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Introduction

He logistic equation introduced by Pierre-Francgois Verhulst in 1838, models population
growth with carrying capacity (see [18, 58, 106]). Building on Thomas Robert Malthus’s
qualitative insights in [76] (1798) and Adolphe Quetelet’s statistical contributions in [92](1835).

Verhulst formalized this idea mathematically as

dpP P

where P(t) represents the population at time ¢, 7 is the intrinsic growth rate and K is the carrying
capacity. (for the reader’s convenience see [106]).
Many researchers have extended Verhulst’s work by including spatial effects through reaction-
diffusion equations of the form
dP

P
—r =AP+rP(1- ) )

where P(x,t) represents the population density at location = and time ¢, and the Laplacian is intro-
duced to model spatial distribution of population with local diffusion effects (see [108]). This type
is known as "The classical reaction-diffusion equation with logistic growth", and is widely studied
in mathematical biology because of its importance in modelling biological phenomena. For instance,
Gurtin et al. [58] explored Verhulst’s applications and described the evolution and the spatial dif-
fusion of biological populations over time. Also, in [7] Afrouzi et al. studied the birth rate and
diffusion extent interact to determine the existence or nonexistence of nontrivial steady-state distribu-
tions of population in a reaction-diffusion equation with logistic source. In [39], Cantrell et al. used
this equation to model the dynamics of a population in a heterogeneous environment. Also, logistic
evolutionary systems model the biological phenomenon of chemotaxis [104]. Also in ecology [80],
physics [81] and other fields to study dynamical systems, where both growth and spatial spread occur.

The extension of classical logistic equation to the nonlocal setting, by involving the fractional
Laplacian which corresponds to processes like Lévy flights [15], allows the model to account for
long-range interaction and anomalous diffusion.

The equation under consideration is

P . P
—r = (FA)P+rP(1— ) 3)

2
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where (—A)? represents the fractional Laplacian, defined for any v € S(RY)

(—A)*u(x) == cns PV. M dy,s € (0,1) %)

RN ‘x _ y‘N+28
with

s4°T(s + &)
CNsg = —F7——=, 5
M i — s ©)

being a normalizing constant and P.V. is the principal value of Cauchy. This operator generalizes
the classical one to the fractional order 0 < s < 1, and it is of significant interest and has a close
connection to mathematical biology. An introduction to this operator and more details can be found
in [44, 82].

To motivate the mathematical, biological and physical aspects, we introduce fractional operators

into a logistic problems to lead to a nonlocal scalar field problem of the prototype form

u+ Lou = fa(z,u) in Qx(0,7),
u(z,0) = wo(x) >0 in Q, (6)
u = 0 in (RV\Q)x(0,7),

where L, represents a nonlocal operator and f(u) = AP~ — u™ ! is of a logistic type.

Such a class of problems has been addressed by several authors, we mention in the case of frac-
tional laplacian [56], and for fractional p—Laplacian see [57, 85]. Regarding its steady-state version,

that was described by the following elliptic problem

Lou = f)\(x7 u) in €,
u > 0 in €, @)
u = 0 in RM\Q.

It has been the focus of numerous authors, among these works, we highlight in the case of fractional
Laplacian [4, 26, 38], as well the problem involving p-Laplacian was addressed in [61, 64, 67].

This thesis is devoted to the study of a class of nonlocal scalar field problems of logistic type in
the form of (6) and (7), involving a linear or nonlinear nonlocal operators.

The logistic nonlinearity in the second term exhibits an increasing power. In particular, this the-
sis focus on the asymptotic behavior of solutions as the exponent m diverges. The behavior of the

solutions will be thoroughly investigated and characterized through a class of free boundary problems.
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Structure of the Thesis

This thesis is organized as follows:
We begin by presenting some definitions and techniques used throughout this work, which is covered

in the first chapter.

Chapter 2: Notations and Preliminaries

The objective is to recall the fundamental tools and theoretical framework necessary for the study of
the three fractional problems.

The chapter is organized as follows:

* We begin with the definition of functional spaces including: Lebesgue spaces, fractional Sobolev

spaces , Holderian spaces and the fractional parabolic spaces.

* We introduce the key results to demonstrate existence such that: minimization method, Moun-
tain Pass Theorem and Perron’s method, presenting the essential background about the eigen-

value problems.
* We recall the fundamental concepts and some integration theory tools.

The thesis is then divided into two main parts:

The first part: Elliptic Problems

The first part is dedicated to the study of two types of nonlocal elliptic problems in bounded domains.
Specifically, we are interested in the following elliptic problems involving a nonlocal operators and a

logistic type nonlinearity:

* First Problem: the first problem is governed by the linear operator, the fractional Laplacian
(—A)%, s € (0,1), where the logistic reaction term is given by fy(z,u) = AuP~! —u™~! where
that 2 < p < m. In this context, we investigate the existence, nonexistence and multiplicity
of solutions according the value of A\, p and m, emphasizing how the parameter p influence the
study. Specifically, we categorize the case taken by the exponent p into subcritical, critical and

supercritical.

* Second Problem: it is a fractional elliptic problem involving the nonlinear operator, the frac-

tional p-Laplacian (—A)s where s € (0,1) and p > 1. We focus on a logistic type nonlinearity
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Az, u) = Mt~ —u™"! where A > 0, examining the key types of logistic problem, through the
lens of diffusion regime: super-diffusive, equidiffusive and sub-diffusive, captured by: convex,

linear and concave cases respectively, treating each case separately.

In both problems, we perform an asymptotic analysis to the solutions obtained in each case, as the
exponent m diverges, determining their limit profiles as a solution of a free boundary problems will

be specified later.

This part is organized into two chapters:

Chapter 3: A nonlocal scalar field problem: Existence, multiplicity and asymp-

totic behavior [22]
The main goal is to study the nonlocal scalar field problem
(=A¥u = Pt —um! in Q,

u > 0 in €, )
u = 0 in RM\Q,

under the condition 2 < p < m and A is a positive parameter. We address the questions of existence,
non-existence, and multiplicity of solutions, for the largest possible range of the parameters A, p, m

Our approach is variational based on critical points theory. We define the energy functional

J. // >’2d d +1/|u|mdx—)\/|u]pdx
m ~ 2 U, \x— y|N+2s Y Ja pJa '

We begin our study by proving a crucial regularity result, we provide that every solution of Problem

(8) is uniformaly bounded. This result based on Stampacchia method.
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Before stating the main results, we examine the geometry of the associated energy functional,

noting that its behavior varies according to the increase of .

-0:2

L0.4

Figure 1: Existence and multiplicity of solutions according to the growth in value of A

This analysis allows us to identify a critical thresholds for the parameter A, which influence the

existence, nonexistence and the energy behaviors. Namely, we define the threshold of existence
A(m) := inf { A € R, : such that Problem (8) has a nontrivial solution}.

such that
® If 0 < A < A(m), Problem (8) does not admit a nontrivial solution.(see Region Ry, Figure (1))

@ If A > A(m), Problem (8) has a different structure of solution set. Namely, (see Regions Ry,
R3, R4, Figure (1)).

» We establish the existence of maximal solution denoted wj ,,, by applying sub-supersolution
method. This solution is characterized by the fact that it dominates all other solutions of

Problem (8). Moreover, it is increasing to the respect to .

» We observe that, for sufficiently large values of A, there exists a global minimum since
the energy is negative. However, when X close to A(m), the energy level can be positive
and the global minimum of 7 ,,, becomes the trivial solution. To further analyse this, we
determine a second threshold, exceeding A(m), which plays a crucial role in investigating

the different behaviors of 7y ,,
A(m) = inf{\ : J),, has a local minimum u, ,, such that 7 ,,,(ux ) < 0}.

In particular, from Figure (1) we observe that the energy exhibits a different levels accord-

6
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ing the increase of ), it can be positive, zero or negative. Precisely,

vV If A(m) < A < A(m), then J ,(ux.m) > 0.( see Region Ry).
v If A = A(m), then J ,,,(ux,m) = 0.(see Region R3).
v If A > A(m), then T, (urm) < 0.(see Region Ry).

So it is not obvious that a critical point that is a local minimum. In order to overcome
this difficulty, we use Perron’s method to show that 7} ,,, admits a minimizer in a closed
convex set. Inspired by a variant of Alama method [4], we establish that this solution

remains a local minimizer in H§(€).
Now, Thanks to the L*° estimate, we are ready to study the asymptotic behavior of the sequence
solutions as m tends to co. We begin by determining the limit of A(m). We show that

lim A\(m) = .. )

m—0o0

Then, we establish the existence of a second solution denoted v} ,,,, when the energy functional has

the geometry of Mountain Pass Theorem for

2<p<2i<m.

Notice that for A > A, > A(m), Problem (8) admits a global minimum and a mountain pass
solution, preciseley, we are in the fourth rigion R4, see Figure (1). Hence, we study the asymp-
totic behavior of the minimum sequence of solutions and the sequence of mountain pass solutions,

determining a limiting profile as a solution of free boundary problem of the form

AwP™t in Q,
w > 0 in O (10)
w = 0 in RV\Q,

(_A)Sw + Fy (x)X{wzl}

WV

where 0 < F,(z) < A\, F (1 —w) = 0 ae. Q. F,(z) determines the asymptotic behavior of the
nonlinear terms as m — oo for both solutions wy ,, and v} ,,,. We reserve a more detailed discussion

about this function for later chapters.
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Chapter 4: A nonlocal p-Logistic problem: Existence, multiplicity and asymp-

totic behavior [16]

This chapter extends and improves upon the previous one [Chapter 2, Theorem 2.4.1] to a nonlinear
framework, addressing the questions existence, nonexistence and multiplicity of positive solutions of

the following problem

(—A¥u = Md ' —um™ 1t in Q
u > 0 in 0, (11)
u = 0 in RV\Q.

In the context of nonlocal p-logistic problem, we classify the problem into three cases based on the
value of ¢ with respect to p > 1, where we treat separately:

(D The superdiffusive case: 1 < p < g < m.

@ The equidiffusive case: p = ¢ < m.

(3 The subdiffusive case: ¢ < p < m.

In our analysis we use variational and sub supersolution methods combined with suitable truncation

techniques. Let us define the associated energy functional to Problem (11)

T // >|pd d —i—l/ ]u\mdx—/\/ |ul? dx
am Do \x— y|Ntps YT Ja qJo '

w The superdiffusive case: 1 <p <qg<m

In the first part of this chapter, we address the superdiffussive case and show that Problem (11). Pre-
cisely, we aim to generalize the results obtained in Chapter 2 to the fractional p-Laplacian framework.

Firstly, we identify a critical threshold A(m), beyond which we will discuss the existence results.

> Existence

The main existence result is summarized as follow:

@ We prove that if 0 < A\ < A(m), Problem (11) has only the trivial solution.
@ To assure the existence of nontrivial solutions, we take A > A(m) such that

» Problem (11) has a maximal solution denoted 2, ,, € X?, using sub-supersolution

method.
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» we prove the existence of A\(m) > 0 a new threshold such that A > A\(m) > A(m),
which will play a crucial role to investigate the existence of at least two positive

solutions in three different scenarios:
=> a local minimum uy ,,, in X* such that
v If A(m) < A < A\(m), then Ty, (uy ) > 0.
v If A = \(m), then Z, ,,(uxm) = 0.
vV If)\ > X(m), then 7, ,, (uxm) < 0.
=> a mountain pass solution vy ,, in X* in every minimax level.

Inspired by Iannizotto et. al [61, 66], we first prove that Problem (11) has a local
minimizer in C§(€2) and then demonstrating that every local minimizer in C§(£2) is
also a local minimizer in the X *-topology too. In addition, from this local minimizer

we obtain the multiplicity result by using Mountain Pass Theorem.

> Asymptotic analysis
Now, we perform an asymptotic analysis to the sequences of solutions obtained as m tends to
00, proving the existence of \** > (0 which determin the asymptotic behavior of X(m) such
that for A > A** > A(m), the sequence (uy ), of minimum solutions and the sequence
of mountain pass solution (vy ,, )., converges strongly in X*(2) to u and v, the solutions of

particular free boundary problems will be precise later.

w The equidiffusive case: p = g < m

In this special case, we show that the existence threshold is the first eigenvalue associated to the

fractional Dirichlet p-Laplacian problem denoted A ,,.

> Existence and uniqueness
Existence of the solution wy ,, will be assured when A > A, ,, using a direct minimization
method, and in this case we can achieve the uniqueness applying comparison principle and

Picone’s inequality.

> Asymptotic analysis
We stydy the asymptotic behavior of the solution wy ,,, determining its behavior as a solution

of free boundary problem.
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w The subdiffusive case: ¢ < p <m

This case coressponds to subdiffussive case, it is similar to the equidiffussive case.

> Existence and uniqueness
We address the same question as the linear case, and we prove existence a unique solution wy ,,

for all A > 0.

> Asymptotic analysis
The asymptotic behavior is also determined by a profile limite that satisfies a free boundary

problem.

The second part: Parabolic Problems

In this part, we explore the evolutionary version of the elliptic problem addressed in the first chapter

of Part 1.

Chapter 4: A class of fractional parabolic logistic problem[17]

The final chapter is dedicated to the study of the parabolic version of (8), answering the general

questions about the global existence, uniqueness of weak positive solution and asymptotic behavior.

> Existence and uniqueness
We prove the existence of global weak solution u to the evolutionary version of Problem (8)

with uy € L'(), using approximation method and comparison principle for uniqueness.

> Asymptotic analysis

We investigate the asymptotic behavior of the solution

=> When m — oo, we obtain the limiting problem, which determines the asymptotic behav-

ior of the solution.

= When t — oo, we analyze the large time behavior of the solution to the parabolic free

boundary problem obtained as m — oo.

10



Notations and Preliminaries

His preliminary chapter aims to provide the necessary background for the rest of the thesis.

We start by defining the functional framework, introducing Sobolev spaces which play

a crucial role in the analysis of nonlocal problems, as well the Holder spaces which are

necessary to obtain the fine regularity. Then, we focus on the class of nonlinear nonlocal elliptic
problems, presenting some basic methods for proving the existence of minimizers and critical points.

After that, we recall some necessary tools.

11



1.1. Introduction 1. Notations and Preliminaries

Introduction

Nonlocal elliptic problems have widely interest in pure and applied mathematics, due to the large

extent of their applications to model complex phenomena in various fields such as physics, geometry,
and finance. This class of elliptic problem can involve the linear operator the fractional Laplacian
(—A)? or its nonlinear generalization the fractional p-Laplacian (—A)?. Their presence introduces
a significant theoretical and practical challenges, for instance, the nonlocal nature of those operators
makes the standard techniques no directly applicable and force us to seek generalisation in a non-
local context. Similarly, the fractional p-Laplacian, combining non-linearity with non-locality, which

enhanced the difficulties.

In the study of such problems, it is essential to work in fractional Sobolev spaces to define the nec-
essary functional framework which extend the classical Sobolev spaces that allow the inclusion of

fractional derivatives.

The variational structure of nonlocal elliptic problem plays a crucial role to analyse the principal ques-
tions of existence and multiplicity of positive solutions, by using minimization method and mountain

pass theorem, suitably adapted to the nonlocal framework.

The lack of appropriate tools compared to the local case necessitates the use of some tools from

fractional analysis in both linear and nonlinear scenarios.

We will survey the functional framework from fractional spaces to the standard lemmas used in anal-
ysis. In addition, we explore some key definitions, emphasizing nonlocal operators and variational

methods, and provide the tools needed in the nonlocal case to address any difficulties.

Functional spaces

Let  be an open and bounded domain of R” .

12



1.2. Functional spaces 1. Notations and Preliminaries

1.2.1 Classical Lebesgue space

Definition 1.2.1. Ler 1 < p < oo, we define the Lebesgue space
LP(Q2) d:ef{u : Q@ — R measurable : |u|, = (/ ]u\%lx)p < +oo},
Q

and

L>(92) “ {u : Q — R measurable : |u|s := esssup |u(z)| < —i—oo},
e

where

esssup |u(x)| définf{M >0 |u(z)| < M ae. inQ}.
e

The classical Lebesgue space is a Banach space for 1 < p < oo and separable for 1 < p < oo.

Moreover, L”(£2) is also reflexive for 1 < p < oo.

