*> >0} =R.

Take x = ashy, to get y = arg sh (%) and dx = achydy.

Hence :

I, = /\/a2—|—a2 sh?y a chydy
= az/\chy] chydy

Recall that, we have Vy € R, chy > 0. So:

I, = a2/ch ydy

_ a2/ch 2y) +1
a’ 1

= — [—sh(Zy) y] C,(C eR).
2 |2

and since Vo € R, sh(2a) = 2 sha cha we obtain :
a2
I, = 5 [shy chy +y| + C,(C € R).
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Now just go back to the variable by acknowledging that :

shy = (3)

y = arg sh (%)

chy =/1+ (5)2 = %\/m
Hence :

2
1
I = C%argsh (f) + 51‘\/&2—0—&32 + C,(C € R).
a

Example : Calculate the following integral : I = [ /9 + 22dx.

First method : change of variables
Put x = 3shy, get doz = 3chy.dy

Hence,

I = /\/9—}— (3shy)® . (3chy) dy
= /\/9(1 + sh2y) . (3chy) dy
= 9/|chy| chydy .

Since Vy € R, chy > 0, then:

I = 9 [ chydy

/
= 5 [ etz + ) ay

911
= —_ —_ 2
2{2sh( y)+y}+0
9 9
I = Zsh(2y)+ =
45 (y)+2y+C’,

Then sh(2y) = 2 shy chy so I = gsh(y) chy + %y—{—C’, and since x = 3shy
then:

109



T
hy ==
SNy 3

x
= argh )
Yy = args 3

chy = It sy = \J1+ (2)? = 1Wo T 22

Finalally :
1 9 x
I= §x\/9+x2 + §argsh <§> +C,(C eR).

Note: we can use integration by part to solve this example, as follows :

Second method By parts :

o(2) =1 u(z) = 22)
One poses { to get 1 x x
v(r) =v9+a2? ' V(x) =% —
( ) ( ) 2\/9+[L'2 \/9+fL'2
So,
i . 22
I = |zv9+=x —/ dx
- / V9 + 22
r . 9+a22-9
= |[2VI+2?| — | ——dz
- / V9 + 2?
r . 9+ a? 9
= |zvV9+a?| — —dm—l—/—da:
- | V9 + 22 V9 + 22
r 7 1
I = |2vV9+22| —-1+9 dx
J ,/9_}_1,2

= 2-1' = [I\/m} +9 [argsh (%)] +C

1 9
:>I:§x\/9+x2+§argsh<§)—i—C’,(C’GR).

Form 3 : I3 = [ V1? — a?dx

Take f(z) = Va? — a2

Dy ={z e R/2? — a®> > 0} =] — o0, —a] U [a, +0|.

*/ On [a, +oo[ one takes © = achy, to have y = arg ch (%) et dz = ashydy.
So,

I3 = /\/aQCth—CLQ.ashydy
= a2/]shy|shydy
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Note that y = argch (f) , which implies that y > 0. So shy > 0,

ch2y —1

I3 = a2/sh2ydy

a® 1

And since Ya € R, sh(2«a) = 2shacha one obtains :

2

I3 = % [shychy +y] + C,(C € R).

Now just go back to the variable x by acknowledging that :
chy = (3)
y = argch (f)
shy = ch2(§) —1:% x? — a?

Hence :
a? T 1
I3 = 5} arg ch <—> + 595\/3:2 —a?+C,(C eR).
a
*/ On | —o00, —al either take x = —achy and continue in the same manner,

or conclude the result by symmetry since f is a even function.

Remark
The integrals of the inverse of the Abelian forms are very easy to calculate
with the laws of the integration table.

Indeed

e Form1: I = dz. It is very easy to calculate I; as follows

[

1 / 1
a T
V1-(%)°
Just make the change of variables : y = £ = r = a.y and dr = a.dy
to get :

dz, (recall that a > 0).

111



1 / a__g
a \/1— y2 Y
= arcsin(y) + C
. (X
I; = arcsin <E> +C, (C €R).

e Form 2 : [; dz. In the same way, we calculate I3 :

1
RN

1 1
5=y [t
1+ ()7

Just make the change of variables : y = 2 = x = a.y and dz = a.dy to
get :

1/ a4
a \/1+y2y
= argsh(y) +C
T
L o= argsh<5)+0,(C’ER).

e Form 3: [} dx. Same variable change for I3, one obtains

[ 1
Va2 —a?
I; = argch <_x> +C,(C eR).

Other Abelian Integrals

For this part, we will very quickly introduce new trigonometric functions,
which will be useful to us, particularly for calculating integrals of fractions
with sines and cosines in the denominator.

1) The secant and arcsecant functions
We define the secant function, noted sec as follows :

sec: R\{(2+kn),keZ} >R
1

T = secxr =

COS T
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It is a (27) —periodic function, even and continuous on its domain of

s

definition. We can consider its restriction on the interval [0, 5 [U]7, 7).
In addition, lim secz = —oo and lim secz = +00.

s
72

Finally, it is strictly increasing on [0
with respect to the y-axis.

[U]%, 7] and its graph is symmetric

Fig3.1 : Graph of cos and secant functions.

e Since sec performs a bijection of [0, Z[U] 7, 7] into R, it admits an inverse
function, called arcsec :

arcsec : R — [0, Z[U] 5, ]
T — arcsec T

Here is its graph:
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7z

—
N

(n/2)

=Tl

Fig3.2 : Graph of arcsecant.

One has :

!/

(secz) =secxtanz and in general : (sec (u(z))) = «/(z)sec (u(z)) tan (u(z))

And

, 1 , u'(x)
arcsecr) = ————. In general :(arcsec (u(x))) =
resce)| = o o genenal {arese () = -

2) The cosecant and arccosecant functions

e We define the cosecant function, denoted cosec as follows :

cosec: R\{(km),ke€Z} —R

T+ cosec (x) =

sin
It’s a (27) —periodic function, odd and continuous on its domain of defi-

nition. We can consider its restriction on the interval | — 7, 7.
In addition limcosec x = —oo and limcosec z = +o0.
CE?O x;»O
Finally, it is strictly increasing on | — 7, 7| and its graph is symmetric

with respect to the origin.
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S-iy=csc(e)
I b/

/
1-

3m2 w m2 0 w2 m  3m2 2w

Fig 3.3 : Graph of cosecant.

e Since cosec performs a bijection | — 7, 7[ into R, it admits an inverse
function arccosec:

arccosec: R —]—m 7|
T — arccosec

Here is its graph:

@)

0

\\ (_ml,z)

Fig3.4 : Graph of arccosec.

One has:
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(cosecx)’ = —cosec (x) cotan (x)

and in general (cosec (u(x))) = —u'(z)cosec (u(x)) cotan (u(x))
And
p -1 / —u'(x)
arccosec(x)) = ———=. In general (arccosec (u(z)))" =
(arecosce (1)) =~ Tn genesal (arceose () =

The forms to be integrated that interest us here are the following :
Let be two real constants a,b # 0,

Form 1: a?2% + b?

For the first form : a?z? + b2,

Put z =2 . tany and ﬁnd dxr = sec 2ydy.

Then we use the trigonometric formula sec?y = 1+ tan?y.

Form 2: a22% —1?
For the second form : a?z? — b2,

Put z = gsecy and find dxr = gsecytan ydy.

Then we use the trigonometric formula : sec?y — 1 = tan 2y.

Form 3: b — a%2?

For the third form : % — a?22,
Put z = gsiny and find dx = gcos ydy.
Then we use the trigonometric formula : 1 — sin 2z = cos %y.
Examples
Integrate:
[_/ dx / /\/9 4x2 [_/ dx
' x4 +9’ \/9952 — 16 & ! (

Correction
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I - / _ dz
/422 +9
We are facing the first form : a?z? + b = 422 + 9,
Put z = %tan y, and find dx = %sec2ydy.
Hence :

/ 3 sec2ydy
L =
%tany\/él (% tany) 249

B / sec 2ydy
3tany/tan2y + 1

Then we use the trigonometric formula : sec?y = 1 + tan?y, we then
obtains:

1 / sec 2ydy
L = - | ———
3 ) tanysecy

1 / secyd

3/ tany Y
1 1

= —/ —dy = /cosecydy
3 /) siny

1
L = 3 [In |cotan (y) — cosec (y)|] + C. (See table of integration laws).

We get back to the initial variable:

1
Il:g |:h’l

23 ~ cosec <arctan(§:r)) H +C.(CER).

X

I _/ dx
2 V922 — 16

We are facing the second form : a?z? — 0? = 922 — 16,
Taking z = %sec y, to get dr = %‘secytan ydy.
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/ dz

V 9x2 — 16

B / 3 sec y tan ydy
\/ 3 sec y — 16

sec y tan ydy ydy

\/sec?y —

Then we use the trigonometric formula : sec?y — 1 = tan 2y. we get:

I 1 / sec y tan ydy 1/ J
= - | —————==— [ sec
2 3 tany 3 v

1
= 3 n[tany + secy|] + C

1 3T
[2 = ghl (Z) +

_/\/9—4x2dx
x

(%)2—1 +C,(C eR).