We begin with the folloing useful inequality.
Theorem 1.2.1 (Holder’s inequality). Letr 1 < p < oo and p > 1 be the conjugate exponent of p

(i.e. ]l? + L =1). Ifue LP(Q) and v € LPI(Q), then u.v € L'(Q) and

P

|uv]y < fulplvl,

In the case of bounded domain, the following proposition follows from Holder’s inequality.

Proposition 1.2.1. If () is a bounded domain and 1 < p; < py < +00, then
LP*(Q) — LPY(Q) (continous embedding).

In particular

L>®(Q) — LP(Q) — ... = L(Q), forall 1 < p < oo.

Theorem 1.2.2 (Interpolation inequality). Let 1 < p < ¢ < +oo. Ifu € LP(Q) N LY(NQ), then
u € L"(Q), forr € |p, q]. Moreover

[ulr < Julylvly™

where%+1%q9 =10€(0,1).

1.2.2 Holderian spaces
Let € be an open, bounded domain of RY, o € (0, 1).

13



1.2. Functional spaces 1. Notations and Preliminaries

+ C°(Q) : the space of uniformly continuous function u : Q — R, endowed by the norm

|uleo(@y = sup |u(z)].
z€Q

+ C%*(Q) : the space of fucntions u such that

1. win L=(Q).

2. There exists C', > 0 such that for all z,y € Q;
lu(z) — u(y)] < Colz —y|*
Endowed by the following norm

x) —u(y
[Wloa = Julleo +supw.
xFy | —y|

C%(Q) is Banach space and if o < o, then the embedding 0070/((2) C C%*(Q) is continuous.

Moreover, if o < o, the embedding C*% ()  €%*(Q) is compact.
We are now in position to define the weighted Holder space we will work with in this thesis.

For all 2 € Q, we set 6*(z) := dist(z, 92), and we define

— u . . . _
cQ) e { cC'(Q) : 5 admits a continuous extension to Q}

is a Banach space endowed with the norm ||u|| s = sup

55
And for all o € (0, 1),

o (@) & {u e () L

has an a-Holder continuous extension to Q} ,

65
equipped by the norm
;(m) _ (;J(y) ’
lullo. = ffulleney + sup #2720
wry T — Yl

The embedding C;"*(Q) < C5(Q) is compact for all o € (0, 1). Moreover, the positive cone C5(Q)"

of C%(2) has a nonempty interior given by

14



1.2. Functional spaces 1. Notations and Preliminaries

int(C3() ) & {u € C(Q) s inf £ > o} .

For more details see [66, 64].

1.2.3 Fractional Sobolev space
Lets e (0,1)and 1 < p < oc.

We define the fractional Sobolev space

W (RN) € {u € LP(RN) with W € IP(RY x RY)} (1.1)
T —y|r

endowed with the norm

DLIRY:
[ —— / |u|1’dx+//DQ |$_ |N+Sp 1) = SO de dy) (12)

For more details we refer the convenient reader to Hitchiker’s guide [45, 82]. We will work in

W5?(€2), which is defined as the completion of C5°(€2) with respect to the norm |. ||yy«.»mx).

WP(Q) def{ c W*P(RY) with u = 0 a.e. m]RN\Q}

endowed with the Gagliardo semi-norm

y)l” )é
s,p — ——"" dxd .
lallp = (f e dady

dzxd
where Do = RY x RV \ (CQ2 x CQ). From now on, we will only denote dv = ey

|z — y| NP
For p = 2, we denote TW*?(RY) = H*(R") the classical fractional Sobolev space,

H*(RN) ‘M{ € L*(RM) : W € L*(RN x RN)} , (1.3)
T — Y|z

endowed with the norm

CN,s
ull2 = [ Juldw+ 5= [ u) - uly)Pde

dxdy

where d/,l/ = m
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For a given bounded domain 2 C R”, let

def

Hy(Q) = {ue H(RY): u=0inRV\Q}.

Notice that H§(£2) is a Hilbert space with the norm || - ||s. Moreover, for all u, v € H(£2),

J=ayuwde =252 [] - fu(e) —u() @) o) dp. (1.4)

See for instance [45], [35] for more properties of fractional Sobolev spaces.

Now, we recall the embedding of the fractional Sobolev spaces into Lebesgue space L%. .

Theorem 1.2.3 (Theorem 6.5, [45]). Let s € (0,1), p € [2, +00| be such that N > ps. Then, there
exists S = S(N, p,s) > 0 such that

— p
ull? s o) < S // dedy. (1.5)

LP5 (D +ps
RN xRN

where p; = N P . Moreover, we have
WeP(Q) < L"(Q) continuously for r € [p, pi].

and

WHP(Q) s L™ () compactly for r € [1,p%].

1.2.4 Parabolic Lebesgue space

Let T > 0and 1 < p,q < co. The parabolic Lebesgue space LP(0,T’; L9(f2)) can be defined as

def T vla \MP
L2(0,7; L) s (0,7) x Q = R+ JJull poorszaey = (/O (/Q|u(t,x)]qu> dt) < 400

In the particular case ¢ = p, this definition reduces to LP(€27). Moreover, if p = ¢ = 0o, L>({2r)

space is defined by

L®(Q) € {u 1(0,7) x Q=R :|u|lwa, :=ess sup esssup |u(t,z)| < oo}
te(0,T) x€N

16
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1.2.5 Fractional parabolic spaces

We now introduce the fractional parabolic framework, which corresponds to the parabolic prob-

lems we consider in this paper.

* The fractional parabolic Sobolev space L?(0,T; W;*(Q))
s def T ,
(0,7 W3 (@) & {6 € 12(0) : Nollmmoragrion = ([ I6C0IE,dt) < +oc ),

It is clear that L?(0, T; W;*(£2)) is a Banach space for p > 1, and since W” () is separable
for 1 < p < oo and reflexive for 1 < p < oo, then LP(0,T; W;*(Q2)) is separable and reflexive

under the same conditions on p. Moreover, its dual space is identified by v (0, T; Wy *P (Q)).

For the particular case p = 2, this definition reduces precisely to L?(0, T'; Hg(€2)) such that
2 s def 2 T 2 :
L20,7: H3(@) ® {6 € L) : |6l = ([ NoC0)lEdt)” < +o0),

Its dual space is L*(0, T; H*(Q)).

Non-linear fractional elliptic problem

1.3.1 Non-local operators

Recent studies have increasly focused on nonlocal operators, highlighting their crucial role in various
fields. Especially, in both pure mathematics and practical applications. These operators provide a
powerful framework for analyzing systems with long-range interactions, modeling phenomena where

local interactions are insufficient. But what is a nonlocal operator?

Definition 1.3.1 (Non-local operator). A non-local operator is an operator where the value at a
point depends not only on the behavior of the function on local neighborhood, but also on its values

over the whole RN . For instance, there is two classes of nonlocal operators:

» Integrodifferential operators: which involves integrating function ( Kernel function) over a

domain.

* Fractional differential operators: which generalize classical derivatives to fractional orders.

17
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In this thesis, we are primarily concerned with two types of fractional differential operators: frac-

tional Laplacian and fractional p-Laplacian.

Fractional p-Laplacian ‘

Lets € (0,1)and 1 < p < oo, then we define the fractional p-Laplacian, for all u : RN — IR

smooth enough and for all u € C§°(Q2)

I e
—2pv. [ [u(x) = “|(g>_|p;| J(Vﬁix) — W) g forall z € RY.

Where
* B.(x) is the ball centred at z € R" and of radius e.
e P.V. denotes the Cauchy principal value.
Properties of the fractional p-Laplacian

* Nonlocality: The operator (—A) is non-local, in the sens that, the value of (—A)Su(x) for all

x € ) depends not only on the value of z on the set (2 but in fact on the whole RY.
* Nonlinearity: The operator (—A); is non-linear, for p # 2.
* Extension:

— For p = 2, the operator (—A)IS) generalizes the fractional Laplacian by introducing a

nonlinearity controlled by the exponent p.

— In the local case s = 1, the operator (—A); generalizes the classical p-Laplacian

lim(—A)) = (—A),,

s—1

where

(=A)yu = div(|VulP2Vu).
into the fractional framework.

* Continuity: The operator

(=A), : We™(Q) = (W5 (Q))

18
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is continuous. Moreover, for all u, p € Wi*(£2), we have

(D) = [ 110~ M0 ) =) g,

3 |z — y| N
satisfies
(=A)u ) < [l el (1.6)
in particular, if p = u we get
(=A)pu,u) = [lullf,. (L.7)

* Compactness: Since W;" () is uniformly convex (see [52],[53],[87]), then (—A)? satisfies

the following compactness property.
Property 1. If (u,,), is a sequence in W;"(Q), such that

- up, — u weakly in Wg*(Q).

- ((—=A)Sun, up — u) — 0.

Then,

un, — u strongly in WP (Q).

Fractional Laplacian ‘

Let s € (0,1) and u € S(RY). Then, the fractional Laplacian is defined as

u(z) — u(y)
RN ’x _ y’N+25

(—A)*u(z) :=cn,s PV. dy, (1.8)

with the normalization constant given as

2s—1_—XN (NJEQS)
CNs =27 2T ——=— (1.9)
IT'(—s)|
with I'(z) = / t*~Le~tdt. For the reader’s convenience, we refer to [33, 44] for a detailed expla-
0

nation of this normalization constant. Here, P.V. is interpreted as in the definition of the fractional

p-Laplacian.
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1.3.2 An eigenvalue problems

In this subsection, we investigate eigenvalue problems associated with the fractional p-Laplacian and
the fractional Laplacian. Our focus is on the spectral properties of these operators, particularly the

characterization of their first eigenvalue and corresponding eigenfunctions.

Definition 1.3.2. Ler s € (0,1), A > 0 and p > 1. If ¢ € WP (Q) is a nontrivial weak solution of

the nonlinear problem
(A)e = AelPe in Q,
v =0 in RY\ Q.

(1.10)

Then,

s

» \is an eigenvalue of (—A);.

» © is a A-eigenfunction.

S
p*

» o(s,p) is the spectrum of (—A)
It is well known that the complete structure of the spectrum of (—A) is less explicit to be de-
scribed. However, severeral proprties have been established, see for instance [51, 68, 75]. In the

following proposition, we recall the relevant results needed in this study about the first eigenvalue of

the fractional p-Laplacian given by

Lo esnl@) = euply) Py
Aop = inf RRY

P (Q)\{0} (11D
s, pEWSP 0 P
0 /]RN |¢s,p| dx

and its associated eigenfunction ¢,

Proposition 1.3.1. The eigenvalue and the eigenfunction of (—A);’2 satisfies the following proprties:
® A, > 0and itis an isolated and simple.
@ ¢, is a unique positive eigenfunction.
@ ¢s,p belongs to L*°(Q).

To ensure clarity of notations, we dedicate separately the special linear case as p = 2 correspond-

ing to the fractional Laplacian, since it will be used in the forthcoming chapters.
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The linear fractional eigenvalue problem with Dirichlet conditions

(=A)y¢ = Ap in
= 0 in RM\Q,

(1.12)

Recall that if Problem (1.12) admits a nontrivial weak solution ¢ € H{(€2), then ) is an eigenvalue
and ¢ is A-eigenfunction. In the following proposition, we integrate some basic properties of the
eigenvalue and the eigenfunction of the fractional Laplacian, established in [Proposition 9, Appendix

A, [98]] with a regularity result of the eigenfunction proved in [Proposition 4, [97]].
Proposition 1.3.2. Let s € (0, 1), and Q be a bounded domain in R, with N > 2s. Then

@ Problem (1.12) admits an eigenvalue \, s which is positive and characterized by

// p16(x) — @1.s(y)Pdp
A= inf Do :

H3(2)\{0} 2 (1.13)
Qol,se 5
o [ @@

@ There exists ¢, 5 is the associated eigenfunction such that
P1,s > 0 and P1s € HS(Q)
@ The eigenfunction p s is in L>(S).

1.3.3 Resolution methods for elliptic problems

In this subsection, we present various variational methods for solving fractional elliptic problems.

Minimization method |

We begin by introducing some concepts used in this thesis.

Definition 1.3.3 (Global minimum ). Let J be a functional defined on a Banach space X. We say

that u* € X is a global minimum of J (u), if

Jw) <Jw), VueX

Definition 1.3.4 (local minimum ). Let J be a functional defined on a Banach space X . We say that

21
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u € X is a local minimum of [J (u), if there exists a neighborhood V C X around 1, such that
J(@) < J(u), Yuel.

Definition 1.3.5 (Coercivity). A functional J defined on Banach space X is said to be coercive, if

there exist two constants o > 0 and 8 € R, suc that
J (@) Z af|z|x + B

In addition, we have

lim J(z)=+oo.

l[#]lx—o00

Remark 1.3.1. It is obvious to see that if J is coercive, it is bounded below and every minimising

sequence is bounded.

Definition 1.3.6 (Weak lower semi-continuity). Let J be a functional defined on a Banach space
X is said to be weakly lower semi-continuous on z, if for every sequence (xy)ren C X converging

weakly to v € X, we have
J(z) < lim inf J (zy).
k—o00
We are now in a position to state the main result.

Theorem 1.3.1 (Minimization method [70]). Let X be a reflexive Banach space. If 7 : X — IR is

weakly lower semi-continuous and coercive on X. Then, there exists u* € X such that

J(u*) = inf J(v).

veX

Mountain Pass Theorem versions |

The Mountain Pass Theorem is a powerful tool in variational methods, used to find the critical points
of energy functional which is not bounded inferiorly and, indeed, to prove the existence of solutions
to nonlinear elliptic problems.

Before presenting the main result of this part, it is necessary to introduce a few definitions.

Palais Smale condition

In 1970 Richard S. Palais and Stephen Smale in [91], introduced the fundamental tool on variational
calculus, a compactness condition that assure the minimizing sequences of the energy functional are

convergent under certain compactness conditions.
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Definition 1.3.7. Let X be a Banach space and J Gateaux differentiable functional. We say that [J

satisfies the Palais Smale condition, if for every sequence (xy)reny C X such that
J (xy) is bounded  and T (x) = 0in X

has a subsequence (xy,)seny convergent.

In 1980, a variant of Palais Smale condition at specific level was introduced by Brezis, Coron,

Nirenberg (see [37]).

Definition 1.3.8 ( Palais Smale condition). Let X be a Banach space and J Gateaux differentiable
functional. If ¢ € IR, we say that J satisfies the Palais Smale condition (at the level ¢ € R), if and

only if, for every sequence (i )ren C X that satisfies
J(z) — ¢ and T (xx) = 0inX

has a subsequence (xy,)sen convergent.

In 1989, in order to obtain information about the location of the critical points, Ghoussoub-preiss

(see [55]) introduce a variant of Palais Smale condition given as follow

Definition 1.3.9 (Ghoussoub-Preiss Palais Smale condition). Let X be a Banach space and [J
Gateaux differentiable functional. if ¢ € IR, we say that J satisfies the Palais Smale condition

around the closed subset F of X (at the level c), if every sequence (xy)ren C X satisfies
® lim dist(xy, F) =0,
k—o0
@ lim J(xg) = ¢,
k—o0
. , _
® lim |[T"(2)]x = 0.
has a convergent subsequence.
Now, we can formulate the Mountain Pass theorem by the sequence defined in definition 1.3.7 or

1.3.8 since they are equivalent. We begin by the original version of Ambrosetti and Rabinowitz [13],

applies to the case where the mountain pass level is positive.

Theorem 1.3.2 (Ambrosetti- Rabinowitz Theorem ). Let X be a Banach space, J € C' on X

satisfying the Palais Smale condition. Suppose that
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@ J(0)=0.
@ There exists p > 0 and o > 0 such that ||ul|x = p, then J > .
@ There exists uy € X such that ||u,|| > pand J < o

Then, J has a critical value ¢ > «. More precisely, if we define

def

I'={y:]0,1] — X, v is continuous and v(0) = 0,v(1) = u, }, (1.14)
then
c:= ;Ielﬁ max T((1)). (1.15)

In contrast, Pucci and Serrin extended this theorem to the case of mountains of zero altitude (i.e.
critical value is zero), as detailed in [90, 89]. Instead of presenting their main result, we highlight the

key corollary that provides a direct application.

Corollary 1.3.1 ([90]). If Palais Smale condition holds and [J has two different local minimum points,

then J possesses a third critical point.

Subsequently, Ghoussoub and Preiss provide a more generalized framework for understanding the
structure of critical sets and provide more informations about the location of critical points. In this
context, we now present their refinement of the mountain pass theorem, as established in [Theorem

1, [55]], using the concept of Palais smale sequence introduced in Definition 1.3.9.

Theorem 1.3.3 (Mountain Pass principle of Ghoussoub-Preiss). Ler X be a Banach space, J be a
C! functional on X. We define
c:= inf max J(y(t)), (1.16)

'yel—‘zf t€(0,1]
where

[z & {7:10,1] = X(), v is continuous and ~y(0) = uy,y(1) = us}. (1.17)

Assume that F is a closed subset of X such that for each v € T2, one has F N {z € X : J(x) >
c} # 0. Suppose that J satisfies the Ghoussoub-Preiss Palais Smale condition, then there exists a

critical point ug € F such that J (ug) = c and J (ug) = 0.

24



1.3. Non-linear fractional elliptic problem 1. Notations and Preliminaries

[Perron’s method |

Perron’s method can be seen as the variatonal version of sub supersolution method. From Struwe’s

book [[103], Chapter 1, Theorem 2.4], we state the following result which consists to moving from

constrained minimization to a minimization extended over the entire space.

Theorem 1.3.4. Suppose that v and u are a subsolution (supersolution respectively) in X to the

problem
(~A)u = flau) in
v = 0 in RM\Q,

and there exists o, 5 € IR such that
—o<a<u<uLpf<oo ae .
Consider the bounded convex set
M::{uGX: uéuéu}.

Assume that, the energy functional associated to (1.18), J : M — R, satisfies
® J is coercive on M,
@ J is weakly lower semi-continuous on M.

Then, J is bounded from below on M, and there exists u € M such that

J(u) = inf J(v).

vEM

Moreover, u is a solution of Problem (1.18) in X.

(1.18)

PROOF. The proof of this theorem will be given in the context of our study in Proposition 2.4.3. For

more details see [8, 60, 83, 103]. m
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Some basic tools

1.4.1 Integration theory

Theorem 1.4.1. Let 1 < p < oo and
fo—f weaklyin LF(Q) (= inL>®(Q) ifp=oc0).

Then, f, is bounded in LP(2) and
| flp < hmmf|fn|p
Theorem 1.4.2. Let 1 < p < oo and the sequence (f,), is bounded in L*(2). Then there is a
subsequence, still denoted by (f,)n, and a function f € LP()) such that
fo—f in LP(Q).
Ifp= oo,
fo = f in L™(Q).

Lemma 1.4.1 (Fatou’s lemma [109]). Let ) be an open set of RY. If (f,,)n is a sequence of nonneg-

ative measurable functions. Then

/ lim inf f,dx < hm inf / fndx.
Q

n—oo

Theorem 1.4.3 (Vitali’s theorem[107]). Let 1 < p < oo, () be a set with finite measure for the
Lebesgue measure on RY. Let (f,), be a sequence of functions in LP(QQ), such that it satisfies the

following conditions:

@ f,— fae inf),

@ (fn)n is equi-integrable; For every € > 0, there exists § > 0 such that for any measurable set

E C Qwith |E| < 6,
/ |fulP dx <€ foralln.
E

Then, f € LP(Q) and f,, — f strongly in LP(Q2).
Theorem 1.4.4. Let (f,,),, C L' () and (g,,), C L>=(Q) be two sequences such that:

@ f, — f weakly in L'(Q),
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@ g, — g weakly-x in L>*(Q)) and a.e. in ().
Then

lim/fngnda::/fgd:c.
Q )

n—0o0

Theorem 1.4.5 (Dominated convergence theorem[70]). Let (f,), C X be a sequence of measur-

able functions of L'(Q) converging almost everywhere to a measurable function f. Suppose that,
there exists g € L*(Q) such that for all n > 1, we have |f,,| < g a.e. Q. Then, f € L'(Q) and f,

converges strongly to f in L' ().

Theorem 1.4.6 (Ascoli Arzela’s Theorem [86]). Let (K, d) be a compact metric space. Let us

consider A be a subset of C(K), which satisfies the following hypothesis:

@ Let the set A be bounded in C(K), i.e.

(3M > 0)(Vf € A), |floe < M < 0.

@ A is uniformly equicontinuous, i.e.
(Ve > 0)(3n > 0)(Va,y € K),d(z,y) <n= (Vf € A|f(z) - fy)| <e.

Then, A is relatively compact.

1.4.2 Elementary inequalities
In this study, we will based on certain algebraic inequalities.
Lemma 1.4.2. [2]] For all n, & € R there exists C, Cy > 0 such that

* pe (1,2

’|§|”‘2£ 2| < Gl — Pt (1.19)

*p>2

op—2

P72 = [nP~n

E—n)=1&—nP (1.20)

Lemma 1.4.3 (Minkowski’s inequality [63]). Let 1 < p < +ooand a,b > 0,

(a+b)P < 2P (aP + bP) (1.21)
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, 1 1
Lemma 1.4.4 (Young’s inequality[63]). Let a,b > 0and 1 < p,p < oo such that —+ — = 1. Then
p P

Now, we present several algebraic inequalities that will be used in our study. Before stating these

inequalities, we need to define the truncated function 7}, given for all £ > 0 by

roif || <k,

Ty(r) =
koif |r| > k.

and its primitive function ©(r) = / Ty(T)dT.
0
Lemma 1.4.5. Assume that a,b € R, then for all k > 0

(@ = b)(Ti(a) — Ti(b)) = |Ti(a) — Ti(b)|? (1.22)

Lemma 1.4.6.

D Assumep > 1and a,b >0

(a —b)(a? — V) < pmax{a® 0" "} a — b)*.[30] (1.23)

2 Assume that p < m and a,b > 0. Then, for any € > 0 there exists c. > 0, such that

P <am 4, (1.24)
a" ' < qa™ Tt + ea, (1.25)
la? — bP|(a — b) < €|la™ — b™|(a — b) + c(a — b)2. (1.26)

1.4.3 Picone’s inequality for p-Laplacian and application

In this subsection, We present the general version of Picone’s inequality and an extension of the

classical Brezis-Kamin principle to the fractional p-Laplacian setting, as adapted in [3]

Lemma 1.4.7. (Picone inequality[3]) Let w € W"(Q), such that w > 0 in Q. For all u € C§°(Q),
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we have

) B gy > (-,
2/ o, \:c— y[aes W Z RTRL et

Lemma 1.4.8 (Comparison principle). Let p > 2, ) a bounded domain and f nonnegative contin-

uous function for all t > 0. Assume that

is decreasing, for all t > 0.

R fg_,lt)

Let u,v € W5P(Q) such that u,v > 0in Q. If v < win RN \ Q and

Then, v > v in €.
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Nonlocal Elliptic Problems

30



A Nonlocal scalar field problem:
Existence, multiplicity and
asymptotic behavior

He aim of this chapter is to study a class of scalar field problems involving the fractional
Laplacian, and a large growth term. Specifically, we investigate the existence, non-existence
and multiplicity of positive solutions to the following elliptic problem involving fractional

Laplacian with an homogeneous Dirichlet boundary conditions

(=A)u = MPt—u™t in Q
u > 0 in €, 2.1
u =0 in RM\Q,

for suitable ranges of A\, p and m, with 0 < s < 1,2 < p < m, A > 0 and €2 is a smooth
bounded domain in RY, N > 2s. Our particular interest is to understand how the behavior of the
problem changes based on the value of A. Furthermore, we focus on studying the asymptotic behavior
of positive solutions for m sufficiently large, and describe this behavior through a free boundary

problem.

This chapter is an extended version of the work published [22].
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Introduction

The aim of this chapter is to shed light on the main questions of existence, non-existence and multi-

plicity of positive solutions to the following problem with an homogeneous Dirichlet boundary con-

ditions

(=AYu = It —u™?t in Q
u > 0 in €, (2.2)
u = 0 in RM\Q,

for suitable ranges of A\, p and m. In addition, we investigate the asymptotic behavior of the sequence
of solutions as m tends to oco.
To our knowledge, such kind of problem, has not been extensively addressed in the last few years.

Let us dive into the available literature and see how our results contribute to the existing knowledge.

In the local case:

Let us start with a brief survey of the literature concerning existence of positive solutions of Problem

(2.2)

* In 1977, Strauss studied for 2 = R¥ the elliptic equation

—Au = F(u)

has non-trivial solutions that decay to O at infinity, and are known as solitary waves ( see [102]).
Then, in 1983, Berestycki and Lions have proved under general conditions on F', the existence

of a ground state solution (see [24]).

* The case of bounded domains was considered by Merle and Peletier in [79, 78], where they

studied the following problem

—Au = AP —eu™ in €
u > 0 in €, 2.3)
u = 0 on 0f),

withm > p > 2* — 1 and € > 0, considering a different domains. In the first work [79], they
studied the problem in unit ball and proved the existence of two solutions. In the case of star-

shaped domain [78], they established the existence of variational solution. In both framework,
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an asymptotic analysis was performed as € — (. This work aligns with our study with a change
1
A = —, which allows us to better understand the behavior of the solutions of Problem (2.2)

€
when A sufficiently large.

* Recently, Boccardo et al.[27], have studied the following problem with divergence operator

—div(M(z)Vu) +u™ ! = XP~! in Q
u > 0 in €, (2.4)
u = 0 on 0,

where ) is bounded domain, 2 < p < 2* < m, A > 0 and the matrix M (x) = (m;;(x)) is

symmetric, bounded, and positive definite, i.e.,
there exist positive constants 0 < 3 < ~ such that 3|¢]* < M (x)¢ - € < v|¢[>.

They proved the existence of at least two positive sequences of solutions for A sufficiently large.
The first one is a global minimum with negative energy and the second is a solution obtained
by Mountain Pass Theorem. Then, they studied their asymptotic behavior when m tends to
00, determining their behavior by a limiting problem. This phenomenon was studied for the
first time by the first author and Murat (see [28]), in the case of equations with Leray-Lions
type operator and with A = 0. They proved that the solution of the nonlinear elliptic problem

converges to the solution of the free boundary problem when the power tends to infinity.

In the nonlocal case:

We explored the key works that provided valuable insights in the nonlocal framework, to start our

study.

* Bhakta et.al.[25, 26] have extended the results obtained by Merle and Peletier in [79, 78], to
the fractional setting. They established the existence of a variational solution, adapting the
arguments of [78]. Moreover, they characterize the asymptotic behavior of the solution as

¢ — 0, and extended the asymptotic analysis in the critical case.

* In [94] Xavier Ros-Oton has extensively explored the Dirichlet problem for nonlocal operator
with critical and discontinuous nonlinearity, proving existence and maximum principle, includ-

ing regularity properties of solutions.
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* Many authors have studied nonlocal semilinear elliptic problem for a different kind of nonlin-

earities. See, for instance,

— [4, 99] for nonlinearities with subcritical growth.
— [19, 20] for the critical case for the fractional Laplacian.

- [74, 79, 100] for problems involving more general nonlocal operator .

Motivated by the above works, the main innovation point of this work is the effect of the increasing
power term on the existence and multiplicity of positive solutions to Problem (2.2) even if p > 27.
The influence was studied in X.Ros-Oton’s paper, when they proved that the problem (P) without the
nonlinear absorbing term has only the trivial solution whenever 2 is star shaped domain, due to the
lack of compactness by applying fractional Pohozaev identity given in [96]. This fact motivates the
perturbation term u™ ! since m > 2%.

Our work extends the results obtained in [27] to the fractional setting. In some way, we enhance
the results obtained in the local framework and filling the gap in, by proving the nonexistence results
for A\ very small. We have been inspired by the ideas developed in [27] and provide a finer asymptotic
analysis and a more detailed study of the solution set satisfying the non-existence, existence, and
multiplicity of positive solutions of the Problem (2.2), for the largest possible ranges of the param-
eters A\, m, p. Then, we studied the asymptotic behavior of positive solutions obtained in the main

existence results, determining the behavior as a solutions of a free boundary problems.

Plan of the chapter:

v/ We begin our study by section 2.3, where we prove an L™ regularity estimate, which will play

a crucial role in the existence result and in the asymptotic analysis.

v' In Section 2.4, we prove the existence and non-existence results, we show the existence of a
non-negative solution in suitable Sobolev spaces according to the values of A, more precisely,
we demonstrate the existence of minimum solution with negative energy, zero energy, and pos-

itive energy.

v" Section 2.5 presents the asymptotic analysis, when m — oo, of a sequence of minimal solutions

and also gives the behavior of A(m). This will lead to the proof of Theorem 2.5.2.

v' Section 2.6 is devoted to the proof of the multiplicity result Theorem 2.6.2 and to understand

the behavior of the Mountain pass solutions with respect to m, this yields to Theorem 2.6.3.
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2.2. Functional setting 2. A nonlocal scalar field equation

v/ Finally, in Section 2.7 we give some remarks and examples answering some important questions

concerning the limiting problems (2.63) and (2.78).

20 Functional Framework and Variational Formulation

We introduce, in what follows, some notations and preliminary results needed throughout this chapter.

In order to obtain the existence of a weak solution of Problem (2.2), let us present some results on

the functional framework
s m def m
H3() 0 L) {u € Hy(Q) : [ ul™ < +o0)
Q
where m > 2, endowed with the norm

=1l 41 fm

For the simplicity of notation, in the whole chapter we will set

dx dy

_ N N
mandDQ—R x R \CQXCQ

du =

Now, let make precise the notion of silution to Problem (2.2).

Definition 2.2.1. We say that u € H{(2) N L™(2) is a weak solution to Problem (2.2) if
[ w@) = ww) @) ~ e du+ [ 1" Pupde =X [l 2upde,  @5)
0 0

forall p € H§(2) N L™(Q).

Our approach is variational, notice that « is a weak solution to Problem (2.2), is equivalent to

being a critical point of the energy functional

Tnm (U 2// ) —u(y) P dp + — /|u|m x——/ |ul? dx. (2.6)

Jxm is well defined and of class C* on H(2) N L™ (). Furthermore, it’s derivative is given by,
<\7/\m // ) (v(x) —v(y)) du + / lu|™ uv dx — )\/ lu|"?uvde.  (2.7)
Q Q
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2.3. A priori estimate 2. A nonlocal scalar field equation

We aim to establish the existence of non-trivial critical points of the functional 7y ,.

A priori estimate

The purpose of this part is to prove the main ingrediant of our study, the uniform a priori estimate

for the weak positive solutions of Problem (2.2).

Theorem 2.3.1. Let A\ > Oand 2 < p < m, . If u is a solution to (2.2), then u is bounded and we

have
1

[U]oo < A7, (2.8)

Proof. We first prove that any solution of Problem (2.2) is bounded. Indeed, let u be a solution of
Problem (2.2) and let h(t) = A7 ' — ¢, Then, for any ¢ < 0, there exists C. > 0

h(t) < et + C.. (2.9)

Hence, w is a sub-solution to the following problem

(—AYw—ecw = C. in £,
w > 0 in €,

w = 0 in RM\Q.

Choosing € < —& < 0, then we use the maximum principle to deduce the boundedness of | /..

Let us define ¥, for k,e > 0

0 if s<k,

—k
U, (s) = 86 if k<s<k+e,

1 if s>k-+e.

We also introduce the set

E,=FEUE; ={r€Q: w(x) >k},

where

El={ze€Q: k<w() <k+e}, Bf={rcQ: wx)>k+e},

using V. (u) as a test function in (2.2), we obtain
//(w(w) —wy)) (W (w(x)) — U (w(y))) du + /wm-lxpg(m dx = )\/wp_lllls(w) dz.
Dq Q Q
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2.3. A priori estimate 2. A nonlocal scalar field equation

Notice that D = L, U EJ, 1s the union of F, and its complement £} . Subsequently, we split the set

into four subsets denoted as D;, 1 <7< 4

Dy = {(v,y) € Do: v,y € B}, Dy ={(z,y) € D : z,y € E{},
Ds; = {(z,y)€Dg:x€ Eyandy € Ef}, Dy={(z,y) € Dg:x € Efandy € E}.

Then

[ wle) = w) @) - vy dp = [[(wlw) = w(y) (Vele) - Voly)) dp

DQ Dy

= L+L+13+ 1,

We analyze each term separately, and we prove the posivity of each one.