We are facing the third form : b* — a?2? = 9 — 422,
Taking z = gsin Y, to get dr = gcos ydy.
One has:

\/9 4 Smy 3
I3 = / (—cosy) dy.

s Sm Y 2
/T —sin 2y
= / sin cos ydy
siny

Then we use the trigonometric formula : 1 — sin 2z = cos 2y. we find:
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2
L = 3/Cosydy

sin y

_ 3/1—sin2ydy

siny

1
= 3/ - dy—/sinydy
siny
= 3/cosec(y)dy+cosy+0

= 3[In|cotan (y) — cosec (y)| + cosy] + C

Getting back to the initial variable :

I3 = 3[In|cotan (y) — cosec (y)| + cosy] + C, (C € R).

d
I — / _dr
(922 — 16)2

We are facing the third form : a?2? — b? = 922 — 16,
So take x = %sec y, and get dxr = %secytan ydy.

d
I, — / _dr
(922 — 16)2

B / gsecytan ydy

[9 (% sec y) 2 — 16]
4 1 / sec y tan ydy
3 (16)%

3
2

3
2

(sec?y —1)

Using the formula : sec?y — 1 = tan?y. One gets:
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1 secy tan ydy

48 [tanQy]%
1 secy
= — d
48/tan2y Y
1 cos Yy
48 ) sin?y Y
1
= s cos y. sin 2 ydy
1 sin~!y
48| (-1
1 1
= —— C,(CeR).
48$iny+ (CER)

We return to the initial variable:

4 4
—8ecy =T = Ccosy = — = siny = 4/1 —
3 3x
1 1
I, = T +C
4
1= (5)°
1 T
I, = ————=+C,(CeR
! 6y =16 O )
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3.2 Lesson N°2 Integration of rational functions

3.2.1 Definition

We call rational function (or fraction) an expression of the type f(x) =

P(x)
Q(x)

where P(x) and Q(z) are polynomials and x is such that : Q(x) # 0.

3.2.2 Integration of some basic forms of rational fractions

We must learn to integrate the following four basic forms of rational fractions:

Form (1): (a #0), [

dx:é[ln|ax+b|]+0,(C'ER).

ar +b
Examples
[ -1 In|z+ 1]+ C,(C €R)
° = — .
T T n|x ,
o [ de=TImPBrt4+C(CeR)
3r4+4 " 3 ’ '
Form (2) : (a # 0), (n # 1) f;dle[M}JrC(CeR).
’ ’ (ax + b)” a —ntl ’
Examples
—L 4 L Lo (ceRr)
[ xr = .
(z+1)3 (=2)(z+1)2
7 7 —7
S —; - = R).
e T e ey ¢ T 3Gy TOCER)
Form (3) : (a > 0) f#d :larct <g>—|—C’(C€R)
* ) y2+a2 y a g a Y N
Examples
o [ o=t 9 () +C.(Cer)
x2+4x—2arcg 5 , .
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3 3

o [ ﬁdm =/ de = Léarctg % +C = 7\/§arctg (\/§x>+

C,(C eR).

This third form that we have just learned is in fact used to integrate
fractions where the denominator is a polynomial of the second order (i.e.
p(x) = ax® + bz + ¢ with a # 0) that has a negative discriminant.

If the two previous examples are immediate, in the general case we must
use the canonical form...

Canonical form: We can put any second order polynomial p(r) = ax?+
bx + ¢ that has a negative discriminant (A < 0) in a very precise form, which
we call canonical form, as follows. One has :

A
Vz €R, ar’+br+c=a m+i 2—I—u.1"ecaullthat (a #0).
2a 4a
Proof :
9 5 b c
Ve € R, ax*+br+c=alx"+—x+ —
a a
N O A S
I A 4a2  a
B [ +£ 2_b2—4ac
I A 4a?
= a- w+£ 2+|— (a #0)
I 2a 4a? |’ '
3
——dx =7
.fx2+x+3x

One has (22 + x + 3) is a second-order polynomial with A = —11 < 0.
So we can put it in canonical form as follows :

2 _ 1o U
(z +x+3)_(x+2) +

So our integral becomes :
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/Ld@« _ /;dm
2+z+37 ) (z+bH2+ 2
y=1r+3
One poses o \/ﬁ one gets : dr = dy and
—\V 4
3 3 Y
/mdy = Earctg (E) +C
2 2
6 x4+ %
= Tarctg( % > +C
6 2z +1
= —ar +C,(CeR
e (S ) vecem
Ax+ B
Form (4) : [ Ldm =? (Where az? + bx + ¢ is such that A < 0).
ar? 4+ bxr + ¢

To integrate form (4), we will partly use the form (3).

To integrate this form, we need to brighten up the derivative of the de-
nominator in the numerator.

/
After this step, there will remain a simple integral of the form [ w(z) dx
In|u(x)| + C, (u(z) # 0) and another one of the type (3) to do.

Example
2 +4 20 +1+3 2x+1 3
T S A Y
fm2+.7:+3 fa:2+m+3 fm2+ +3 +fx2+x+3x
2¢ +1 3
Take ] = [ —————d d J= ——dx.
axe fx2+:13—|—3xan fm2+x—|—3x

We integrate I by the well-known law of integration. (See table of inte-
gration).:

/ Zg)) de =In|u(z)| + C, (u(z) # 0).

zln}x2+x+3|+(].

Then we integrate J by the canonical form of the form (3), (already done
in previous page) :
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6 20 +1
J = ——arct +C.
V11 g< V11 )

Hence :

2 4 2 1
/dezln{ﬁ—i—x—l—?)’—kiarctg( vt )—I—C’,(CGR).

22 +x+3 V11 V11
Exercise 84 9
xr
Calculate I = f mdl’

One poses Q(z) = 22°+z+3, A=-23<0s0Q(z) =2[(z+3)*+ 2]
On the other hand : Q'(z) = 4z + 1.
And :

2
3r+2 = 3($+§)

VR
S
K
+
w| oo
~

Il
| QOS] QO I W x| W W
/:
iy
S
+
—_
S—
+
|
~

Hence :
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3z +2
I = [ ——"% 4
/2x2+x+3x
i /%(4x+1)+§dw
202+ + 3
3 4+ 1 5 1
Y R /S
4/2x2+x+3 x+4/2x2+x+3 v
3 5 1
= “Inl22°+2+3 +—/ dx
™ AN Y (PR
3 51 1
= ZlInl222 3|+ == d
4n| AT }+4 2/[(x+§)2+§—3} v

w

arctan

= —1n|2x2+x+3}+§

4
V23

1n|2:p2—|—x+3}+

NN

)
arctan
2v23 {
Az + B
F : dx =7
orm (5) + (ax? + bx + )" i
(where az? + bx + ¢ is such that A < 0),(A,a # 0),n > 2

To integrate form (5), we need to brighten up the derivative of the de-
nominator in the numerator.
After this step, there will remain a simple integral of the form

u(a)]"!

: o |
/u(x)[u(a:)] dx = i

and another integral as the following .J, that we must learn how to inte-
grate, since we are going to find it in the form (5) :

1
=/ ——d

A simple change of variable will give us the result of J:

1
[ —— 4
/@?+ﬂfx

Just take x = atany, to find : dr = a(1 + tan ?y)dy, that way :

+C, (n#—1)
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1
- 4

1= @ty

1 /(1—|—tan2y)

(@) ) (1+ tan2y) "

1 -n
— W/(l—l—tan?y)l dy
1
But since (1 + tan?y) = ——, we get :
cos 2y

1 _
J = W/cos" Yy dy , (n>1).

That we know how to integrate by trigonometric forms.

Example
20 +4 2x 4
e e S S MY N S )
* S et
2x 4
Put [ = [ ——2 S . —
ut f($2+1)2dx and J f(x2+1)2d:v

I is easily calculated by the laws of integration :

(22+1)""

—1

I = +C.

J is calculated by the appropriate change of variables:
Take z = tany,to get : dz = (1 + tan?y)dy, so :

(1 + tan2y)
= 4| ——5d
= G

1
= 4] — 4
/<1+tan2y> !

1
But since cos?y = ————, one gets :
ut sin Y 1+ tanZy) ne g

J = 4/coszdy

We know how to calculate [ cos?y dy by linearization :
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1
/cos2 ydy = 5 [sin (2y) + y] + C.

It remains for us to return to the first variable, noting that:

x =tany = y = arctanz and sin (2y) = sin(2 arctan )

Finally :
20 +4 -1
/ (x2x++1) sdr = o + 2 [sin(2 arctan z) + arctan z] + C, (C € R).

3.2.3 Decomposition into simple elements

P(z)
Q(x)
Q(z) # 0 and deg(P) < deg(Q).

Note We will discuss the case when deg(P) > deg(Q) later on in this
chapiter.

Let the rational function where P and () are polynomials satisfying

-) We call simple element of the first order of multiplicity o polynomials
of the type (az + b)*.(a # 0).

-) We call simple element of the second order of multiplicity 8 polynomials
of the type (cz? + dx +¢)?, (c # 0), that verify A = d?> — 4ce < 0. That is to
say that it no longer admits any possible decomposition into simple elements
of the first order.

To facilitate the integration of this rational function, we will write it
as a sum of several rational fractions where the denominator is a simple
element (of the first or of the second order). For this, we use the following
methodology.

First step : Decompose the denominator

We will start by decomposing the denominator and having a product of
simple elements of the first order of multiplicity a by simple elements of the
second order of multiplicity (3, as follows :

Q(x) = (ax + b)*(ca® + dx + ¢)P.
At the same time, we will establish Dy.

Second step : Preparing partial fractions
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We prepare partial fractions by following the rule below:

’ A constant in the numerator for denominators of degree 1. ‘

’ A polynomial of degree 1 for the denominators of degree 2. ‘

Put a sum of partial fractions by increasing the multiplicity
from the denominator until arriving at the multiplicity of
simple elements when decomposing.

le:
P(x) P(x)
D —
Vo€ "Qx) ~ (ax + b)"(ca? + dx + )™
P(z) = 4 . (Bix +Cy)
Dy =N -
= Vre Dy, Q(x) ;(ax—l—b)l +;(cx2 + dzx + e)’
Example 1

Suppose we have already decomposed the denominator Q(z) in :

Q(z) = (z +2)*(2* + 22 4+ 2)%

The partial fractions are then written as follows :

Ve € Dy, f(x)=

P

Q(z) (x+2)3(a?+ 2z +2)?

A . B n C . Dz + E Fe+G
(x+2) (z+2)?2 (z+2)3 (2242x+2) (22+22x+2)?2

(z) _ P(z)
(

We may highlight now that D; = R\ {—2}.
Third step : Finding constants A;, B;,C;...

This is where the numerator P(z) comes in.

To find the constants of rational fractions, several methods exist, the best-
known being analogy. We will develop some of them with simple examples.

Example 1
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We want to decompose the fraction f(z) = into a sum of partial

24+

fractions. We have :

Q) =2*+z=x(x+1).

We may highlight now that D; =R\ {—1,0}.
So, we have two simple first-order elements, both of multiplicity 1.

This means that the partial rational fractions will be written:

1 1
D =
vroos Pervr zz+1)
1 A B
— Vr € Dy, —

x2+xzz+(9&+1)'

e Let us first use the analogy method, one has :

ve e D 1 _A+ B Alx+1)+ Bz
v Prz+1) = (z+1) z(@+1)
1 (A+B)z+ A
D = :
= Ve e Dy, x(x +1) z(x +1)

By analogy between the two numerators, we find:

A+B=0 o A=1
A=1 B=-1

This leads to :

1 1 -1
Ve e Dy ——— = — )
‘ I a(z +1) ac+(x+l)

e A second method consists in multiplying each time the following equal-
ity (*) by a denominator, then give an appropriate value to x. One has

1 A B .

Multiplying equation (*) by z, we get :
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VwER/{—l},ﬁ—AjL (ﬁ“"l).

As the above equality is true for all z € R/ {—1}, we may take 2 = 0 to
eliminate the term B, we hence get :

= A

(0+1)
s A=1.

Similarly, we multiply the whole equation (*) by (x + 1), we find :

1 A

—=—(z+1)+B.

r

We now choose to take x = —1 to eliminate the term A, we find directly:

Vo € R*,

1
_1)
i.e B = —1.

= B

—

Which again gives that :

1
Vee Dy —— = — :
‘ f:z:(:v—l—l) a:+(x+1)

Fourth step : Integration

In our example, we will have :

/ﬁdx — /édxﬂt/(x:jl)dm

= Infz|-Inlz+1|+C,(C €R).

Example 2
Calculate :

/ 4—z dr
(x —1)(x —2)
— Dy =R\{1,2}.
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One has :

4 —x A B
D —

VoS Pr T o) T a1 a2
A(x —2)+ Bz — 1)

(x —1)(x —2)

4—x (A+B)x—2A—-B
D p—
= PTGy T =D -2
By analogy, we get :
(A+B)=-1
—2A—-B=14
= -3
B =
Hence,
4—x (—3) 2
Ve e D =
T G T e =) a—1 7 —2
So:

/(a:—41)_(;—2)dx - (_3)/xd—m1+2/xd—$2

= —3lnlr—1|+2n|z-2[/+C,(C € R).

Example 3 (harder) calulate the following integral

J_ / shx chx dx
) (sh?x — 1)(shx + sh2x + 1)
One poses y = shx, to get dy = chadx , so :

_ ydy _
J‘/<y2—1><y2+y+1> ‘/f(”dy

One has :

A B C D
Y = + + yr (Fraction)
(v =1 (y*+y+1) y—1 y+1 y*+y+1

D; = R/{-11)
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We multiply the whole equation above by (y — 1), we find :

vy € R/{-1}. y 4 Bly-1) (Cy+D)(y—1)

_|_
(y+1) > +y+1) y+1 Y +y+1
Take y =1 to get :

A=t
6

Similarly, we multiply the whole equation called (Fraction) by (y+ 1),
we find :

- +y+1)  y-1 y¥+y+1
We now choose to take y = —1, we find directly :

vy € R/{1}, y _A(?J+1)+B+(C'y—l-D)(y+1)

1
B=-
2

Now we come back to our equation given in (Fraction) :

A B Cy+ D
Wy € Dy, — Y — + +
-1 +y+1) y—-1 y+1 y?+y+1

Since we have already calculated A and B, we may take directly y = 0 to
find the D, as follows :

And finally, we multiply the whole equation (Fraction) by y and we pass
to the limit when y tends to +oo :

2
) Yy Ay By (Cy+ D)y
Vy € Dy, (y.(Fract & = +
Y p W Fracion) & ey T D) y—1 g+l Prgrl
2 A B D
i y L y . By  (Cy+D)y

= lim
y—too(y? = 1) (1P +y+1) woteoly—1 y+1  yP+y+1
= 0=A+B+C

2
= (C=—-.
3
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Hence :
1

1 1 2
Yy 6 2 —3Y "3
PR D Py ) y—1 g+l Pyl
All that remains is to integrate:
2y +1

[_/ ydy 1 dy +1 dy 1/
C-D@+y+) 6)y—1"2)y+1 3) pPry+1"’

1 1 1
Izaln|y—1|—|—§ln|y+1|—§[ln‘yQ—i—y-I—lH +C,(C eR).
Finally,

1 1
[:61n]sha:—1]+§ln\sh:v+1\—gln(sth—i-sh:U—l—l)—i-C,(CE]R).

P() is such that Q(z) # 0 and

Remark
When the rational function z — f(x) = @)

x
deg(P) > deg(Q), we first start with an FEuclidean division and then apply

the method of rational fractions to the remainder of this division.

Example
5 2 4 2 2
Ca,lculate[:fgx t2 o +3rt dx
2+ 1
3a° + 22t + 22 + 32 + 2
= D =R.
f('r) :L,Q + 1 Y f

After Euclidean division, we find

2z +1
=323 +2:2—3x—-1+43 .
f(z) =32" + 22 x + (x2+1)

because the

We then apply what we have seen on the fractions 5
x

degree of its numerator is strictly less than the degree of its denominator.

But in this particular example, it’s very simple. Indeed :
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% + 1
323 + 2% — 30— 143 (20 ) | dw
2 +1

2r 1
3 2
/{Sx + 2z _Sx_1+3<x2+1+x2+1>} dx

3 2 3
Zgg‘l 4 gx?’ — §x2 —z+3 [ln (x2 + 1) + arctanx] +C,(C eR).
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3.3 Lesson N°3 Defined Integration

3.3.1 Surface calculation

Methodology The area is calculated after performing the following steps:

1/ Study of the given function (definition set, limits, sign of the derivative
and variation table).

2/ Clearly specify the important points (critical points, points of inter-
section between the graphs given in the description as well as the points of
intersection with the abscissa and ordinate axes if necessary).

3/ Draw the graph and delimit the area to be calculated.

4/ Calculate The bounded integral which represents the required surface.
We can calculate the area in two different ways, using the horizontal rectangle
or using the vertical rectangle. We will see both methods on simple examples.

Remarks
*/ Area must be a positive quantity.

*/ Do not forget to follow the result by the mention SU which means
square units.

Vertical rectangle method We use this method when y is given as a
function of . In this case, the bounds of the integral are given on the x-axis
and the function to be integrated is given by the y's, as follows:

‘."

YA
x1 x2 X
Fig3.5 : Vertical rectangle for an area calculation.
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Surface (5) is then given by the following formula :

s- | () — ala))da

x1

We obtain z; and x5 thanks to the graph, provided that x; < x5 .
On the other hand, y;(z) and ys(z) are given in the problem statement,
provided that

Vo € [x1, 2], y1(x) > yao(2)

That is to say that the graph of y; is above the graph of y,.
Example 1

Calculate the area between the function given by f(x) = 2 — 2? and the
line y = —x.