In D;, we have:

L = 1//1 ) (Wew(x) du+2//l ) (Wew(x) — ow(y))dp
+// 9))(Wew(z) — Waw(y))dp
:E E// () — w(y)[? d + 2//1 y)(e = w(y) + k)dp
+ g]/;ww — w(y))(w(z) —Ekxf e)dp > 0.

When (x,y) € Ds, we observe that V. (w)(z) = V. (w)(y) = 0, then I, = 0.

On the other hand, since w(z) > k in E}, it follows that

i J] @)~ w)w) ~Kydu+ [[ (wle) ~ w(w) du

ElxE¢ E2xE¢

1

~ [ @) =k dp+ [[ @) =k du>o.
ElxE¢ E2xE¢
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2.3. A priori estimate 2. A nonlocal scalar field equation

Likewise, we deduce that

= [ i) = wl) e~ wlw) du - // (w(w) — w(y)) du

EC><E1 E¢xE?

1

f// lw(x) — w(y)|* dp + // k)du > 0.
€

ngE; EC><E2

Since w(y) — k > 0in EZ, and w(x) < k in E{. Consequently

[ ) dr < [ ()~ w)(@a@) - @) dp+ [0 (w) da
k = )\Q/wp_l\lla(w) dx
< )\/wp_ldx.

Moreover, applying Fatou’s Lemma, we obtain

lim inf w™ ', (w) dr < liminf [ @™ ', (w) < )\/wp_l dx,

E, €0 6—)0 E,

and then, by Holder’s inequality

Using the definition of the set F,

Kt By < /wm—l dr < N | By
Ey

Hence, considering that | Ey| # 0, yields that
k< Am5, Yk € (0, [w]oo).
Particularly, if we take k = |w|+, then

Thus (2.8) is established. L]

38



2.4. Existence and Non-existence results 2. A nonlocal scalar field equation

Remark 2.3.1. The same argument allows to obtain L> (X)) estimate for the solution of the problem

(=AYw+wm™t = f in Q,
w = 0 in €,
in RM\Q,

Il
o

w

withm > 1 and f € L*>(Q)). More precisely, we have
1
wloo < |fl357"

Existence and Non-existence results

The main existence result is outlined in the following theorem

Theorem 2.4.1. Let 2 < p < m. Then, there exist positive constants A(m), A(m) with 0 < A(m) <

A(m) < oo such that:
D If0 < A < A(m), then Problem (2.2) does not have a positive weak solution in H§ ()N L™ (2).

@ If X > A(m), then Problem (2.2) has a maximal solution wy ,, € Hg(€2) N L™(2), in the sense
that wy,, = u for any solution u to problem (2.2). Moreover, these solutions are ordered,

namely, if \y < \g then W), m < Wiy m-

@ If A > A(m), then Problem (2.2) has a non trivial solution w ,, € H(2) N L™(S2) which is a

local minimum of J . Furthermore,

o If A(m) < XA < A(m), then Ty m(tuxm) > 0.
o If X = A(m), then J m(uxm) = 0.

o If X > A(m), then T m(uxm) < 0.
@ wuym is increasing in \. That is, if \y < Ag then uy, m < Ury m-
Outline of proof:
We briefly outline the main steps of the proof:

(D We determine A(m) the critical threshold for the existence of solutions to Problem (2.2), and

prove the following:
(a) For 0 < A < A(m), the problem does not admits any solution in Hg(£2) N L™ ().
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2.4. Existence and Non-existence results 2. A nonlocal scalar field equation

(b) For A\ > A(m), the existence of solutions is assured. Specifically:
¢ We demonstrate the existence of maximal solution, which dominates the other solu-
tions, using sub-supersolution method.

* We prove the existence of a local minimizer using variational formulation of Perron’s

method and a variant of Alama’s method.

— We analyze the energy of the local minimum and study its behavior as function

of the growth of .

2.4.1 Non-existence result

The objective of this subsection is to present the non-existence result for A\ small enough.

Proposition 2.4.1. [f0 < A < A(m), then Problem (2.2) has only the trivial solution in H{(£2) N
L™(Q).

Proof. Assume that A very small. Assume that Problem (2.2) admits a positive solution uy € H{(€2)N

L™ (). Taking u, as test function, by the L*>°-estimate (2.8) and the definition of A, , we get

—2
Juall2 < [Juall2 + Juslm = Muals < AuafB?|ual3 < N A= [|uy |12,
,8

which implies that

m=2

m—p

Jull? < Jux|1%.

)\1,5

Then, we find that A > [\ 4] = , which is a contradiction. O

2.4.2 Existence results

In contrast to the previous subsection, we aim to prove the principal existence results.

Let us define the threshold of existence.

A(m) := inf { A € R, : such that Problem (2.2) has a nontrivial solution in H;(€2) N Lm(Q)}
(2.10)

We show the following crucial result regarding A(m).
Lemma 2.4.1. For2 < p < m, we have 0 < A(m) < oc.

Proof. Part 01: We first check that A(m) is finite.
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2.4. Existence and Non-existence results 2. A nonlocal scalar field equation

Let us consider the following intermediary problem

(ZAyE+E™! = g in Q,
&€ > 0 in Q, (2.11)
€ = 0 in RM\Q,

with g = 1 the existence of £ € H(€2) N L™(2) is assured by variational method. Taking ¢ as test

function in (2.11), we obtain that

ENZ + 1l = €]

Let us evaluate the energy functional associated to (2.2)

1 1 A
Tm(§) = 5”5”3 + %’ﬂnml — E’ﬂg

N

11 A
maw{§, E}(HSH? + 1€lm) — 5|5|§

A Ao
< [ €= Tlely < lely(1 — Tlel).

Hence, for A large enough, the negative term dominates, ensuring that 7 ,,,(£) < 0.
Notice that, for A very large and for such p and m such that m > p, Problem (2.2) admits a global min-
imum solution. In fact, the energy functional 7, ,, is coercive, indeed we apply the Holder inequality

and the L°°-estimate (2.8) to obtain
[ulf, < C(@Q)[ul, < C)AT=

Therefore, as ||u|| — oo

Tnm(u) = afull* = Cy — oo,

Clearly, 7, is bounded. Next, we prove the weak lower semi-continuity of 7 ,, on H§(€2)N L™(Q);
Let (vg)r C H§(Q2) N L™(€2) be a minimizing sequence for 7 ,,,, due to the coercivity of 7} ,,,, we
immediately see that (vy),, is bounded in H5(Q2) N L™(£2), therefore there exists v € HE(2) N L™ ()

such that, up to a subsequence still denoted (v )y

vy — v weaklyin H{(Q),
vy — v stronglyin L9(Q) for all g € (1,+00) as k — +oc0. -

v, — v ae. {Q
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2.4. Existence and Non-existence results 2. A nonlocal scalar field equation

Besides, by the weak lower semi-continuity of the norm ||.||, we obtain
1 1 A
Dm(v) = SIS+ — ol = [l
A
< . 2 T . m N p
< gl inf o2+ o i i ol =5 T o

1, 1
N | 1o A
(Jminf( ||Uk||s+m|vkz|m p|vk|p)

N

=l o (0

So, there exists uy € H(£2) N L™(€2) such that

Tnm(uy) = inf Tm(&).

EEHS(QNL™(Q)

Therefore, it attains its global minimum w) .

It remains to us to prove that u) # 0. Indeed, we observe that for A large enough,

Tam(ur) < Tam(€) < 0.

Therefore u) # 0, proving that for A\ very large the Problem (2.2) admits a nontrivial minimizer.

To prove that ) is positive we consider the truncated energy functional Z, ,,,(u)

Lot // ) — u(y)[2 du — /FA 2.12)
2 Dq

where F)\(t / fr(o) do and

AP~ — gm=l if 0<t< Ams,
A(t) = (2.13)

0 otherwise .

Arguing as above, we can show, by using £ the solution to problem (2.11) with g = A (large enough),

as test function, that there exists uy € Hg(€2) N L™(£2) such that

7 = inf Z )
A,m(uA) 567—[8((121)1QL7”(Q) A,m (g) <0

Hence, Z, ,, has a nontrivial global minimizer u,. Thanks to the L>°-estimate we have that 7} ,,,(u,) =
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2.4. Existence and Non-existence results 2. A nonlocal scalar field equation

Ty m(uy) and u, is a solutions to the problem
(=A)Yu= fi(u) inQ, and wu=0inRY\Q. (2.14)

Furthermore, since f)(uy) = 0, by the maximum principle we conclude that uy > 0.

Part 02: We prove that A(m) is nonzero. As a direct consequence of the nonexistence result, it

m=p

follows that A(m) > [A; s]™2, which demonstrates that A(m) > 0. O

Existence of maximal solution

The purpose of this subsection is to prove the existence of maximal positive solution to Problem (2.2).

For convenience, we will clarify the following concept.

Definition 2.4.1. If w ,,, is a maximal solution of Problem (2.2), then for any other solution u to
Problem (2.2), we have

U < Wy, a.e. in .

Proposition 2.4.2. For every A\ > A(m), Problem (2.2) has a maximal solution denoted w) , €
H(2) N L™(S2). Moreover, these solutions are increasing to the respect to \. Namely, if A\; < A,

then wy, m < Wiy m-

Proof. The proof is based on an iterative scheme.

Let us define

APt — gl if 0<t<z,
Ft) = - (2.15)
0 otherwise
such that z := A#ﬂ. Moreover, it is possible to construct a sequence of solutions (u,,)nen to the

iterated problems

(—A)Yupig + Mupyy = Muy, + f(uy,) in Q
Upt1 = 0in RM\Q,

(2.16)

where M is chosen such that, ¢ — Mt + f(t) is increasing for all ¢ > 0 and v = z. Furthermore, let
u be a solution of Problem (2.2), such that by the L>°-estimate (2.8) we have that u < z, the idea now
is to prove that

Up 2 Uy 2 ... 2 U
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2.4. Existence and Non-existence results 2. A nonlocal scalar field equation

so, we have

(=A)*(up —ur) + M(up —uy) = (—=A)ug+ Muy > 0.

By maximum principle uy > wu;. On the other hand, since u < ug, and Mt + f(t) is increasing, we

obtain

(=AY (uy —u) + M(up —u) = f(ug) + Mug — (f(u) + Mu) >0

In the sequel, by the maximum principle, we obtain that (u,),cn is deacreasing and u < u, < Zz.
Then, by standard argument, since u,, is bounded there exists w), such that u,, — w, in H{(Q2)NL>(Q)
and u < wy < z. As consequence, w) is a maximal solution of Problem (2.2).

It remains for us to prove that the family of maximal solutions increasing with respect to \. Let

A < A\ < \g, we observe that w), is a subsolution to the followig problem

(—A)w,, = )\2’(1)])]\2_1 —wit in Q,
wy, > 0 in Q, (2.17)
Wy, = 0 in RN\Q,
then, using the strong comparison principle, we deduce that wy, < wy,. [

Existence of local minimizer

Let us define,

A(m) = inf{\ : J\,, has alocal minimum u, € #H;(£2) N L™(2) such that Jy ,,(uy) < 0}. (2.18)

The main goal in this section is to prove the existence of local minimizer. Indeed, we establish the
existence of positive solution via Perron’s method introduced by Struwe [103], and a variant of Alama
method [8] adapted on the nonlocal framework by Abdellaoui et. all [4]. Subsequently, we prove that
this solution, in fact, defines a local minimizer.

Firstly, we use Theorem 1.3.4 to assure the existence of positive solution to Problem (2.2) for all

A > A(m).

Proposition 2.4.3. Let 2 < p < m. If A > A(m), Problem (2.2) has a non-trivial solution 9 €
H(2) N L™(Q).
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2.4. Existence and Non-existence results 2. A nonlocal scalar field equation

Proof. Let A > A\g(m) > A(m), we take u = w), the maximal solution of Problem (2.2) and u the

maximal solution to Problem (2.2) associated to A\g, such that u < u.

We define
M={peH(QNL™Q): u<¢<u}. (2.19)

By the L*°-estimate (2.8) we have u, u € L*>(Q2), then M € L>(Q2). Moreover, M is a closed
convex set of H{(€2) N L™(2). Since M is bounded, then 7, ,,, satisfies

Tom = alu])? = X770

which implies that 7, ,, is coercive and essentially bounded on M. Next, we can simply show that
J.m is weakly lower semi-continuous over M. Indeed, let (vy), a sequence in M, by the coercivity
of the functional over M, we deduce that (vy) is bounded in M, which implies, up to a subsequence,
that

v — v weakly in Hg(2) N L™(Q),

and strongly in every Lebesgue space, vy — v, a.e in ). Then, it follows from the weak lower
semicontinuity of the norm in H{(2) N L™(f2), and the Lebesgue’s dominated convergence theorem

that

< T .
j)\,m(v) X k1—1>I—Poo inf j)\,m (Uk)

So by Theorem (1.3.4), there exists a minimizer 9 of 7 ,,, on M.

Claim: 1} is a weak solution of Problem (2.2).

Lete > 0and ¢ € H(2) N L™(2), then we define
ve = min{u, max{u, ¥ +ep}t} =10 +ep — ° + . € M
where
¢° = max{0,9 + ep — u}, p. = max{0,u — V¥ — ep} in H5(Q) N L>(Q) (2.20)

Notice that 7, ,,, is Gatedu differentiable at ) in the direction (v. — ¥), then for all ¢ € (0,1), ¥ +

45



2.4. Existence and Non-existence results 2. A nonlocal scalar field equation

t(ve — V) € M, we get

lim jA,m(ﬁ_’_t(Ue )) jAm /
Q

t—0 t

ve — ) dx+/\19|m’1 ) de

—)\/\19]” Yo, — 0)dx >

which implies that

Jay e — ot +eddn+ [ 191" ew — o + o) dn =2 [ 191w — ¢ + p.) do > 0.
Q Q Q

Hence
1
/(—A)Sﬁcpdx+/|19|m_lapdx - )\/ WP lpde > —(E5 + &), 221)
Q Q Q <
such that
£:(9) — /(—A)Swadﬁ/wm—lgf dr — A/]ﬁ\p‘lgf dz
Q Q Q
= /(—A)S(19 —ﬂ)sofder/sog(—A)sﬂdw (2.22)
Q Q
—i—/|19|m_1<,06 dx—/\/|19|p_1g06 dx
Q Q
and
E() = / 19<p€dx+/|19|m Lo, d:z:—)\/|19\p Yo, dx
Q
— / - gogda:—i-/ - g(pgd:c+/|19|m 1<p5dx—)\/]19\p’1905 dx
Q Q Q Q
We define

={ze€Q:(W+ep)(x)=u>d()},

so that |Q2°| — 0 as e — 07 and also

Q=0 =0\ Cc{reQ: (V+ep)(z) <u}

which implies that |[C'Q°| — 0 ase — 0.
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2.4. Existence and Non-existence results 2. A nonlocal scalar field equation

Now, we consider the term

[ arw-ade = [[ 10 -a)@ - 0 - )P @) - ¢ 1)

(
(
+/./Q exC0e (V= )2 x)du+6//s2€xcﬂ (0 = w)(@)e(z)dy
L@@ - D@ [[ 0= @)
+//CQ ) y)du—i—é//cmxgs(ﬂ— 0)(y) e (y)dp
[ W=DE-D@du—c [[ 0=l
(2.23)
Using the positivity of integrals, to obtain
/ e ( —u)dz > 8// —u)(y))(e(@) — »(y))du
B/ R
_6//9 <xCQE (V=u)ly d#+€//ﬂ < xCQe (@)dp
N Cl I ORI CAL
+8//CQ <x Qe (0= w))ely) - 6//00 v @) y)dp.
(2.24)

We simplify the calculus

[earw-ade >c [ (0-0)@) - @ - D)@ ) - pb)d

+€//QE><QE<19_Q) dlu_gQ//Q x CQE (Py

_E//mxcﬂe(ﬁ_a Y)p d;H—s//Q . (0 —u)(x)p(z)dp (2.25)

d
ey PP

e [ @—Dwew) < [[ ©-D)@)ew)d

CQeExQe

We passe to the limit ¢ — 0, we get

i/ﬁgps(—A)s(f} —a)dz > o(1).
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By the definition of the maximal solution u, we have

[ ayade+ [t de A [0 et de = [(=laf™" + 9] e de
Qe Qe Qe Qe

A [l = [ )ptda
QE

> [ (=l = )y do,

Qe

Recalling ¢° = max{0, 9 + ey — u}, and using inequality (1.20)

JElam et de = [([amt 4 g + ep - @)de
Qe Qe
> e [p(=[al™" + 91" ) dz = of2).
Qe

Then, we can conclude that
and similarly

hence

2(55(19) +E.(09)) = 0(55) —0ase — 0.

Therefore, by (2.21) for all o € H(2) N L™ ()

/(—A)sﬁgodx + / |9 Y d — )\/ 10|Ptodr > o(1) ase — 0.
0 0 Q

(2.26)

(2.27)

To conclude, by the same approach, we take — instead of ¢ and letting ¢ — 0, we get that ¥ is a

weak solution of (2.15).

O

In the spirit of Alama’s method, we prove that the weak solution ¢ obtained in Proposition 2.4.3

forms a local minimizer.

Proposition 2.4.4. Let ¥ be such that

Tm(0) = inf{ T m(u) :u € Hy(Q)NL™(Q),u <u<u ae Q}.

Then, v is a local minimum of Jy , in H§(2) N L™ ().
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2.4. Existence and Non-existence results 2. A nonlocal scalar field equation

For our purpose, it is necessary to include the following lemma into our calculus.
Lemma 2.4.2. Let h(t) := X\tP~! — ™7, Then

D (1, &n)s <O

@ (up = U, 1n)s 2 0

® (un —u, &u)s <0

Dy, 1) > (@ o) = [ A, da

® <un7 €n>s < <ﬂ7 €n>s = /Qh<ﬂ)€n dx

Proof. From the definitions of the support of the functions &,, and 7,,, and by a simple calculation, we

get
®
s &0)s = [ () =m@)Eu) &) = = [ (a(@)euw) 4, w)6a(2)) dp <
2
= [ o e [ [ o ot
®
(=1, 6o == [ [~ w)@)ealy)dp— [ [ (o= w)()éa(r) dp < 0
®

<un7 77n>5 = <un - Q_L, 77n>s + <’L_L, 77n>5

Since (u,, — u, n,)s = 0, we get
<Un7 77n>s P <a7 77n>s = /Qh(ﬂ)ﬁw
® (un, &n)s = (Un —u, &u)s + (U, &), since (u, — u, &,)s < 0, we conclude

(1, € < (1, &) = | h(w,

49



2.4. Existence and Non-existence results 2. A nonlocal scalar field equation

]
We are now ready to demonstrate Proposition 2.4.4.

Proof. [Proposition 2.4.4] We argue by contradiction. Suppose that ¢ is not a local minimum of

J.m- Then there exists a sequence (vy,)nen C H§(€2) N L™(§2) such that
|vn, — V| = 0as n — 0o and Ty m(vn) < Tam (V). (2.29)
Let u and u are defined as in the proof of Proposition 2.4.3. Additionally, we define

U if 'Un(il?) < u,
Uun () = max{u, min{v,,u}} = vo(z) if u<w

u(z) if  u(z) < wv,(z).

N = (v,—u); = 0and§,, = (v,—u)~ = 0. Sothatv,, = u,+n,—&, and u,, € M. Correspondingly,

we define the measurable sets

R,={z€Q: u,(z) =v,(x)}

T, ={z€Q: v,(x) <u}:=supp&,
Sp={z€Q: v,(x) = u} := suppn,
Note that 2 = R,, UT,, U S,,. We claim that
|Sp| = 0asn — oo and |T,,| — 0 as n — oc. (2.30)

Indeed, let € > 0. For 6 > 0 to be suitably chosen, we set

E,={x€Q: v,(x) = u(x) > I z)+d}

F,={x€Q: v,(z) > u(zr) and u(x) < I(z) + d}.

Since

0=l{z € Q: (z) < V(@) = }ool{xeﬂz u<x><ﬁ<x>+;}‘
_jlgrolo {xEQ u(az)gﬁ(a:)qtj} ,
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2.4. Existence and Non-existence results 2. A nonlocal scalar field equation

then there exists 6y = jio such that if § < d;, then

{o € Q: alr) < V() +do}| <

N

Thus |F,| < £. Alternatively, since |v, — ¥|s — 0 as n — oo, there exists = % such that for all

€
95
n>n05

e 2 2 2
2 [ o= 0Pde > [ o, - 0Pde > 2|E, .
Q

n

Hence, |E,| < . Since S, C F, U E,,, we have

%.
‘Sn| < ’En‘ + |Fn| S e

we conclude that |S,| < € for n > ng that is |S,,| — 0. Using the same arguments we also deduce
that |7,,| — 0. Consequently, the assertion can be derived.

Now, we define

g
WV
o

in Q,
w = 0 in RV\ Q,

notice that for any ¢ < \; , there exists C. > 0 such that
h(t) < et + C. (2.31)
then by the definition of the function H (t) we get

Ht) < th + Ot

Which implies that

H (1 + 1) < 5 (0 + 1) + Ce(nn + 0). (2.32)

H(u—&) < s(u—&)+ Ce(u— &) (2.33)

O N M
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2.4. Existence and Non-existence results 2. A nonlocal scalar field equation

As (n, +u)? = n? + u* + 2nu, we get

/H(nn+u) 2/ 772d$—|—/ 2d1’+2/ nud:v—I—C/ (M + u)dx. (2.34)

n

Using Holder’s and Poincaré’s inequalities with the fact that « is uniformly bounded, and |S,,| — 0

as n — 00, yields that

[, et [l de +o(1)
[l o)l + o) (235)
€

17413 + (L) Imalls + o(1).

n

/ H(n, +u)dx gg
£

gf

2

2)\1 ,S

Similarly, since |T,| — 0 we also get

€ 2 € 2
/TnH(u—gn)dx <2/Tn\§ny dw+2/Tngd:z:—e/Tnufn—i—/Tnu—CE/Tnlfn\dx.
<5 / 602 da + o(1) (2.36)
12+ o(1).

2)\

Where A ; is defined in (1.13).

Now, we can move on to the proof

Trm(on) =g llonll? = [ Bz > 2 + 10 = &0l = [ Hen)da
>j%+mM+QMP<%+%@m ~ [ Hwda
> Faanlitn) + g+l = Sl + G162~ G+ m0s&)e = [ B+ [ Hw)da
>xmwm+émwaw%nmfwwﬁmm@n+;mM—AyﬂMMm+Amem
> Faanln) 4 2+ G 1) = {1, )+ 5160l [ H o+ )

- /T Hu— &)dz + /S H(a)de + /T H(u)dx
> T () + 1+ {t, s = e + s €ade + 5601

~ [ Hopwde = [ Hu-g)de

n

By using Lemma 2.4.2 and 2.36 in the last inequality we obtain

1 € 1
> - 2+ (=
Tinltn) 2Timt) + (5 = gy + o)l + (5 = 55—

MEalls + o(1).
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2.4. Existence and Non-existence results 2. A nonlocal scalar field equation

Hence, recallig that 7 ,, () = inf Jy ., (u,) we get

Un €

1

0 > jA,m(vn) - jA,m(ﬁ) 2 (7 -

€ 1 €
2 2\

+o()Imlls + (5

o 2
5~ ol (1)

Since € < \; 5, we conclude that 1, = &, = 0 for n large, so v,, € M and then 7} ,,,(vy,) = Jam(V),
which is an contradiction with (2.29). This concludes point (3) of Theorem 2.4.1. ]

Now, we focus on an interesting question which naturally comes out from looking at the geometry
of the functional ) ,,,, where we observe that the energy of the local minimizer takes on different

behaviors for a different ranges of A compared to the threshold of negative energy level A(m).

04
02 / -
o o IY; o5 T ) T e s

o

Figure 2.1: Case A(m) < A < A(m). Figure 2.2: Case A = A(m).

Tam

Figure 2.3: Case A > A(m).
Figure 2.4: Different energy behaviors according the value of A
In this direction, the principal results is presented herewith

Proposition 2.4.5. Assume 0 < A(m) < A(m) < oo. Then, Problem (2.2) has a local minimizer

uy € H{(2) N L™(Q2) satisfying the following properties:
(i) If A(m) < X\ < A(m), then Ty (urm) > 0.
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2.4. Existence and Non-existence results 2. A nonlocal scalar field equation

(ii) If X = A(m), then Ty (urm) = 0.
(iii) If A > A(m), then Ty m(turm) < O.

Proof. For the proof of property (i), by contradiction, assume that
Tnm(w) < 0. (2.37)

Let us define \; = A(m) — ¢, therefore A(m) < A\s < A(m) and we have

1 1,
0> Trym(u) = §|Iu\|§ + —uly - 5@5

J
= Tam(w) + Jul? > 0.
p
Which is a contradiction. This proves that 7y ,,(u) > 0.

Next, in the borderline case A = A(m). Let (\,)nen be a sequence such that A\, > A(m) and

An — A(m), as n — oo, and u,,, is the minimal solution of the problem ((2.15)),—-,, . Then,

1 1 A,
T (Ur,) = 5”“%”3 + | — ?lwnﬁ < 0. (2.38)

It follows from Theorem 2.3.1 that there exists C' = C'(\, m, p) such that
[un, lls < C- (2.39)

Hence, (u,, ), is bounded in H{(2). Thus, there exists u € H(§2) such that uy, — u weakly in
H5(S2), up to a subsequence uy, — win L?(2) and uy, — u a.e in €.
Now, we prove that u # 0. We suppose by contradiction that u = 0. Given that |uy, |, < C, and

using the regularity results findings in [95], we deduce
uy, — 0in C%?(Q), for some 3 € (0,1), and then |uy, |o — 0. (2.40)
Recalling that 7y, ,,(uy,) < 0, then

1 A
2+ EMJ% < ﬁmn

1
Sllua, P, (2.41)
2 p
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2.5. Asymptotic Analysis 2. A nonlocal scalar field equation

By using Theorem 2.3.1 and Poincaré’s inequality we get

A A
2 n p n p—2 2
A
< o Uu n &?2 u>\n g
Sl 2, |
From this we obtain

(5= oz lus, 2 < 0 (2.42)
2 p>\1,5 n 100 nlls ° *

Since |uy, | — 0, by (2.40), there exists 1o > 0 such that

1 An

(5 - ) |ux,, [25%) > 0 for all n > ny. (2.43)
1,s

Thus, we conclude that ||uy, ||2 = 0 for all n > ny. This is a contradiction with 7y, ., (uy,) < 0.

At this point, let us prove that 7y ,,(u) = 0. By contradiction, suppose that
Tnm(u) <O. (2.44)

And we define \. := A(m) — ¢ then by the definition of A(m) we have J,_,,(u) > 0. Then

Ae

5\@’5
> 0.

1 m
Trem(w) = §H@H§ !U\ -
g
- \7)\,771(@)“" | |
- p

By choosing ¢ small enough, and since we have J) ,,,(u) < 0, we get that 7} ,,,(u) + §|Q|§ < 0. A

contradiction is obtained. So J} ,,,(u) = 0.

Finally, we prove the last point of Proposition 2.4.5. Let \,, > A(m) where A\, = A(m) + 7 then
by the definition of A(m) we have J3, ;(u) < 0.

Asymptotic Analysis

In this section, we are going to perform the asymptotic analysis of the sequence of minimum (resp.
maximal) solutions (y ;, )m( resp. (W, )m) introduced in Proposition 2.4.2. In each case, we obtain
a free boundary problem which asymptotically determines the behavior of solutions when m — oo.

First, we determine the threshold A, for the existence of solutions to (2.2). Exactly, at a certain
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2.5. Asymptotic Analysis 2. A nonlocal scalar field equation

point where we can give a uniform estimate of the energy level, under which the minimum solutions
have a uniform upper bound for m sufficiently large.

Recalling that
A(m) = inf{\ : J\,, has alocal minimum u, € #H(2) N L™ () such that Jy ,,(uy) < 0}. (2.45)

Let
1611215

=3 o

and define

A = ¢€H8(§12131£L00(Q) a(p). (2.46)

We will see that A, plays a crucial role in describing the asymptotic behavior of A\(m), and by using
the results in Theorem 2.5.1 we will show that the infimum in (2.46) is attained.

Our first main result in this section is as follows.

Theorem 2.5.1. We have
A(m) = A +o(1) as m — oo. (2.47)

Where
1€11Z1€13.2

N — PlISHlslSloo
T eeng@nre@) 2 [EB

(2.48)

Proof. We will proceed in several steps.
Step 01: )\, is well-defined.

We have o(¢;) < +oo, where ¢; is the eigenfunction associated to the first eigenvalue of the
fractional Laplacian with Dirichlet exterior condition denoted \; ;. In addition, for all ¢ € H{(€2) N

L>(Q2) by using the L>-estimate (2.8), we obtain
ol dz = [ 1oP2of d < Jolic? [ 1of o < 1ol ol
Thus, A\, > g)‘l,s > () and then A, is positive.
We denote also Z, the limit functional on H(€2) N L>°(€2) defined by

1 A
(&) = il — JIe- (2.49)
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Step 02: We prove that
A(m) < A+ o(1),

where, o(1) — 0 as m — oo.

Let £ € H(2) N L>°(£2) and k > 0. Then

j)\,m(’i’g) g gm(’%)v

(2.50)

where
Qo i
gm (k) = i + B™ P
and
el 1l
2B " mE

Since m > p > 2, we have lim g¢,,(k) = lim g,,(k) = +00, so that g, reaches its global minimum

K——+00 Kk—0

at k,,, given by
1

1

p—2 « } {m(p—?) 2]’"2 =
Rm = |57 743 i 5 s fm )
b@ﬂ—@ﬁm praee I S
we have
Inm(Em€) <0 X > 0,,(€) == pmin g, (K) = pgim(Km), (2.51)
and
[l p—2]we 2 [m— 2], mep 2
(i) = 5] |2 T i e e
Furthermore, we have
1
m Ky, = ——— (2.52)
and
. p €IZIE15?
lim 0,(§) = z—>3>"— =0(§). (2.53)
A, o) =5 g = 7@
Hence,

. 1, A
i nn) = SlE2NEl
§
=7
)\< ‘5’00>a
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2.5. Asymptotic Analysis 2. A nonlocal scalar field equation

where 7, is defined in (2.49). Moreover, using (2.51) and (2.53), we obtain
IA(Mf) <0e 2> o) > A\ (2.54)

Thus, for every A > \,, we can fix £ € H(2)NL>®(Q2) such that (2.54) is satisfied. As a consequence,

For all ¢ > 0, there exists mg such that: 7y, (kmé) < IA( é’ > te

Choosing ¢ small enough, one has

«.7/\,m("€m£> < 0.

This yields that A, > A(m).
Step 03: For A = A\(m), we have

Tnm (Um) = iuumHs + %|um’m - T’um’£ =0, (2.55)
then
P [[uml[?
— 2 <A . 2.56
2 fu,fp <20 (20
Multiplying both sides of the inequality by |u,,|?;? then
2 p—2
2 |t [
using (2.50), we get
A KA [um]20? < MJum |52, (2.58)

passing to the limit as m — oo and using the fact that |u|,, = 1, we obtain
A(m) = A +o(1). (2.59)

This completes the proof of Theorem 2.5.1. [
Remark 2.5.1. As an immediate consequence of the proof of Theorem 2.5.1, we have

[ [ Y

‘um‘g

\<E < M2, (2.60)
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2.5. Asymptotic Analysis 2. A nonlocal scalar field equation

passing to the limit as m — 0o and using that |u|, < 1, we end up with
A < 220 A, (2.61)

Therefore, (U, )m is a minimizing sequence of o and u realize the minimum, that is \, = o(u).
Now, we provide an a priori upper bound at the level of the global minimum on the H§-norm.

Lemma 2.5.1. Let A > A(m) and (u,,)m be a sequence of minimum solutions to Problem (2.15).

Then, there exists a constant C' > 0, such that
|luml|s = C, forall m > p. (2.62)

Proof. Since A\ > A(m), then J\ ,(u.,) < 0. Hence,

1 1 A A

Slhm 2 < Sl + o2 < S,

« In the subcritical case: if p < 22—, by Holder inequality
1 A 1-E
Sl < 5|Um|£ < Jumla 1927

Sobolev inequality implies

2N

¢ In the supercritical case: if p > -

then, by Theorem 2.3.1 we have

1 A
~tml? < =t
2 P

A
%%w%<gwgmwﬁsywﬁ<ﬁﬁﬂ%

25
p 2% -

Using Sobolev inequality, we obtain
pS | mx 252

AT <

Where S represents the Sobolev constant. This concludes the Lemma.
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2.5. Asymptotic Analysis 2. A nonlocal scalar field equation

2.5.1 Limit of u) ,, as m — oo

Now, we state a very interesting result in our study that: as m tends to oo, the limit function that
determines the asymptotic behavior is in fact a solution of a free boundary problem with a non-linear

right-hand side. More precisely, the main result is stated in the following theorem.