1/ So we start by quickly studying the given function:

Dy = R, lim f(z)= lim f(z)=—-o0

T——00 r——+00
f'(z) = —2=
Hence :
z —00 0 400
fr(x) + 0 -
2
f(x) / \
—00 —00

2/ The important points are:
*) The optimum A(0, 2).
*) The intersection of the two graphs :

y=2—a°
y=-x

s 2—1P=—z¢
— - r—-2=0
<= 11 =—-1,29 =2.
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The points of intersection therefore are :

B(-1,1),C(2,-2).
*) Other points to draw the graph:
D(1,1) and the equation of the tangent at this point : y = —2z + 3.
We can add the equation of the tangent at the point C'(2, —2),
y = —4x + 6.
3/ The graph with delimitation of the desired surface :

34

‘,_\._Q\\ : %J‘

AN

B
§ \\
iy S S ) 17| SRS L s ="

A\ ¥

Fig3.6 : Graph of the example 1.

4/ Calculation of the integral :

s = / (11 — ya)de

- /2(2—|—x—x2)dx

1

= 4.5 SU.

Horizontal rectangle method This method is most often used when z
is given according to .
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"t

/p
y2
S
vl
>
3
Fig3.7 : Horizontal rectangle for area calculation.

Here we have:

s- [ " () — 2a(y))dy.

Y1
We obtain y; and ys thanks to the graph, provided that y; < y»
The functions z1(y) and z5(y) are given in the problem statement, pro-
vided that you take :

Yy € [y1.y2], 21(y) > 22(y)

that is, the graph of x;(y) comes after that of x5(y) along the direction
of the abscissa axis. We will develop all this on the following example.

Example 2

Calculate the area between the function of euation y?> = 6 — x and the
line y = —=x.

It is clear here that the vertical rectangle is more adequate. In this case,
the bounds of the integral are given on the y-axis and the function to be
integrated is given by the z’s, as follows:

1/ We start by quickly studying the given function :

D; = R, lim f(z)= lim f(z)=—-o00

T——00 T—-400

©ly) = =2
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Hence :

Y —00 0 +00
z'(y) + 0 -
6
z(y) / N
—00 —00

2/ The important points are:
*) The optimum A(0, 6).
*) The intersection of the two graphs:

x =2y
y=—=x

& 6-y'=—y
= P —y—6=0
g y1:3,y2:—2.

The points of intersection are therefore:
B(-3,3),C(2,-2).

*) Other points to draw the graph:
D(5,1) and the equation of the tangent at this point : © = —2y + 7.
We can add the equation of the tangent at the point C'(2, —2),
x =4y + 10.
3/ The graph with delimitation of the desired surface:

Fig3.8 : Graph of example 2.
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4/ Calculation of the integral :

5 = /wmmw—xxwmy

1

- [ v

2

3
= [ (6ry-syis
—2

125
i ? SU.
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3.4 Exercise series N°3

Exercise 1

Let f be a function defined by

f(z) = e*sina.
1) Calculate f'(x) and f”(x).
2) Find two real numbers a, b such that :

f(@) =af'(x) +bf"(x).
3) Deduce an integral of the function f.

Exercise 2

1/ Using the integration table, calculate:

3_5 2_4
1) [ (22* — 5z +5)dz Z)I%dm

3) [(e" —a®)der ; 4) [ (3z+4)"dr.
5) [(5F — e + 3y + 2 cos z)dx.

6) [2*Vad +2dx  ;  7) [x/(1—a?)dr.

1'2 mz €T
8) [ Smdr 5 9)[ (xj:f)de.
10) [e*(e® + 1)*dx ; 11) [e@eHdx.
72
12) [Brsin(z® + 1)dz  ;  13) [ ——dx.
x4 1

2/ By a change of variables, calculate:

x
I = dx.
/x4—|—1$
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Exercise 3

Find the primitives of the following functions which vanish for x = 1.

flz) = :c+\/5+£.

2

g(z) = NECESE
2 +1
S e v

Exercise 4

Using the integration-by-part formula, calculate:

L = /xsinmdm ; 2)[2:/$26$d1‘.
)3 = /lnxdw ; 4)14:/($e3$) dx.

t2
5)15 = / (—dt . 6)I = / ") n zd.

2 +1)2

Exercise 5

1. Get back to integrals I, and I, of exercise 4 and solve them by the
method of integrating "polynomials by exponential functions".

2. By the latter method, calculate also :

I= /(x2 —x+1)e “dx.

Exercise 6

1. Calculate I; = fol = da.

1 43
0 z2+1

2. We Put I, = dz. Calculate (I; + I3) then deduce Is.

3. Let be the two integrals :
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Ilz/ z? cos?(x)dr  and 12:/ 2% sin ?(x)dx
0 0

a) Calculate I + Is.

cos 2a — sin 2«

b) Knowing that Yo € R, cos(2a) = 5 , calculate I} — I5.
c¢) Deduce the value of I; and of Is.

Exercise 7

1/ Find three reals a, b, ¢ such that :

472 — 5r + 1 c
e bt ——.
r+3 T+ 3

472 — 5r + 1

422 — 5 1
Y dz, then deduce [ 2207 7OV L

dx.
0 x+3 o

2/ Calculate [

Exercise 8

Calculate the following trigonometric integrals :

1) / sin?(2z)dx,
2) / 3 cos®(x)dx
3) / cos? (z) sin? (z) da,
5) / sin(2z) cos(3z)dz.

Exercise 9

1. Point out the difference between the following integrals then calculate

them :
1 T
1 d 2 —d
)/x2+1x, )/I2+1x,

1 T
3)/x2_1dx, 4)/x2_1d1’.
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2. Calculate the integrals of the following rational fractions:

A B
1)/3x+1d1‘, 2)/md:c,
(A,B #0).

r—2
3)/x2+5m+7dx'

3. Calculate the following integrals :

a/ ]:/d—m- b/ J:/\/m(m

22 4 10z + 30’

4. Calculate the following inegrals :

224+ 22+ 3

1
1
a) I:/ VI— 22z ;b J:/x—dx
0

Exercise 10

Calculate the area between the following graphs :

24+ y*=9
T =y
T=—y

Reminder

1/ The most useful integration formulas :
(a,C € R)j(ar # —1).

1) [adx =ax+ C.

2) [ () [u(z)]" do = B 4 o

a+1

Example : [ 2%dz = f:ll + C.

3)[ L& dw = In |u(x)| + C,(u(x) #0).

Example : [ % = In |z| + C, (z # 0).

4) [ (z)e"@dx = @ + C
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Example : [ e“dz = e” + C.

5) [ (z) cosu(z)dx = sinu(z) + C.
Example : [ coszdz = sinz + C.

6) [ v (z)sinu(z)dr = — cosu(x) + C.
Example : [sinazdr = —cosz + C.

N[ ztzde = 5-In|“L| + C.

Example : fﬁd = 1ln 1”‘—1—(7

8)[ zzdx = Larctan (£) +C
Example : [ - 2pde = arctan (z) +

2/ Integration by parts formula :

C.

’fUU—UU

Juv']

3/ Canonicalal form :
If az? + bx + ¢ with A < 0, then:

ar’ +br+c=a|(z+

4/ Defined integration :

[} f(a)dz = [F(a)]h =

145



3.5 Correction of the exercise series N°3

Exercise 1
Let f be the defined function f(z) = e3* sinz.
1) Calculate f'(x) and f"(x).

f'(x) = 3e*sinx 4+ e* cosa

= € [3sinz + cos ]

3e*" [3sinx + cos x] + €** [3 cos x — sin 7]

= 2¢* [3cosz + 4sinx].

2) Find two reals a,b such that f(x) =af'(z) + bf"(z).

/(@)

fl@) = af'(z)+bf"(z)
= ae® [3sinx + cos x| + 2be*” [3cos x + 4sin 7]
= ¢€(3asinx + acosx + 8bsinx + 6bcos x)
e sing = €*[(3a + 8b)sinx + (a + 6b) cos ] .

After calculations and by identification, we find the system :

a+6b=0
3a+8 =1

- 97
b—
1

f) = 27/@) — 3 /")

3) Deduce an integral of the function f.

1@ = [ 120 - o) @

3 1,
= i@ - @)+ C

| o

1
10
Hence :

3 1
= [gsinaz— E(Bsinx—l—cosa:)] +C.

1
= Ee?’x (3sinz —cosz) + C,(C € R).
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Exercise 2

1/ Using the integration table, calculate :

1)/(2m2—5x+5)dx = 2/x2da:—5/mdx+ bdx

::2{§]—5Eﬂ+ﬁx+CJCeRy

_5a2—4 4 4
2)/%@ = /(a:—5——2>dx—/a:dx+/—5dx+/——2dx
T T i

$2

4
= - - R).
5 5x+$+C,(Oe )

e+1

x e _ oz T
3)/<e ) di = = T+ C,(CER).

-7 1 1
4) /(7—1650—1—3\/54—2 cos x)dx = —71n\:v]—zlex+3

8
w|w| e

+2sinz+C, (C € R).