Theorem 2.5.2. Assume that 2 < p < m. Then, there exists N\, > A(m) such that for A\ > \,, there
exists u € H(2) N L>(QY) and

veK:={ueHy(Q):0<u<1},u#0

such that the sequence of minimum solutions (uy ., )m converges strongly to w in H{(2) and in every

Lebesgue space. Moreover, u is a solution of the following limit problem

(_A)su‘f'cu(l‘)X{u:l} = Pl oin Q,

u = 0 in €, (2.63)
u = 0 in RNV\Q,
where 0 < ¢, (z) < \ ¢c,(1 —u) =0and |[{u = 1}’ > 0.

To prove this Theorem 2.5.2, we will devide the proof in propositions. To this end, we start by
the core of this Asymptotic analysis, the following Proposition which gives some properties of any
sequence of solutions of Problem (2.15) when m tends to oo and shows that this problem converges
to a bilateral problem posed on a convex set to be determined later. To be more precise, the sequence

of solutions u,,, belong to the following set

1

Ko i={tm € H(Q) : 0 < upy < Amp }

We first prove some a priori estimates for m fixed.

Proposition 2.5.1. Let u,, € H{(2) N L™ (2) be a weak solution of problem (2.2) then

m

[ = (9] (2.64)

|3 + [mle < A= (2.65)
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2.5. Asymptotic Analysis 2. A nonlocal scalar field equation

Proof. By taking u,, as test function in (2.2), we have

/|um\md:c< // \um(:c)—um(y)\Qdu+/ uzdxzk/ ub du.
Q Dg Q Q

Using Holder’s inequality

33
Q.
Iil
_ 3k

=
T
3|

/|um|md1:< )\/|um|pd$ < )\{/u
0 0 0

hence (2.64) is proved.
In the same way, we choose u,, as a test function in (2.2), and by Holder’s inequality and estimate

(2.64), we get

//|um(:r) — U (1) 2 d,u—i—/uﬁ de = )\/uﬁ@dx < /\[A%]%|Q|%|Q|l_%
Q Q

Dq

= A\mr|Ql.

As aresult of the a priori estimates, we can conclude the following convergence results as m tends

to oo.

Proposition 2.5.2. Assume X\ > \*, then there exists u € K such that the sequence of solutions (),

to Problem (2.2) satisfies the following convergence properties:
(i) Uy — u strongly in H{(S2).
(ii) Uy, — u strongly in L1(Q2), forall ¢ > 1.

Where
ve K :={ueHy(Q):0<u<1}u#0.

Then, u satisfies the following limit problem

(—A)u+cu(x)Xfuey = PP in Q,

u = 0 in (,
u = 0 in RNV\Q,
where
c, € L*(Q),0<c, <A, ¢, #0, cu(x)(1—u(z)) =0ae inf (2.66)
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Proof. As a consequence of H-estimate in Proposition 2.5.1 and the L*°-estimate given in Theorem
(2.3.1), we deduce that u,, is bounded in u € H{(2) N L>°(2) , then up to a subsequence, there exists
u € H(2) N L>(§2) such that

* u, — uweakly in H(12).
* U, — ustrongly in L9(Q2) forall ¢ > 1

To prove the strong convergence of u,,, taking (u,, — ) as test function in (2.15) we get
(U, Uy, — UYs = )\/ P (U, — ) dw — / ™ (U, — u) do.
Q Q

Using Theorem 2.3.1 once more, for any > 1 we have

’/Q|um|r(um—u) dx

g)\#ﬂ’/ |ty — u| dz — 0, as m goes to oco.
0

Hence,

Therefore,

||um - u”s = <Um, Um, — u)s - <U, Um — U>5

=o(1).
Thus it follows that u,, — u strongly in #§(€2). Let us prove that u # 0. To do this, we use (2.62), so
|luml|s = C > 0.

Letting m — oo, we obtain that ||u||s > C and therefore u # 0.

From Theorem 2.3.1 we obtain

ueK:={veHy(Q):0<v(x)<1}.

Next, we show that the limit function u is a solution of the following bilateral obstacle problem
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2.5. Asymptotic Analysis 2. A nonlocal scalar field equation

posed on the convex set denoted K
(u, (v—u))s > A/ uP v —u)dr, YveK. (2.67)
Q
Let v € IC, and 6 be any real number such that 0 < 6 < 1. Using v — u,, as test function in (2.15)

(U OV — U ) s + / u™ Qv — uy,) dr = )\/ Pt (v — ) da. (2.68)
0 0

We write the second term as

/ ™ (v — uyy,) da :/ u™ 1 (Ov — uy,) da
Q {0<um< Ov}
+ / ™ (Ov — uy,) da.
{um 200}

We estimate each terms separately, and we get

™ (Ov — up,) < [00]" (v + Ov) < 20™ = o(1) as m — oo, (2.69)

m

for the second term, we have

u™ 1 (Ov — uy,) < 0on {z: uy(z) > v}

m

and this implies that

limsup [ u ! (0v — u,,) dr < 0. (2.70)
m—oo JQ
Returning to (2.68), we obtain
O, v)s + u™ 1 (Ov — uy,) dr

{z:0<um (x)<0v}

> )\/ WP (00 = w) do |||
Q

Passing to the limit as m — oo, and recalling that u,, strongly converges to u in H(€2). After using

(2.69), and exploiting the semi-continuity of Hj—norm, we derive
)\/ uP ! ( ) dx + ||ul?,

for any v in K and any 6 € (0, 1). To conclude, letting # — 1, and (2.67) follows.
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2.5. Asymptotic Analysis 2. A nonlocal scalar field equation

The question that arises: What kind of equation solves the limit function u?

To answer this question, we pass to the limit in the second term v™~! and we determine the behavior
as a solution of a free boundary problem.

From Theorem 2.3.1 shows that

| < AT
o0 b

so, there exists ¢, € L>(£2) ( we note ¢, because it depends on u) such that , up to a subsequence,
{(um)m_l} = ¢, weakly-x in L°()). As a consequence, we obtain that c,, > 0. Furthermore, let us

consider y g the characteristic function of the set
E:={reQ:c,>\}
and using again the L°°-estimate (2.8), we get

m

[t de < AFS

which converge to

NE| < / cuda < ME].
E

Hence, we conclude that ¢, < \. Taking ¢ € H(€2) as a test function in (2.15) and passing to the

limit as m — oo, it follows that w« satisfies

(u, ©)s —i—/ﬂcugo dr = )\/Qup’1<p dz, Vo € Hy(9). (2.71)

Then, u is a solution of Problem (2.63). In the end, we just need to prove that ¢, () (1 - u(x)) =

0a.e. in 2. and ¢, # 0. Let us take ¢ = (v — u) as test function in (2.71), withv € K
(u, (v—u))s +/ cu(v—u)dr — )\/ w? (v —u)dr =0, forallve K.
Q Q

Using (2.67) we get
/cu(u—v)dx>0, Vv € K.
Jo
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Then, for any sequence (v;); € K such that v; — 1 in L'(2), we reach that

w(u—1)dx = 0.
/Qc(u ) dx

Hence, ¢, > 0 and v < 1, then cu(:)s)(l — u(a:)) =0a.e.in Q.
In order to conclude, it is only left to show that ¢, # 0. Thanks to the negativity of 7y ,,,(«), which

allows us to get

P 2
)\/ Pz > L2
[ e > ]

On the other hand, by choosing ¢ = u in (2.71), we obtain

/\/ updx:/ coudz + ||ul?,
0 Q

so that

/ couds > (p _ 1) ]2 > 0,
Q 2

and since c,, > 0, implies that c,, # 0. U]

Proof of Theorem 2.5.2 completed.

As a direct result of the previous Propositions 2.5.1 and 2.5.2, we arrive at the proof.

As an immediate consequence of the previous analysis, we conclude the following result concern-

ing the asymptotic behavior of the sequence of the maximal solutions.

Corollary 2.5.1. Let (w) ,,,)m be the sequence of maximal solution of Problem (2.2). Then there exists
w € H(Q) N L>®(Q), such that wy, ,,, converges to w strongly in H(§2) and in every Lebesgue space.

Furthermore, the same results as in Theorem 2.5.2 hold for w.

Multiplicity & Asymptotic results

This section is dedicated to study the existence of a second solution, then we investigate the asymp-
totic behavior of this sequence of solutions as m — oc.
In order to obtain this multiplicity result, we first prove that for A large enough, we can uniformly

upper bound the energy level of u, ,, away from 0. More precisely we have

Theorem 2.6.1. Let p > 2, then for all A > \, there exists m > p and p > 0, such that

Tam(wr) < —p <0, ¥m>in, 2.72)
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where uy is a minimum solution to (2.15).

Proof. We argue as in the proof of Lemma 2.5.1. By choosing £ = « in (2.54) we obtain
U
I)\(H) <0 > O'(U) > )\*,
Uloo

and, then

Tnm(Emu) = Iy <

So that, for € small enough, we have

Dnm(Fmu) = IA(

Choosing ¢ small enough and letting

one has J ., (kmé) < —p < 0. O

2.6.1 Existence of the second solution
In this subsection, we will state the main multiplicity result of Problem (2.2).
Definition 2.6.1. The critical points found at Mountain pass levels are called mountain pass solutions.

Theorem 2.6.2. Let 0 < s < land 2 < p < 2% Then, if A\ > A, there exists my > 2% for

S

every m = my, the Problem (2.2) has a Mountain pass solution vy, € Hg(€2) N L™ (82) such that

Ux,m # UN,m-

The proof of this theorem is divided into several lemmas. First, we will show that the functional

Jx,m has the Mountain Pass Geometry ( see Ambrostti Rabinowitz Theorem 1.3.2).

Lemma 2.6.1. There exists vy, pm > 0 such that Jy,(w) = pma for v € H5(Q) N L™(Q), if

[ull = 7x.
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Proof. By applying Sobolev and Holder inequalities, we obtain

I R T
() = 5l + —fuly = jul
1 1, .. AS, 1=z
>f||u||§+*|u|m—*m|  ul
m
m 1—*
> uly + Jul? (—|ﬂ| alz ).

Let Ry = ||ul|s, and there exists py such that m > p, > 2% then to have

1 _z 1 1
7—7|Q|1 SRS >
2 0 m
We need .
D p—2
Ro< | —————=
CoAS|Q =
Therefore, by taking
» =
CoAS|Q| 2%

with Cy(pg) = , we obtain that
Po —
Tumlw) > lulf+ > (s + )
m(w) = —|ul, u —{ |ulp + |Jull;

A, = m m
S 1

> mzm_l(mm + )"
1

mo__.
= m2m_1TA —. pm,/\u

for ry < 1, we get p,, » > 0. We conclude that there exists 7 > 0 such that
Tnm (W) Z pmy, Yu € Hg(S2) with [|ul] = 7).

]

Lemma 2.6.2. There exists my > p such that ||u|| > ry and Jx,(u) < 0 for all m > my. Here u is

a minimizer for \,.
1

Proof. Let (u,,), be a sequence of minimal solutions of (2.15). In the case r) = (M) p_z,
CoAS|Q 2
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we have that K, ||, || > 7y if

p—2 m(p—2)

m(p — 2)] e [|Um|m1 " (2.73)

HumHs

where 7 = —%—-.
CoS|Q 2%

p—2
Observe that the right-hand side of (2.73) goes to M =1 [ ] , as m — +00. Now, since

A = M, it follows that there exists my > p such that
|lul]| > ) and Ty m(u) < 0, for all m > mo.

This ends the proof of the Lemma. [

Now, we define

Cm = 'yler%‘f;n %gﬁﬁ jA,m(’Y(t))7 (2.74)
where
L= {7 :[0,1] = Hy(2) N L™(Q2), is continuous and y(0) = 0,v(1) = k,u}. (2.75)

Then we have that c,,, > p,, . Therefore, the geometric hypotheses of the Mountain Pass lemma are
fulfilled provided that
m = m* :=max{m(\),mz2(N\)} and A > A,. (2.76)

Finally, we need to check that 7}, ,,, satisfies the Palais-Smale condition.

Lemma 2.6.3. Let (v,,)nen be a sequence in Hi(€2) N L™ (S2) such that
Tnm(Vn) = Cim, j/{jm(vn) — 0in (Hy(Q) N L™(Q))".

Then (vp,)nen is bounded in H{(2) N L™(2).

Proof. Assume that (v,,)neny C H(2) N L™(2) is a Palais-Smale sequence of 7y ,, i.e.
Tnm (V) = Cims J/{ym(vn) — 0in (H5(Q) N L™(Q)).
This implies that there exists a constant C' > 0 such that

|s.7/\,m(vn)‘ g Cu
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since J ., is coercive in H{(€2) N L™(€2) it implies that v,, is bounded in H{(€2) N L™(€2). Thus,
(vn)n weakly converges to some v € HS(£2) and strongly to v in L"(Q2) for all » € [2,m). Hence, we
have, as n — oo

T (V) (0, — v) = 0. 2.77)

As a matter of fact, we have then

0(1) = (Ty i (va) = Ty (0), (00 = )

= lon = vll2+ [ (ol 200 = [0 20) (0 = v) da

)\ / (|0n|P~20,, — [0]P~20) (0 — v) di.
Q
Using the strong convergence of (v, )nen in L7 (£2) and Holder inequality we get

[0~ of=20) e — v)

< [l o = vlde 4 [ Jol o — ol da
Q Q

< ‘Un|g_1|vn — v, + ’U|£_1’Un —v[, =0,
and

" — m 4 < / nm_2n_ m—2 " — d
[ fon = ol dw < [ (joal"2vn = o “20) (v, — v)] da

< Na|m oy — 0l + [0 oy — 0] — 0.
As a consequence, we obtain
vn — 0| 4 |vn — 0| = 0 = |lv, —v|| = 0, as n — +o0.

This shows that v,, — v strongly in H§(€2) N L™(2), and we conclude that 7, ,,, satisfies the Palais-
Smale condition at level ¢ € R.

]

Proof of Theorem 2.6.2 completed. The Ambrosetti-Rabinowitz Theorem 1.3.2 implies the
existence of a mountain pass critical point vy ,,, with critical level J ,,,(vxm) = ¢, = 0. Since
Inm(Uam) = ¢m = 0> Ty m(urm) we conclude that vy ,,, # wy . Finally, arguing in a way simi-
lar to that in the proof of Lemma 2.4.1, by considering the truncated energy 7, ,,,, we conclude that

problem (2.2) has a second positive solution vy ,,.
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2.6.2 Asymptotic behavior of the mountain pass solution

In this subsection, we are interested by the asymptotic analysis for the sequence of mountain pass
solutions constructed in Theorem 2.6.2 when m — oo, determining the limit profile as a solution of

problem of free boundary nature introducing in the following theorem.

Theorem 2.6.3. Assume that A\ > \.. There exists v € K := {u € Hj(Q) : 0 < u < 1} such that

v # 0and vy, — vin H{ (L) and in every Lebesgue space. Moreover, v satisfies

(=A)Yv+h,(z) = P! in Q,
0 in €, (2.78)
0 in RNV\Q,

()

WV

(%

where 0 < h,(z) < Aand h,(1 —v) = 0.

Proof. Let (vx.,)m be a sequence of mountain pass solutions, for A > A, fixed. We argue in the same

way as in the proof of Theorem 2.5.2, we easily obtain that there exists v € H(£2) N L>°(2) such that
* Uy, — v weakly in H{(€2).
* U\, — vstrongly in L9(Q) forall ¢ > 1.
e 0Kl

In order to show that v # 0, we use a different arguments since in this case we don’t have a lower
bound on vy ,,, as in the estimate (2.62). We consider again the functional 7, defined in (2.49). Notice

that there exists u € Hg(2) N L>°(Q2) such that

I)\* (u) < 0.

Let us define

L. ={y:[0,1] = H(Q) N L>®(Q), is continuous and y(0) = 0,v(1) = u},

and the mountain pass level

. .= Inf z t)).
¢ = Inf meax A(v(1))
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We claim that I',,, C I',.. Indeed, let v € I',,, then
v(1) = Tm(kmu) < 0.
Since Z) (KmUm) < Tam(kmum) then v € I',. As consequence, we get

<
rﬁﬂf(l}\('y(t)) < max Tnm(7(1))

and then

= 1 > 1 =
em = infmax Jum(v(1)) > infmaxZy(v()) = e 2 p.,

where p, is given by

1 A
P =T(y(1) = S llulli - L lulp =0

Therefore

jA,m(v)\,m) =Cp 2 Px > 07

yielding that v} ,, # 0. The rest of the proof goes exactly as the proof of Theorem 2.5.2. [

Further discussions and concluding remarks

In this part of our study, we address the question: What is the primary distinction between the two
asymptotic behaviors?

Observe that the difference appears on the functions ¢, and h,. Indeed, while ¢, # 0 for every
p > 2and A > \,, Thanks to the negativity of the energy functional which allows us to prove a lower
bound, the difficulty seems in how to demonstrate that h, # 0 for p in (2, 2%]. Unfortunately, we
cannot show that h,, # 0, while we can only give some partial results depend on both the geometry,
topology of the domain and the exponent p answering our question. Based on the results obtained by

Dieb et.al in [46], we can state the following proposition.
Proposition 2.7.1. h, # 0 under the following geometric conditions:

@ IfQ is star-shaped domain and p > 2%, then h, # 0.

@ Lets € (0,1)and N > 2s. If @ C RY be a bounded domain of class C*(SY). Then, there exists
Po := po(2, s, \) > 1 such that h,, # 0 for every p € (2, po).

® If Q C R? be a smooth convex domain and p > 1. Then, there exists p, large enough and
o=0(Q,po) € (0,1), such that h, # 0 for s € (o, 1].
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@ IfQ C RY be a smooth bounded symmetric domain with respect to the hyperplanes {z; = 0}
and convex in the direction x; for all 1 < 1 < N with N > 3andp € (25 —¢,2%) fore > 0

small enough. Then, there exists 0 = o (), p) € (0,1) such that for s € (o,1], h, # 0.

To prove this proposition, we recall some useful tools that we will need in our discussion. We
start by the well-known non-existence tool given in the nonlocal framework, the fractional Pohozaev

identity by Ros-Oton and Serra in strictly star-shaped domains [96].

Theorem 2.7.1 (Pohozaev identity). Let @ C RY be a bounded star-shaped and C*'-domain, f :

R — R a locally Lipschitz function, and u a bounded solution to problem

(2.79)
v =0 in RV\Q,

Then, — has a continuous extension to S, that is, CS’Q(Q), for some o € (0,1). Moreover, the

55
following identity holds:

(23—]\7)/Quf(u) dx+2N/QF(u) dr =T(1+ s)? /aﬂ (;)2@5, v) do, (2.80)

where v is the unit outward normal to OS2 at x, §(x) is the distance to the boundary, I is the Gamma

function, and F(u) = /0 ' f(r)dr.

Lemma 2.7.1. Let Q C RY be either a ball, a smooth convex domain, or a domain that is symmetric
and convex in certain directions, and let p € (1,25 — 1), A > =\, . For s € (0,1] (witho € (0, 1)),

the fractional Dirichlet problem:

(—AYu+Au = uP in
w > 0 in Q (2.81)
u = 0 in RN\Q,

has a unique positive solution which is nondegenerate. This uniqueness and nondegeneracy also hold
for least energy solutions in smooth convex domains, and for general solutions when p is sufficiently

large in planar domains.

Lemma 2.7.2. [46] Let Q C R? be a smooth convex planar domain, p > 1. Then, there is o =

o(2,p) € (0,1) such that, for s € (o,1], the problem
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(=A)u = uP in
u = 0 in RM\Q, (2.82)

u > 0 in €,

has a unique energy solution.

Lemma 2.7.3. Let s € (0,1), (pp)n C (1, ]Nvfgz) be a sequence such that p, — 1. Let u,, be a

solution to (2.81) with p = p,,, and let M,, := |u,|s. Then,
Mﬁn_l — /\175 + A

and

G P uniformly in Q) and in C25(Q) as n — oo

for some o € (0,1).

Lemma 2.7.4. [46] Let Q) C R? be a smooth convex planar domain. Then, there exists py = po(Q) >
1 such that, for any p > po, there is 0 = o(Q,p) € (0, 1) such that, for s € (o, 1], Problem (2.81) has

a unique energy solution.

Lemma 2.7.5. [46] Let Q@ C RY be a smooth bounded domain symmetric with respect to the hyper-
planes {x; = 0} and convex in the direction x; for all 1 < i < N. If either N = 2 and p > 1 or
N > 3andp+1 € (2F —¢,2%) for e > 0 small enough; then, there is o = o (2, p) € (0, 1) such that,

for s € (0,1], Problem (2.81) has a unique solution.
In the local case, we have the following result, see [[6], Theorem 1.2].

Lemma 2.7.6. Let u, be a solution to the local problem

—Au, = )\ug’l in (), and u, = 0 on ON). (2.83)
Then
Tim [y o = Ve. (2.84)

Now, we are ready to proceed with the demonstration.
Proof. @ In the first case we suppose that

— Domain: (2 star-shaped domain.
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— Exponent: p > 27.
Suppose by contradiction that h,, = 0, then v is a positive solution to the problem
(=A)¥v = X% in Q,

v > 0 in Q)
v =0 in RY\Q,

using Poholzaev identity (2.80) we have that

« 2N «
(23—N)/vQSda:%——/g)vQSda::F(l%—s)Q/

RV
Q 2% 89(55) (2, v)do

2N
since (2s — N) + o = 0, and €2 is a star shaped domain, we get that

/89 (;)2(96,0)(1(7 -0

then, v = 0 a.e. in () and this gives a contradiction since v # 0.
@ In the second case, an analysis in the case when

— Domain: Q2 C R" be a bounded domain of class C?(2).

— Exponent: p close to 2.

Assume that h, = 0, and v solves

(=A)yv = XP7t in Q,
v >0 in Q (2.85)
v = 0 in RM\Q,

define w, = )\p—%v, the solution of following problem

(=A)w, = wh' in Q,
wy, = 0 in (2.86)
w, = 0 in RM\Q,

By Lemma 2.7.2, u,, is the unique solution of (2.86) for p = p,, close to 2 and for A < A; ;.
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Furthermore, we set M,, := |w,, |~. Therefore, by Lemma 2.7.3, we have

M,’j"_Q — A1 sasn — 00 .

Then
)\l,s
A

- (pn—2)
[0 [2272 = N2, [B272 = AT [y, [P =

Hence

This yields to a contradiction since |v,, | < 1.
In the third case, let us consider

— Domain: () is a convex domain of R2.

— Exponent: p > 1.

We use local arguments, for s is close to 1.

In the same way as before. Let v, , be a positive solution of (2.85). Then by Lemma 2.7.4, v, ,

is unique for p sufficiently large. Hence, vy 5, = )\P%vsjp is the unique solution of (2.86) and

we know from Lemma 2.7.6 and for s sufficiently close to 1 as mentioned in [Theorem 1.1,

[46]] that

[Ux.spl00 = [Un1ploe +05(1), as s — 1.

Here 05(1) — 0 as s — 1 and v} ; , is the unique positive solution of the local problem

—Av=1v""1inQ, and v = 0 on 9.

Notice that

1
|UA,Lp‘oo = Ar-2 |U1,p’oo

where v; , satisfies (2.85) when s = 1. Thus, by Lemma 2.7.6, we obtain

1
A 1ploo = AP 2|V 5|00 = Ve, as p — .

Therefore,

[Uxsploo = VeE+o0(1) > 1, asp — co.
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So that h, # 0 in this case too.
@ In the fourth case, we assume that

— Domain: (2 is a bounded symmetric domain .

- Exponent: p € (2% —¢,27).

Let v, . be a positive solution of (2.85) with p € (2% —¢,2%). Then by Lemma 2.7.5, v, . is

unique for € sufficiently small.

Hence, vy ;. = )\7125 s 18 the unique solution of (2.86). As shown in [46]
[Urseloo = |Ua1eloo +05(1), as s — 1. (2.90)

Here v}, 1 . is the unique positive solution of (2.88). Using [59] we have that |v) 1 .| — 00, as
¢ — 0. Therefore, v s, > 1 also is a set of positive measure, then h,, # 0.

]
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A Nonlocal p-Logistic problem:
existence, multiplicity and
asymptotic behavior

He aim of this chapter is to study a non-linear elliptic problem defined in a bounded domain
involving the fractional p-Laplacian with a logistic type nonlinearity. We aim to character-
ize the range of parameter )\ that allows the existence and multiplicity results, exhibiting

three distinct cases, determined by the relationship between the exponent ¢ and the condition on p.
Additionally, we investigate the asymptotic behavior of the sequence of solutions, characterising their

behavior as solution to a certain free boundary problem.

This chapter is an extended version of the work published in

[16].
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3 1 Introduction

This chapter is devoted to the study of the following nonlocal elliptic problem with logistic type

reaction
(=AYu = it —u™?t in Q,

u > 0 in (3.1)
u = 0 in RY\Q,

where ) is bounded domain of RN, N > ps, s € (0,1), X is a positive real parameter and m
sufficiently large such that

2<p<g<m.

In order to contextualize the research, we the review will begin by exploration of works relating

to our study in the nonlocal framework.

In the nonlocal case:

Several studies focus on the following class of fractional elliptic problem

(-Afu = [ in 9
u > 0 in €, 3.2)
u = 0 in RY\Q,

with various type of non-linearities [[21],[61], [68],[34]].

* Jannizoto et al. in [66] demonstrate global Holder regularity result.

e When Q2 = RY, Torres Ledesma [105] established the existence of a nontrivial solution which

is radially symmetric.

* For the reader’s convenience, we refer to the most closely related work to our study, authored by
Antonio lannizzotto et al. in [61] where they proved existence and uniqueness of positive solu-
tions within certain parameter ranges in cases of subdiffusion and equidiffusion of the following

logistic problem
(—A)yu= Mt — "t in Q, and u = 0in RV\Q,

withp > 2and 1 < ¢ < r < p}, where p} is the critical Sobolev exponent. Additionally, in

superdiffusive case they studied existence results according the value of .
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In the local case:

Several authors have addressed nonlinear elliptic problem involving p-Laplacian such as [[54], [67],
[71]], and a class of subcritical quasilinear elliptic equations with weight, variable parameter, and lack
of compactness was studied in [88]. Also, in [29] the authors proved that the solution of p-Laplacian
equation with poor summability convergences to the solution of variational inequality posed on a
particular convex set.

Notice that when p = 2, Problem (3.1) reduces to the fractional elliptic problem that we addressed
in Chapter 2.

As far as we are aware, The nonlocal p-Laplacian problem depending on supercritical non-
linearity and increasing power term is a novel contribution in the literature. Motivated by the above
works, our main goal is to extend the results obtained in [22] to the p-Laplacian setting. Precisely, we
discuss the existence results in terms of the parameters of A\, ¢, m even if m > p% unlike [61] study,
which deals only with the subcritical case. Additionally, we will study the asymptotic behavior of
positive solutions as m tends to oo, describing this behavior as free boundary limiting problem.

Notice that there are three distinct classifications for this problem type based on the principal
exponent g with respect to p as in [50, 61]. In particular, we provide existence results for Problem

(3.1) across various scenarios: superdiffusive, equidiffusive and subdiffusive case.

Plan of the chapter:

v" In Section 3.2, we recall some preliminaries and we introduce some technical tools that will be

used in this chapter.
v In Section 3.3 we establish a uniform bound for the solution of Problem (3.1).

v" In Section 3.4, we prove the main existence results in the superdiffusive case, according to the

value of \.

v In Section 3.5, we perform an asymptotic analysis to the sequence of solutions obtained in

Section 3.4.

v" In Section 3.6, we treat the equidiffusive case, addressing existence, uniqueness and asymptotic

analysis.

v" In Section 3.7, we focus on the subdiffusive case, proving existence, uniqueness and asymptotic

analysis.
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30 Functional Framework and Variational Formulation

In this section, we will recall some useful tools that will be used in this chapter. Let ) be a bounded

domain in RY,

In order to obtain the existence result for the Problem (3.1), we consider the fractional Sobolev

space defined by
X% e Wer(Q) / W™ da < oo} = WEP(Q) N L™ ().
Q
which is a reflexive Banach space and is renormed by setting

1= s =+ 1o

Let us now make precise what we mean by a solution to Problem (3.1).

Definition 3.2.1. We say that v € X? is a weak solution of the Problem (3.1), if u satisfies

/ lu(z Y[P2 (u(z) — u(y))(v(z) —v(y)) dv + /umflv dx = )\/uqflv dx, Yve X°.
Q Q
(3.3)
where dv = |x_i”‘”j'$ﬂps.

The fact that u is a weak solution of the problem (3.1) is equivalent to being a critical point of the

energy functional

Tnm(u // ) —u(y)|P dv+ — /u+ da:—)\/ui dx. (3.4)
Dq qJa

T\ is well defined and of class C'. Furthermore, it’s derivative is given by,

I)\m // lu(z P2 (u(x) — uly))(v(z) —v(y)) dv+ /uT‘lv dx — )\/u‘flv dx,Yv € X?°.
Dq Q Q
(3.5)

Proposition 3.2.1. Let p > 1 and u,v € W3*(Q), such that (u — v), € WP (Q) satisfies

(=AY u— (—A)Pv, (u—v)4)s, < 0. (3.6)

p p

Then, u < vin ).
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Proof. See [[75], proof of Lemma 9]. We have that

A)su— (=AY, (=) )sp
—//m — ()P (u(w) — uly) — o(x) — o) P2 (o) — () (4 —v)4 (@) = (u—v); (y)) dv >0,

we use the following identity
1
laP~2a — |b|P?b = (p — 1)(a — b) / b+ t(a — b)[P2dt 3.7)
0
with @ = u(x) — u(y) and b = v(x) — v(y). hence

[u(z) —u(y) [P~ (u(z) —u(y)) —lo(@)—v(y) 7 (v(z)~v(y) = (p~Dt[(u(z)—v(@))—(u(y)—v(y))]Q(z, y),
where
= [ ul@) = uly) + H(v(@) ~ v(@) - (u@) ~ u@)]"> dt
Clearly, Q(z,y) > 0, and Q(z,y) = 0 if and only if u(z) = u(y) and v(z) = v(y).
Now, we denote ¢ = (u — v), and examine the integrand of the product:
[o(z) = oWl () =0+ (W)] = [er(x) —o-(2) = e+ (y) + o-W)]le+(x) — o1 (y)]

= [p(x) =0 W) = [o-(2) + - (W)l (z) — 4 (y)].

Since 4 (x)p_(x) = 0, the cross terms vanish and we obtain:

[o(x) — o))+ (@) — 01 (¥)] = [or(x) — e (W)]* + o (2) 1 (y) + o—(y)p+(z) = 0.

Hence
(=AY u—(=A)v, (u—1v)4)s, < 0, if and only if, (u — v) =0,

p P

which implies that u(z) < v(x) a.e. (2. O

The next two results can be found in Iannizzotto, Mosconi, and Squassina [[64], Theorems 1.1]
for p > 2 and [[65], Theorem 1.1] for 1 < p < 2. They will play a major role in the proof of existence

results.

Proposition 3.2.2. Let Q) be a smooth bounded domain, p > 1. if u € W3*(Q) is a weak solution of
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the following problem

(3.8)
u=>0 in RN\ Q,

u —
where f € L>(Q2). Then, 5 admits a a-Holder continuous extension to ), and there exist « € (0, s)

such that it satisfies the uniform bound
U p%l
||§||Ca(9) < Olf[&,

where C' = C(N, p,s,Q) > 0. (See Section 1.2.2 for «— Holder definition).

Proposition 3.2.3. Let p > 1 and v € WiP(Q2). Then, u is a local minimizer of Iy, in C3(SY); there

exists p1 > 0, such that
Ihm(u) < Iym(u+v), forall vin Ci(), ||v]os < p1-
Then, w is also a local minimizer of Ty ., in W3'*(2); there exists py > 0 such that
Ihm(u) < Iy m(u+v), forall vin W5*(Q), ||v||sp < po-

Proof. For p > 2 see [[64], Theorem 1.1], and for p € (1, 2) see [[65], Theorem 1.1] . O

A priori estimate

In this section, we prove L°° a priori estimate, which will be crucial throughout our study.