5)/(3x+4)15d:v = é/3(3:c—|—4)15dx

1|(Bz+4)"°
S A R).
3 16 +C, (C eR)
6)/:52\/:U3+2dx = %/(?ch) (x3+2)%d:c
1 [ (2% +2)2
= - @D oo eR).
3

7) /m?/ (1 —22)dx = -1 (—2z) (1 - x2)% dx




82 8 32
O [ wiat = 5wt

= gln‘x3+2|+0,(C’€R).

242 242041 -1 H2—-1
9)/fﬁ+_ﬂfd1,:/ﬂf+ﬂf+ dm:/udlﬂ

(z+1)2 (z+1)2 (z+1)2

— /(1—ﬁ)daj:$+ﬁ+a(cem-

(e* +1)°
5

11)/6(2”1)dx = 1/26(2”1)(13:
2

= L[ 40 CeR).

10)/6x(ex+1)4da::[ ]+C, (CER).

12)/5xsin(:c2+1)da: = g/(Qx) sin(2® + 1)dx

= g [—cos(z® +1)] + C

= —g [cos(:v2 +1)] +C,(C eR).

13)/ L 1/3 LA

——dr = - | 3——=dx

341 3 vad+1
2

2/

xXr
I = dx.
/x4+1x

One poses y = 22 , to get dy = 2xdx.
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Hence,

I = / 2%
y?+1

1
= §arctg(y) +C

1
= §arctg(332) +C, (C € R).

Exercise 3

Find the primitive functions of the following functions which vanish for
r=1.

f@) =t Vit o) = e

) fl@)=z+vr+,

F(z) = /f(x)dx:/(x+\/5+é) dx
. 3

= 2’4+~ +hhzr+C.

€2
2 3

2

Hence :

1 2
F(z) = 5902 + gxg +Inz+C.

If F(1) =0 then £ (1) + 2 (1)

N

+1In (1) + C = 0 which gives : C' = —

(SN

The primitive that verifies the requested initial condition is :

1 2 7
F(zx) = §x2+§m% +lnm—6.

149



Hence :

2
G(z) = g\/x?’ +1+C.
If G(1) = 0 then 2,/(1)> + 1 + C = 0 which gives : C' = —2/2.

The primitive that verifies the requested initial condition is :

Gl = NBFT- V3

% B 20 +1
) hz) (22 +2—1)%
H(z) = /h(m)dm = / ﬁdm

_ /(21; 1) (@ e — 1) e
B (22 +2—1)2
- [ e

Hence :
H(z) = 2(2? +_Q:31 —1)2 +C.

If H(1) :0thenm+C:0Which gives : C' = 1.

The primitive that verifies the requested initial condition is :
-1

1
H(z) = -
)= a1 2

150



Exercise 4

1) One poses u = z so v’ = 1 and v/ = sinz , hence v = [sinzdr =
— oS Z.

We apply the law of integration by parts : [ wv' =uv — [ v, we find :

I, = x(—cosx)—/—cosxdx
= —xcosx+sinz+C,(C eR).

2) One poses u = 2 so v’/ = 2z and v’ = €” , hence v = ¢”.

We apply the law of integration by parts : [ wv' = uv — [ v, we find:

L, = 2%(e%) — /Qxexdx
= 2%" — Z/xe’”dm.
We need to apply integration by parts a second time on the new integral:

J = /xexdx.

One poses u =z sou/ =1 and v/ = € , hence v = €.
We apply the law of integration by parts : [ wv/ = uv — [ «'v, we find :

J = /:L’e"’“"dx =ze® — /e“da: = ze —e”.

We get J to its place, we then get :

I, = 2% —2(ze" —e") +C
= (2 =27 +2)e" +C,(C €R).
3) One poses u =Inz so v’ =1 and v’ =1, hence v = x.

We apply the law of integration by parts : [ wv' =uv — [w'v , we find :
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I; = x(lnx)—/ldm
= zlnz—x+C,(C €R).

4) One poses u = x so v’ = 1.

And ' =¥ sov = [e¥dx = %f3e3mdx = 137,

1
3

We apply the law of integration by parts : [ wv/ =wv — [«'v , we find:

1 1
I; = zf=e* —/—e3xdx
3 3
1 1/1
= gxe?’g” —3 (5/363%35)

1
= gxe?’x - 563”” +C,(C eR).

One poses u =t so u' = 1.

_ t _ t 1 2t _ 1 1
Andﬂl—mSOU—fmdt—ifmdt——gm

We apply the law of integration by parts : [ wv/ = uv — [v'v , we find :

b () [t

1t 1
_ _§m+§arctg(t)+C;<CER)‘

6) Is = [ 2"V Inzdx,

One poses u = Inz so v’ = —.
x
x(n+2)

And o' = (D) g0 v = fa:(”“)dx = )
n+ 2

We apply the law of integration by parts : [ wv/ = uv — [v'v , we find :

(n+2) (n+2) 1
Iy = z Inx — / i —dx

n+2 n+2x
(n+2) 1
B Inz — /x("+1)da:
n—+2 n+2
(n+2) 1 (n+2)
x x
= Inx — C,(C eR).
n+ 2 ne n+2[n+2}+ (CER)
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Exercise 5
1.

o I, = [2%e"dr = Q(x)e” + C where Q(x) is a polynomial of degree 2.

Q(z) = ar*+br+c
= Q'(z) = 2az +b.

On the other hand, since I, = [ z?edz = Q(x)e” + C.
By derivation we obtain :

I = 2% = [Q @)+ Q)| e
= [aa:2—|—bx+c+2a:1:+b]ex
’e” = [az®+ (b+2a)z +c+b]e.

And by identification, we get :

a,:
b+2a=0
c+b=0

a =
& =2 .
CcC =

Which implies that : Q(z) = 2* — 2z + 2. Hence,

L= (2*-20+4+2)e"+C,(C eR).

o I, = [ze¥dr = Q(z)e*” + C where Q(z) is a polynomial of degree 1.



On the other hand, since Iy = [ ze3*dz = Q(z)e* + C.
We derive this equality and we get :

!

I, = xe* = [Q, (z) +3Q(z)| &**
%" = [(3a)x + (3b+ a)] €*.
By identification, one finds that :

a =
3b+a=0

a =
@ { . 1 .
-3
Which implies that : Q(z) = = — z. So,

1
3

1
14: (.I'—g) €3x+0,(C€R).

2. I=[(2®—z+1)e%dr = Q(zx)e ™ + C where Q(z) is a polynomial

of degree 2.

Q(zr) = ar’+br+c
= Q'(x) =2azx +0b.
Yet I = [(2* —z+1)e “de =Q(zx)e* + C,

Deriving gives :

!

I = (P—z+1)e” = [Q (z) — Q(:z:)} e "
= [am2+ba:—l-c—2ax—b} e’
(»—z+1)e® = [az®+ (b—2a)z +c—ble™

Again, by identification :

a=1
b—2a=-1
c—b=1
a=1

& b=1
c=2
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Thus : Q(z) = 2% + x + 2. That way, we get :
I=("+2+2)e”+C,(CER).

Exercise 6

1. Calculate I; = fol 2 _dx.

241
One has :

1 [t o2z 1
L, = —/0 da::§[ln}x2—l—1ué

2. Take I, = fol x;”—ildx, Calculate (I; + I3) then deduce Is.

1, 1,3
L+ 1 = d d
1 3
T T
= d
/0(x2+1+x2+1) ’
1 3
:/(x;x)dx
o \z°+1

1 2
1
:/de
o T°4+1

1
—/xd:v
0

1 1 1 1
Since ([1"‘[2) = 5 then IQ = 5-[1 = §—§ln2

3. Let :
11:/ 2% cos?(r)dr and 12:/ 2% sin ?(x)dx
0 0
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a) Calculate I + I5.

s x37T 7T3
I+ 1, = 2dr = |=—| = —.
o= [Tea= 5] <5

cos 2o — sin 2«
2

b) Knowing that Va € R, cos(2a) = , calculate [} — Is.

L -1, = / 222 cos(2z)dx
0

We first calculate [ 2% cos(2z)dx without bounds, by parts:

u(zr) = sin(2x)

One poses { V(2) = 20

9 , one finds {

The integration by parts formula [ u'v = [uv] — [v'u, gives us:

/ 222 cos(2x)dx = x* sin(2x) — / (22) sin(27)dz.

One calculates [(2z)sin(2z)dz. a second time by parts, which leads to:

u'(x) = 2sin(2x) u(z) = — cos(2x)
Take { (@) = o , get { V(z) = 1

Applying the integration by parts formula again gives us:

/ (20) sin(22)dz = / 'y = [uv] — / -

= —xcos(2x) — / — cos(2z)dz.
/(Zx) sin(2z)dr = —xcos(2x) + %sin(Zx) +C.

Finally,

1
/2332 cos(2z)dr = 2?sin(2z) — |:—:B cos(2x) + 5 sin(2z) + C
/21’2 cos(2z)dxr = <£L‘2 - %) sin(2z) 4+ x cos(2x) + C.

Yields :
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1 s
L-1, = {(mQ - 5) sin(2x) 4 x cos(2x)

= .

0

c¢) Deduce the value of I; and of Is.

One has :
3
L+1I=%
[1 —IQ—’/T
[1 = % Tr—; +m
= 1 (=3
L=3\%—
Exercise 7
422 — 5 1
1/ Find the three reals a, b, ¢ such that % =ar+b+ —T—3'

x x
We can proceed either by analogy or by Euclidean division, both methods
are easy, we find:

a=4,b=—17¢c=52.

422 -5 1 422 -5 1
%dw, then deduce f2 $dx.

0 x+3
422 — 5 1 52
/$dx = / 4o — 17 + dx
z+3 T+ 3

2
= 4<%> — 17z +52In|z + 3|+ C, (C € R).

2/ Calculate [

Hence:

2 42? — 5z + 1
/&d:ﬁ — [20° — 17z +52In |z + 3]
0 r+3 0

= —24+52In5—521In3.

Exercise 8
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1) [sin?(2z)dz.

We are facing the form [sin” (x) dz with n even. We use the following
linearization formula:

sin? (o) = %(1 — cos(2a)).

Hence:

sin? (27) — %(1 _ cos(4z)).

I = /sinz(Qx)dx

- %/(1—(:08(43;))

_ 2 {x + lsin(él:c)} +C

2 4
1 I
= §x+§sm(4x)—|—0, (C €R).

2) I = [3cos®(x)dx

We have the same pattern here, but n is odd. We separate the power 3
to 3 = 2+ 1. We then keep the power 1 which will play the role of derivative,
then we use the relation cos? (x) + sin? (z) = 1.

Hence :

cos®(z) = cos?(x)cos (z)

= [1 —sin?(z)] cos(z).
And so :

I = /3coss(x)dx

I = 3 [ / cos(z)dz — / sin2(z) cos(x)dx]
= 3sin(z) —sin’(z) + C,(C € R).
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3) I = [sin®*(z) cos? () dx.
Here, the two powers are even. We use the relation

sin(2z) = 2sinz cos .

One has:
sin?(x) cos? (z) :@m@wﬁmz
=
— sin?(20)
-1 {%(1_-cos(41»>1.
So :

/(1 — cos(4x))dx

F-im@@kuuc€m.

0|~ 0|~

4) [ sin (2z) cos (3z) dx

We have the form : [ sin (ax) cos (8z) dz

We use the following trigonometric formula:
sin () cos (Bz) = % [sin (o + B) z + sin (o — ) ] .

Gives :

sin (2z) cos (3z) = % [sin (5z) + sin (—x)]
1. :
=5 [sin (5x) — sin (z)] .
So:
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/ (sin (5z) — sin (2)) da

[%1 cos(bz) + cos(z) | + C, (C € R).

/ sin (22) cos (32) dr —

N~ N~

Exercise 9

1. We notice that, for the second and the fourth integral, we can show
the derivative of the denominator in the numerator. On the other hand, we
cannot do this for the first and the third integral. We therefore use the table
of laws to integrate 2) and 4), as follows:

1 2
2) * der = — :E dx
24+ 1 2] z2+1

= %1n(m2+1)+0,(CER).

T 1 2x
4)/x2—1dx - §/x2—1dx

= %1n\x2—1|+0,(CeR).

Then, we can see that the denominator of the first integral verifies A < 0,
so it is the third form of the basic forms of rational fractions, while that of
the third integral verifies A > 0. This is why we do not treat the two forms
in the same way.

The result of these two integrals can be found in the table of laws:

1
1)/m2+1dx:arctg(x)+0, (C eR).

1
3)/932 —de =77

One has :
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1 1
x?2—1 (x+1)(z—1)

A B
:c—i—1+x—1
Alx—1)+ Bz +1)

(x+1)(z—1)
1 (A+ B)xr— A+ B

2 —1 2 —1

By analogy, one gets :

A+B)=0
—-A+B=1
A=_1
B-1
Hence,
Lot
2-1 z+1 x-1
So :

1 _1 1
d — 2d 2
/xQ—lx /:c—i—l x+/x—1d$

1 1
= §ln|x—1\—§ln]x+1]—|—0

2. Calculate the integrals of the following rational fractions:

A A
1)/3“1@ = SRl 4C(CER).
B B 1
oy f[—B 4 - B e
)/(3x+1)3 = 3 Br )’

B

(—6)(3x+1)2+0’<C€R)‘
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z—2 T(2z+5)—-2-2
N = | ———de= [ 2 24
) /x2+5x+7x / 25 +7

1 2r +5 =2
= - | ———d —2 q
2/$2+5$+7 x+/x2+5x+7x
1/ 2x + 5 d 9/ 1 d
= - | ——dr — = | ——dx
2 ) a2 4+5x4+7 2 ) 224+5x4+7

I = 1n\a:2+5x+7\—§1

With J = [ ——————du, this is form 3 of rational fractions.
x2+5r+7

Canonical form : z? 4+ 5247 = (z + 2)*+ 2, (A = —=3). So,

2 2(z + 3)
= —arctg——=2- +C.
NERRVE
Finally :
9 204+ 5
I=1Inl|2?+ 52+ 7| — —=arct (—)—i—C, C eR).

3) Calculate the following integrals :

dx —_—
af /x2+10a:+30’ b J / v vid

dx
22+ 10z + 30

a/ I=[

A =-20<0.

Canonical form :

b A
ar’+br+c=alz+ — 2—|—u.
2a 4a

Hence :
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2% 410z + 30 = (z + 5) 2 + 5.
Yields to :

I—/—dz _/—dx —Larct ro +C
) 221100+30 ) @+5)2+5 5 U\ B '

b/ J = [Va?— 22tz

J - /Mdmz/\/mm
— /|x|\/mdx

= j:/x\/(l—2a:2)d93
_ 9,2\
S (UL )

4/
a) [ = fol V1 — 22dx

One poses © = siny, to get dr = cosy.dy
1 =0= 1y =arcsin0 =0

r € [0,1] and 2 = siny = y = arcsin z. Yields Ty =1=y, —arcsinl = I

Hence,

%
I = / /1 —sin2y cosy dy
0
g
= / |cos y| cos ydy
0

But since y € [O, g} then cosy > 0. Which gives :
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s

2
cos 2y dy

Il
S~

jus

(cos(2y) +1) dy

S~

2

{5 sin(2y) + y] )

B N = N

r—1
J=[| ————d
/m2+2x—|—3 v
One poses P(z) = 2% + 2z + 3. Note that : A = -8 < 0.

By the canonicl form, one rewrite P as : Vr € R, P(z) = (z+1)%+2.
And since P'(z) = 2z + 2, one gets : Vo € R,

(x—1) — %(m:-z)
- %(2$+2—2—2)
= Sl +2) -4
(x—1) = %(2$+2)—2.

So :

rz—1
= —d
J /m2—|—2x+3x
L2r42)—2
= /—2($+) dz

24+ 2x+3
1
_ _/de_2/d_f
2) 224+2x+3 (x+1)2+2

1 1 1
J = §ln|x2—|—2x—|—3‘—2(Ear0tan(lﬁ;§)>—|—C’, (C eR).

Exercise 10
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Calculate the upper area between the following graphs:

4+ y*=9
r=y
T=—y

The first equation is the equation of a circle that is centered at the origin
and whose radius is R = 3.

Fig3.9 : Requested area in exercise 10.

We can know the result in advance since the area of the entire circle is
given by :

S = nR?
= 97 SU

This means that the requested area is equal to S = %7? SU.

On the other hand, as there is symmetry, we can calculate the surface
coloured in red S; then multiply by 2.

By the vertical rectangle, we find:

P24+ yP=9=y=+V9— 22

But since we are working on the upper quarter of the circle, the y’s there
are positive, so we take y = /9 — x2.

The point a(0,y,) verifies : 02+ y,2 =9 = y = 3, s0 a is the point (0, 3).
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Afterwards, b is on the circle but also on the line y = x, so b is a coordinate
point of the form (x, x;).

Yet :

For the third form : b* — a?2? = 9 — 22, one poses 3siny = x, to get
dr = 3cosy dy.

Which implies that :

I = /\/9—(3siny)2 (3cosy)dy.
= 9/\/1—sin2y cosy dy.

Then we use the trigonometric formula : 1 — sin?z = cos?y. We then
have :

I = 9/0082ydy

_ 9/ 1+C;S<2y)dy

N | ©

[y + % sin(2y)} :

Now we go back to the first variable:
One has : x = 3siny = y = arcsin (2) . But for sin(2y) we are going to

3
use the following formula :

sin(2y) = 2sinycosy

= 2sinyy/1 —sin?y
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This gives : sin(2y) =2 (£) /1 — (£)2=2(%) V9 — 22
I = g [arcsin <§> + %.2 (g) M} .

Finally :
ST = {g (arcsin (g) + xM) — %2}

9 (V2 3\/593\/529
—iarcsm7 - |\ 5 1

9[r 1 9 9 /m O
-3 a]-5--

o

And so, as expected, we find :
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4 Chapiter 4 Ordinary Differential Equations

4.1 Introduction

In mathematics, an ordinary differential equation is an equation whose un-
known(s) are functions; it is presented in the form of a relation between these
unknown functions and their successive derivatives. It is a special case of
functional equations. General equations involve dependent and Independent
variables, but those equation which involves variables as well as derivative of
dependent variable (y) with respect to independent variable (z) are known
as Differential Equation.

The solution of a differential equation is a function, that represents a
relationship between the variables, independent of derivatives. The solution
of a differential equation is also known as its primitive.

There are generally two types of differential equations:

1) Ordinary Differential Equations (ODE), where the unknown func-
tion(s) depend on only one variable;

2) Then the partial differential equations (PDEs), where the unknown
functions can depend on several independent variables.

Without further precision, the term differential equation most often refers
to ordinary differential equations.

We will learn how to solve ODEs through practical examples, without
going into theory. The solution methods are actually recipes that we have to
learn in order to solve the requested ODEs. Each type of EDO has its own
solution recipe!

4.2 First order differential equations

Let y be a differentiable function of the variable x.

We call first-order ordinary differential equation (ODE) any relation be-
tween the variable z, the function y(x) and its first derivative with respect
to x, y/(z). We note the ODE therefore the relation f(z,y,y/(x)) = 0.

Examples
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Dx(Inx)yr = (3lnz + 1)y
2)z’y! + zy = y* + 2%, (v # 0)
3)(1+ 2%y +zy = V1+ a2

We can distinguish several types of first-order ODE depending on the
form of the function f.

The resolution method is appropriate for each type differently.
In this course, we will learn to solve three forms of first-order ODEs,
which are: separable, homogeneous and linear.

4.2.1 Separable ODEs

Separable ODEs are expressed in terms of (z,y) such that, the z-terms
and y-terms can be separated to different sides of the equation. Thus each
variable separated can be integrated easily to form the solution of differential
equation.

The equations can be written as :

f(z)dz = g(y)dy

To solve this type of ODE, we consider x and y as independent variables.
Then simply separate the two variables and then integrate, as follows:

Example 1

2y +V1i+ady = 0.
d

= V1423 dy —2%y
x

—x%dx _dy
= - 7
Vitad oy
—12d
1+$3 Y
VIt a3
- = f“” —lnly|. (CeR).

3

2

169



y(z) = K.e 3V (K €R).
Example 2

2) z(lnz)yy = (Blnz+1)y
r(lnz)dy = (3Inx + 1)ydx
dy _ (3lnz+1)de

v

zlnzx

)
1
j2- /G
Y r Inz
Iny=3lnz+In|hz|+C,(C eR).
y=Kz*lnz., (K € R).

U

vy

4.2.2 Homogeneous ODEs

Homogeneous ODEs can be summerized in the following form :

1)

They require that (z # 0). We may discuss the case when (z = 0) sepa-
rately.

To solve them, we perform a variable change as follows:
T k _ y<x) _ / a2,/
ake u(r) = ==, to get y(z) = u(z)r and y'(x) = v'(x)x + u(x). Note
x

that u is, as y, a function of the variable x.

When replacing by the new variable in the ODE, we should obtain a
seperable ODE to be soled as usuel.

Example

Solve the following first order homogeneous ODE :

3) a®y +ay =y +a° (x#0)
Dividing equation (3) by z?, (remember that x # 0), one finds :
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2 2
’ Yy Y- +x
3 & y+L=C"" o)
2

CLY Y
<~ - = — 1....(%
y+o =g tle)

Take u = g, to get y = ux and ¢y = v'x + u.
x

Replacing in (%), one obtains:

u/x+u+u = ur41

ur = ut—2u+1
= (u—1)>

Which is an ODE with separable variables with respect to u since :

d_a: du

r  (u—1)2
We will solve it easily by :

1
1 _ R).
nlz|+C u—l’(Ce )

First we will find u then return to the variable y, this way :

1
S S |
“ 1n|x|+C’+
Y 1
VIO . E—
x 11r1|a:|+0jL
x
= S TR E—— C eR).

4.2.3 Linear ODE

These are ODEs that we can write in the form:

Y +a(z)y = b(x)
We can then solve them by two methods, which we will explain on a
concrete example.

Example
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Yoy +2y=2>+1. (x>0).

2+ 1

, 2
:>y+5y: i (x>0).
First method : variation of the constant :

We first solve the so-called equation without second member, that is that
we consider b(x) = 0. We then obtain an ODE with separable variables, as
follows:

Equation without second member :

, 2
y+-y =0
x
dy 2
& ===
dx x
d 2
& yz——d:}:

X

i)

& lny=1In(z)2+C.

i

=Yy =—.
) 72

Equation with second member :
Now, we are going to vary the constant! That is, the constant found

when solving the first step is now considered a function of x. Which gives
the following derivation:

y = 10
o y = K@ Ko
_ K'(z) 2K(x)
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Replacing y and ¢ in the initial equation, we find:

, 2 2+ 1
y+-y =
T T
K'(x 2K (x 2
AR
T T x
2?41
B T
K'(z) 2*+1
<~ 7 =
T T

& K'(r)=x(2*+1)
& K(x):/(x3+x)da:

4 2
s K(z)= %+%
Finally,

4 2
K r 4
y(fE) = ﬁ—i_ . 22 :
K 2 1
v = m

Second method : by the integrating factor:

.2 2 +1
y+-y=
xr

; (x> 0).

The equation is written in the form
y' +a(z)y = b(z); (x> 0).
2?41

2
With a(z) = — et b(z) = :
x x

Step 1 : One calculates

/a(:c)d:v = /;dx

= 2lnzx

= Inz>
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Then find R(x) the integrating factor :

ef a(x)dz

2

Y
—~
=

I

Inx

R(z) = 2°

Step 2 : One calculates :

I(x) = R(z).b(x)dx

(ﬁ).(ﬁ“) dn

T

(% + 2) do

I
R T~ T T

LT
X

Then find the expression of the solution as follows :
R(x)y(z) =I(z)+ C.

Hence :

Which gives :

(2) x+1+0
r)=—+=-+—.
Y 4 2T

4.3 Second-order differential equations

Definition

We call ordinary differential equation (ODE) of the second order any
relation between the variable z, the function y(z), its first derivative with
respect to x, y/(x) and its second derivative with respect to x, y//(x).
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A second-order ODE given in its explicit form is therefore the relation

f(xay7y’($),y//($)) =0.

Examples :

)y" = =«
2)y1/+y/ — 2ZE2

3y =2y +y = cosux.
)y — 4y +3y = €.
5y’ +3y +2y = 2* +sinz+e .
4.3.1 Pattern y' = f(z)

To solve this kind of second order ODE, It is sufficient to integrate two times.

y = f(z)
= y/:/f(a:)da:jLC’l

Then, y — /(/f<g;)dx+01> du

= y(w)Z/(/f(x)dx) dr + Cix + Cy;  (C1,Cy € R).

Example
Solve the following second order differential equation y” = 3z + 1.

It is sufficient to integrate two times, as follows :
y” = 3Jr+1
= y,:/(&t—i—l)dx
= 396 +x+C}

3

Then, y = (530 +z+ Cl) dx

= y(zr) = —x + :L‘ +Cir+Cy; (C1,C €R).
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4.3.2 Pattern f(z,y,y") =0

To solve this kind of second order ODE, we need to do a varible change by

taking z = 1/, and getting 2’ = y" . Note that z is, as vy, a function of the

variable z.

So that the equation under investigation becomes a linear first order ODE
of the variable z, that we have already learned how to solve in previous

sections.

SN

Example

Solve the following second order ODE:

zy +y +x=0;(x>0)..(1)

One poses z =y, one finds z° = y" . So that equation (1) becomes:

() e zz +2+2=0..(2)
Which is a linear first order ODE:

|
2)ez+-—2=-1
T

With a(z) = ~ and b(z) = —1.
s

Let’s solve it by the integrating factor method :
[a(z)dr = Inx so the integrating factor is R(z) = e~/ @@de = ¢=Inz

2
Furthermore, K (z) = [ Rx) de = [ —xdr = Tx

The solution is then given by :
2(x) = (z) + C1).

]_ _
= T+C1>

LG
2 x
And since y(z) = [ z(z)dx then y(z) = [ (F£ + L) dx

T

2

ﬁm@:%§+am%ug (C1,Cy €R).
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4.3.3 Second-order differential equations with constant coefficients

Definition

We call second order ordinary differential equation (ODE) with constant
coefficients any relation between the variable z, the function y(z), its first
derivative with respect to x, y/(x) and its second derivative with respect to
x, y!(x) that takes the subsequent pattern :

ay' +by +cy = f(x)
a,b,c € R.

To solve this kind of ODEs, we proceed in two steps, we first solve the
equation without second member and note its solution by 3, , then we look for
a particular solution that verifies the hole equation with its second member,
and note it by y,. The final solution of the overall euation is the summ of its
homogenous one and particular one, that is to say that :

y(x) = yn(z) + yp(z)
Step 1 : We first solve the equation without second member also called
the homogenous equation, where we consider the second membre as zero.

ay’ +by +cy = 0
a,b,c € R.

Set the caracteristic equation (C'E):

ar’*+br+c = 0..(CE)
A = b —dac

Solutions of this quadratic equation lead to solutions of the differential
equation as follows :

Case 1 If A > 0 there are two different real solutions of the
algebric equation (C'E):

—b— VA b+ VA
m=——FT=—F
2a 2a
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In this case, the homogenous differential equation solution is given by :

yh(ZE) = Cie"" 4 (Che™”, C1,Cy € R.

Case 2 If A = 0 there is only one solution of the algebric equation
(CE), that is a double one :

7—b
24’

In this case, the homogenous differential equation solution is given by :

r

yn(r) = (C1 + Cox) ™,  Cy,Ch €R.

Case 3 If A < 0 there are two different complex solutions of the
algebric equation (C'E):

S IRVAAY —b  VIA]

Ty T e 2T 2 T g
Set :
_ b V1A
= f=
2a 2a

In this case, the homogenous differential equation solution is given by :
yn(x) = e (Cy cos (Bz) + Cysin (Bx)),  Cp,Cs € R,

Step 2 : We look for a particular solution y, that verifies the hole equa-
tion (with its second member).

Note that there are no added constants in the particular solution and
that it depends on the form of the function f(x).

So, if f(z) = [P (z) cos (0x) + Py(x)sin (0z)], X, 0 € R, then
Yp(x) = M2 [Q1(z) cos (0z) + Q2(x) sin (02)] .

*) If (A +46) is a solution of the (CE), then m = 1, otherwise m = 0.
*) Polynomials ()1, Q2 are to be determined knowing that :deg(Q1(x)) =

deg(Q2(x)) = max (deg(Pi(x)), deg(Pa()).

Examples
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1/ Solve " +y = cos z...(1).

Equation without second member (homogenous equation) : 3"+
y=0
(CE) : r?+1=0
a=0
f=1"

Let us note y;, the solution of the homogeneous equation associated with

(1).

= r=+i=a+:8 with {

Then :
yn(x) = Crcosx + Cysinz; (Cp,Cy € R).
Equation with second member : One poses
f(z) = cosz
= M[P(z) cos (Az) 4+ Py(x)sin ()]
A=0
with { 051

Py(x) =1 = deg(P1(x))

0
Py(z) = 0 = deg(Py(x)) = 0

Let us note y, the solution of the homogeneous equation associated with

(1).

Then y, follows the subsequent pattern :

yp(z) = ™ [Qq () cos (Ax) + Qy(x) sin (Az)] .

*) Since A + 0 = i is a solution of the (C'E), then m = 1.

) Sinoe max (deg(F (), deg(P(2))) = Othen deg(Qu() = deg(@a(e)) =

That is to say that y,(r) = 2 [a cosx + bsin ] where a and b are constants
to be determined.
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One has :
y;(x) = (a+bx)cosz + (b — az)sinx.

Then : B
Yy, (z) = (2b — ax) cosx — (2a + br)sin .

Substituting into equation (2.), we find :

(2b — ax) cosx — (2a + bx)sinz + x [acos z + bsinz] = cosx

= 2bcosx — 2asinx = coszx

By identification, we get: { Z_

I= O

Hence :
L.
yp(z) = Srsing.

Finally :

1
y(z) = yn(x) + yp(x) = Crcosz + (Cg + §x) sinz; (C1,Cq € R).
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4.4 Exercise Series N°4

Exercise 1
Solve the following first-order ODEs :

1. With separable variables :

1) y/tanz = ylny.
2) *(1+y*) +yV1+ady =0
2. Homogeneous:

3) vy =y + x cos? (%)(m #0)

3. Linear :

1
4) y’+5y = sinx;(z > 0).

1
y = —,(z>1).

zlnx Inz

Exercise 2

Solve the following second-order ODE :

Y +2y + 2 =e Tsinx..(1).
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4.5 Correction of the exercise Series N°4

Exercise 1

1. Separable ODEs

Dy’ tan x = ylny

dy dx
= =
ylny tanz
d
L[ [,
ylny sinx
dy
= Y =Inlsinz|+ C,(C €R).
Iny
= In(lny) =1Inlsinz|+ C
= Iny= Ksinz, (K € R).
= gy =5 (K eR).

2)*(1+y*) +yV1i+a3y = 0
dy

?(1+y%) = —y 1—!—333%

—x%dx ydy
V1423 (1+9?)

/—xde _/ ydy
Vitad ) (1+y?)

1+ a3

1
T +C = §ln(1—|—y2).
2

2. Homogenous:
3)wy =y + xcos? (Q) Az #£0).
x

Dividing equation (3) by z, (remember that = # 0), one finds :

B ey = % + cos? (%) (%),
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Take u = g, to get y = ux and v = v’z + u.
x
Replacing in (%), one obtains:

1
ur+u = u-+cos‘u

! 2
ur = COS U

Which is an ODE with separable variables with respect to u since :

d_:z; du

T cos 2u

We will solve it easily by :
In|z| + C = tanu, (C € R).
First we will find u then return to the variable y, this way :
u = arctan (In|z| + C)

Y arctan (In|z| + C)
T
y = zarctan (In|z| + C), (C € R).

3. Linear :

1
y=—,(x>1).

4)/ =
)y +x1na: Inz

First method : constant variation :

Equation without second member (Homogenous equation):

4) & o =0...
) s (*)
dy 1
& — =
dx :Uln:cy
d 1
= W__ dz

rlnzx

Y
d 1
@/—y:/—xd:v
Y Inx

< Iny=—In|ln(z)| + C, (C € R).
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)7

=3
—
8

Equation with second member :

One has :

(K €R),(z > 1).

_ K'(@)In(x) - K()(})

Replacing y and ¢’ in equation (*) one gets :

In?(x)

S 1
YTz T e
K@) - K@d) 1 [K@] 1
< In?(x) * zlnz |In(x) Inx
K'(z) 1
< In(z) Inz
& K'i(x)=1
& K(z) = /d:z:
& K(x)==z
Finally,
K
ylz) = In(x) * In(x)
ylx) = K+:C,(K€R),(J:> 1).

1
5)y + Y= sinz; (z > 0).

Second method : The integrating factor :
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1
Yy 4+ —y =sinz; (x> 0).
T

The equation is written in the form:

Y+ a(x)y = b(z).

1 :
With a(z) = — and b(x) = iy
x x

Step 1 calculate :

Step 2 : Calculate :

By parts, one gets :
I(z) = —xcosx +sinx

And we write the solution as:

Hence,
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z.y(r) = —xcosx + sinx + C.

Which gives :
—zxcosx +sinx + C

y(z) = .

Exercise 2
y' 42y +2y=e*sinz...(1).

Equation without second member : " +2y +2y =0
(EC) : r*+2r+2=0

a=-—1

= r=—-1+ti=a=xif with { 5-1

Let us note y,, the solution of the homogeneous equation associated with

(1)
Then :
yn(z) = e [Cycosx + Cysinzl; (Cr,Cy € R).

Equation with second member One poses

f(z) = e “sinx
= eM[Py(z)cos (0z) + Py(x)sin (7))
=1
with { =1

Pi(z) =0 = deg(Pi(x))
Py(z) =1 = deg(Py(x))

0
0

Let us note y, the solution of the homogeneous equation associated with

(1)

Hence y, is written as :
Yp(1) = X2™[Q1(2) cos(0x) + Qo(z) sin(fx)] .
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*) Since A +i0 = —1 + i is a solution of the (C'E), then m = 1.

. *) Since max (deg(P1(z)), deg(P,(x))) = 0 then deg(Q1(x)) = deg(Qa(x)) =

Which means that y,(z) = ez |acosz + bsinz] where a and b are
constants to be determined.

One has :

!

Y,(r) =e "[(a+ (b—a)r)cosz + (b— (a+b)z)sinz].

And :

"

Yy, (x) = e " [(2b — 2a — 2bx) cos x — (2a + 2b — 2ax) sin ] .

Substituting into equation (2.), we find:

2bcosx — 2asinx = sinx

0

D=

By identification, we get:{ Z

Which means that :

1 —T
yp(z) = —g5¢ ‘weosw.

Finally,

y(2) = yn(@) + g () = e Kcl - %x) cosz + Cs sinx} (1, Ch € R).

187



List of Figures

Chapter 3 Integrals

Fig.3.1: Graph of cos and secant functions.
Fig.3.2 : Graph of arcsecant.
Fig.3.3 : Graph of cosecant.
Fig.3.4 : Graph of arccosec.

Fig.3.5 : Vertical rectangle for an area calculation.

Fig.3.6 : Graph of the example 1.

Fig.3.7 : Horizontal rectangle for area calculation.

Fig.3.8 : Graph of example 2.
Fig.3.9 : Requested area in exercise 10.

Page

113
114
115
115
135
137
138
139
165