Proposition 3.3.1. Assume p < ¢ < m. Let w € X°® is a weak positive solution of Problem (3.1)
satisfies the following estimate

1

[tw]oo < AT (3.9)

Proof. For every k,e > 0, we define the function ¢, : R — [0, 1]

0 if s <k,
—k
D, (s) == Sg if k<s<k+e,
1 if s>k+e.

Let us denote the set

Ey={ze€Q: w() >k}
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Taking . as a test function in the weak formulation of Problem (3.1)
J[ 1wt@) = w2 (w(@) - w(y) (@.(w)(x) ) dv + / W (w) do = A [0 @ (w) do.
Notice that Dg = (Ey U Ef),and E}, = E} UE? = {z € Q: w(x) > k}, where
El={rcQ: k<w@)<k+e}, BEi={rcQ: wx)>k+e}
Let us split the set D, in the following way
Dqg=DyUDyUDsU D,
where
Dy ={(z,y) € Dq : w(x) > k,w(y) >k}, Dy = {(x,y) € Dq : w(x) < k,w(y) < k}

D3 ={(z,y) € Dg : w(x) >k, w(y) < k}, Dy ={(z,y) € Dg : w(z) < k,w(y) > k}

yielding that

Io = / w(@) = w(y) 7 (w(z) — wy))(P-(w)(x) — Pe(w)(y)) dv

= [ @) = w2 w(e) - wm)@.(w) @) - P(w)(y) dv
n 7/ () — w(y)P 2 (w(z) - w(y)) (@-(w) () — .(w)(y)) dv
" L]/ () — w(y)P 2 (w(z) - w(y)) (@-(w) () — B.(w)(y)) dv
" Z/ () = wy)P 2 w(x) - w(y) (@(w)(x) — $.(w)(y)) dv

= h+hLh+L+1

To show that [, is positive, we analyze each term separately.

L. - i/ () — w(y)|? dy de + - // —w(y) + k) dv
. 3//’@_w@»p—«w(@_k_@dwo.
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Since in Ef : @.(w)(z) = @.(w)(y) = 0, then

/ w(z) —w(y)["~*(w(z) — w(y)(@:(w)(z) — L(w)(y)) dv =0

For I3, since z € E} then w(x) > k

// lw(x )P (w(z) — w(y))(w(x) — k) dv + // (w(z) — w(y))P~! dv

1Elec EZxEf
f/ lw(x) |pd1/+// kY=t dy >0

€

ElxE¢ EZxE¢

On the other hand, since y € E} then w(y) — k > 0, and = € Ef then w(x) < k, we have that

=]t = wl) ) — wl) () + K dv — [f o) = i) dv

1E,§xE,g E¢xE?
f// lw(z) —w(y)|P dv + // kY=t dv > 0.

€

E¢xE} E¢xE?2

So that , we obtain

E{ WA, (w / / () — w(y) P2 (w(z) — w(y)) (@. (w)(x) — B (w)(y)) dv+ /wT_lqu(w) o

Dq Ey

< )\/wi_l dz.

Passing to the limit as ¢ — 0, by Fatou’s Lemma and Holder’s inequality, we obtain

/wm’1 dr < )\/wq’1 dz

q—1
1

A /wmfl dac} m_1|Ek|17%

that implies
K E| < /wm_1 de < Ay,
Ey

taking into account that || # 0, we deduce from the definition of % that

k< A, Yt € (0, |wlo).
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3.3. A priori estimate 3. On p-logistic problem

Specifically, taking k = |w|, yields the desired estimate (3.9). O

In the following result, the equidiffusive case ¢ = p and the subdiffusive case ¢ < p, can be treated
in a unified way. By following the same strategy developed for the superdiffusive regime as p < ¢,

we derive an L°°-a priori bound that holds for both cases as well.

Proposition 3.3.2. Assume ¢ < p < m. Let w € X° be a weak positive solution of Problem (3.1).

Then, w satisfies the following estimate
|W]oo <A77, (3.10)

Remark 3.3.1. For the proof of Proposition 3.3.2, without altering the proof arguments of Proposition

3.3.1, the exponent of the reaction term q can be replaced by any exponent less to m, this yields (3.10).
As a consequence of Propositions 3.3.1, 3.3.2, we provide the following a priori estimates.

Proposition 3.3.3. Assume p < q < m and let w € X? be a weak solution of Problem (3.1). Then, w
satisfies the following estimate

w|m < A9, (3.11)

[wl][Z,, + |w|m < Am=a|9Q]. (3.12)

Proof. Taking w as test function in (3.3)

/]w[m // ]pdu+/w daﬁ—)\/wqdac7

we obtain by Holder inequality

/|w|m dr < A/yw|q d:zc</\[/w dm]

3\@

1_i
m

Hence (3.11) is proved.

In the same way, we choose v = w in (3.3), and by Holder inequality and (3.11)

/]w |pdy+/w+dx:>\/widx
0

ARSI Q% |
= ImaQ).

N
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3.4. Superdiffusive case: Existence and nonexistence 3. On p-logistic problem

Superdiffusive case: Existence and nonexistence

The principal existence result is presented in the following theorem, which improves and generalized

the results obtained in Chapter 2, Theorem 2.4.1.

Theorem 3.4.1. Let s € (0,1), p > 1 such that N > ps and p < q < m. Then there exist positive

constants A(m), A\(m) with 0 < A(m) < X\(m) < oo such that:
D if 0 < A < A(m), then Problem (3.1) does not have any solution in X*.
@ If A > A(m), Problem (3.1) has a maximal solution zy ,, € X°.

@ if A > A(m), Problem (3.1) admits at least two positive solutions: a local minimum uy ,, in X*

such that

e If A(m) < X < AX(m), then Ty (urm) > 0.
o If A = \(m), then Ty y(urm) = 0.

o If A > \(m), then Ty (urm) < 0.
and a mountain pass solution vy ,,, in X*° in every energy level.
@ (uxm)a is increasing with respect to \.
Outline of proof:
Before proceeding with the detailed demonstration, we outline the main steps of the proof.

(D We begin by proving the existence of a largest value of A, denoted A(m) defined by
A(m) :=inf{\ > 0 : Problem (3.1) admits a non trivial solution}.

such that Problem (3.1) does not have any solution if A < A(m). This means that to assure the

existence results we must take A sufficiently large.
@ For A > A(m), Problem (3.1) has a maximal solution.

@ We define A(m) by

S\(m) = inf{\ > A(m) : Z,,, has a local minimum u, € X* such that Z, ,,(u,) < 0}.
(3.13)
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3.4. Superdiffusive case: Existence and nonexistence 3. On p-logistic problem

This critical value acts as a threshold that distinguishes different behaviors of the associated
energy functional. In particular, Problem (3.1) admits at least two positive solutions for all

A > A\(m). More precisely

» We establish the existence of the first solution using a truncation method, yielding a local

minimizer in C§(€2). Following the approach of Iannizzotto et al. [68], we further show

that this local minimizer is also a local minimizer in X ®-topology too.

= We investigate the energy level of this solution as \ increases.

» From this local minimizer we obtain a second solution by applying Mountain Pass Theo-

rem.

= We analyze the energy behavior of this mountain pass solution with respect to the

growth of A\, using a variant of Mountain Pass Theorem.

3.4.1 Non-existence result

Proposition 3.4.1. If \ is small enough, then Problem (3.1) has only the trivial solution in X°.

Proof. Suppose that for A small enough, Problem (3.1) admits a solution u € X*. Testing the equation

by u, we obtain
[ullg,, + |uly = Alulg,

using estimate (3.9), we deduce that

m—p
m—q

As’p

[llfp + lulm = Alulg - < Alul&Plulf < [l

7p>

where )\, ), is the first eigenvalue of the fractional p-Laplacian defined in (1.13). Thus, we get

m—p

=
)

[ull? <

[ull? 5
s,p

therefore

This concludes the proposition.
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3. On p-logistic problem

3.4.2 Existence results

Let us define

A(m) :=inf{\ > 0 : Problem (3.1) admits a non trivial solution in X*}.

Proposition 3.4.2. We have that 0 < A(m) < oo.

Proof. From Proposition 3.4.1, we easily conclude that A(m) > 0. It remains to show that A(m) <

oo. To this end, we apply a direct minimization argument and construct a solution u) such that

I)\,m(U)J = inf I)\(U).

veXS

Thanks to the uniform bound givenin (3.9) of the solution u), we obtain

1 1 m oy
Dimlua) 2 lluallgy + 1 foalm = A7 19

11 _a_
> min{_, —}([[ually, + lunsln) = A77|9Qf = coas [lu || = co.

Then, Z) ,, is coercive. Hence, we can easily show that Z) ,,, weakly lower semi-continuous on X*°.

Let 1) be the solution of the following problem

(=A)s + Ppm™ 1t = 1 in
v > 0 in
v = 0 in

We evaluate the energy functional of Problem (3.1), we have

1 1A
Dim(¥) = ywwfggwm—ng

A
< [ de =Sl < leh(

Q,
Q,

RV\Q.

A

gl

We observe that, for A sufficiently large 7, ,,,(¢’) < 0. Therefore,

Dam(un) < Ihm(y) <0,

As a result, this yields that uy # 0 .
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3.4. Superdiffusive case: Existence and nonexistence 3. On p-logistic problem

Existence of maximal solution

Proposition 3.4.3. For all \ > A(m), Problem (3.1) has a maximal solution z) € X? in the sense: for
every solution u to Problem (3.1) we have z) > u. Moreover, the family of solutions z) is increasing

with respect to \.

Proof. Let us define F'(t) = Mt + f(t) where

Aa—t — ¢l if 0
f(t) = (3.15)

0 otherwise ,

I\
I\
l

and M > 01is fixed constant.
The function F' is nondecreasing on (0, c0), since if u < v, the uniform bound (3.3.1) implies that

F(u) < F(v). We consider the iterative scheme for n > 1

(=A)tn1 + Muyy = Muy, + f(u,) in
Un1 —0 in RM\Q,

(3.16)

with initial data ug = z and z := =1 By applying the maximum principle we obtain u, 1 < Uy,
for all n > 1. Let u be a solution of (3.1), then using the estimate (3.9), we know u < z, then the
classical monotone iteration argument implies the existence of z) such that u,, — z) and u < 2, < 2
a.e. in (.

It remains to prove that the monotonicity of the mapping A — z). Let \; < Ao, then z), is
a subsolution to Problem (3.1) with A = \,. Using the same argument as above we deduce that

Zn, < Z»,. This ends the proof of the proposition. [

Existence of a local minimizer

To proceed with our analysis, we require a basic estimate which highlights how the nonlinearity
behaves with respect to the parameter A. This allows us to show that the sequence of solution w), is

increasing with respect to \.

Lemma 3.4.1. Let A > 0, t > 0 and hy(t) = M\t9~' — t™ L. Then, for any A > u > A(m), we have
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3.4. Superdiffusive case: Existence and nonexistence 3. On p-logistic problem

Proof. Let A > u > A(m)

ha(t) — hy(t) = X9t —¢gm=t — (et — ¢ty
> (A=t t > 0.

Therefore, the result follows. O]

To overcome the inability of applying the comparison principle directly, we use truncation method,

which allows us to control h) to derive the increase of u,. Unfortunatly, we cannot establish the

f(t)

tpi—l is not

monotonicity of this mapping by using comparison principle, due to the fact that ¢ —

decreasing for ¢ > 0, since ¢ < m.

Proposition 3.4.4. Let A > > A(m), and w, € X* is a maximal solution to Problem (3.1) for

A > > A(m). Then, the truncated problem

~

“APu = ha(zu) in Q
( Jou Az, u) in 317
u = 0 in RN\ Q,

where
A )\w#q_l — wum_1 if 0<t<w,

hy(x,t) =
e ML —¢mmh g > w,

admits a minimum solution u € X°. Moreover,
1. wy is increasing with respect to \. Namely, if X > p > A(m) then uy > w,,.
2. wy is a positive solution to Problem (3.1).

Proof. Consider the associated energy functional to the truncating problem (3.17)
u p
Exm(u) = m — / H(z,u)dx
D Q

where H(z,t) = /Ot ha(z, s) da.

Exm(u) is of class C'(£2) and is well defined in X*. To prove existence results to Problem (3.17),
we use minimization method. The functional &, ,,(u) is coercive.

Next, we prove the weak lower semi-continuity of £, ,, on X*;
Let (vx)r C X*® be a minimizing sequence for £, ,,,, due to the coercivity of &, ,,,, we immediately see

that (vy )y is bounded in X*, therefore there exists v € X* such that, up to a subsequence still denoted
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3.4. Superdiffusive case: Existence and nonexistence 3. On p-logistic problem

(Vr)k

vy, — v weaklyin X°,
vy — v stronglyin L9(Q2) for all ¢ € (1,+00),

v, — v ae. €,

Besides, by the weak lower semi-continuity of the norm ||.||5, and |.|,,, , we obtain

fnnt) = 102~ A M1 Do - Lyl
< ol nf o, + T inf o= 2 T o) = (1= Dl + (1= )l
< dim it + ol = Sy = (1= Oladg + (1= )l
= kETwlnfSAm(vk)

Therefore, there exits u) € X* such that
Exm(ur) = ulen)g Exm(u),

and u,, is a solution of Problem (3.17).
Now, To prove that uy > w,, if A > > A, where u,, u,, denote the respective weak solutions of

Problem (3.1) corresponding to A and . From Lemma 3.4.1, we know that
(=A)w, = pw, ™" — w," "t < dw, T —w, ™

Taking (w,, — uy)™" as test function

(=A)sux, (wy —up)™ _/ Pz, un) (W — uy



3.4. Superdiffusive case: Existence and nonexistence 3. On p-logistic problem

By using Lemma 3.2.1, we first obtain that w,, — uy < 0. Thus,
iL,\(ZE,U,\) = h)\(U)\),

which allows us to conclude that u) is a solution of Problem (3.1). In addition, since w,, is a maximal
solution of (3.1) for A\ = y1 > A(m), then we deduce that u,, < w,, < uy.
O

Before proceeding with our analysis, we recall the notion of local minimizers in both the C; and

X? topologies.

Definition 3.4.1. » We say that w € X°* is a local minimizer of I, in C3(Q2), if there exists

p1 > 0 such that

Ihm(u) < Iy m(u+v), forallvin C5(Q), with ||v]los < p1.

» We say that u € C§(?) is a local minimizer of Ly ,,, in X°®, if there exists ps > 0 such that
Thm(u) < Iy m(u+ ), forall vin X°, with ||v]| < pa.

Proposition 3.4.5. u, is a local minimizer of I, ,, in the C§(S2)-topology. Moreover, w is also a local

minimizer in the X *-topology

Proof. Let A > o > A(m) and let V be defined by
V= {uu +v stve int(CS(Q)*)}
which is an open subset of C§(2), and uy > u,, we deduce that uy, € V and forallu € V (i.e. u > u,,)

Exm(u) :Hqu’p—/H(x u) dz
) p Q )

il Ay Ll ! 5 318
:Tp—5|u|(q]+ﬁ_(1_§>|uu|g+(1_E)’u#|m G-18)
= I}\’m(u) - C

such that C' € R and it is idependent of u. As u) minimizes &) ,,,(u), we can find 7 > 0 such that

Exm(uy) < Exm(u), forallu € B.(uy) C V.
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3.4. Superdiffusive case: Existence and nonexistence 3. On p-logistic problem

The relation between &), ,,,(u) and Z, ,,,(u) given in (3.18), yields to
I)\7m(u,\) — C g I)\m(u) — C

Proving that u, is indeed a local minimizer of 7, ,, in Cj-topology. Then, by Proposition (3.2.3) is
also a local minimizer in X *-topology.

[
Now, we identify a value A(m) that represents the threshold level for different behaviors of the
energy functional

A(m) := inf{\ > A(m) : T\, has a local minimum w, such that 7 ,,,(uy) < 0}. (3.19)

Proposition 3.4.6. Letp < ¢ < m, if \ = \(m) then Problem (3.1) admits a nontrivial weak solution

ug € X° with zero energy.

Proof. Let (\,)nen be a sequence such that \,, > Xand )\, — ), as n — oo, denote u,, = uy, bea
sequence of positive solutions of Problem (3.1) when A = \,,. Notice that I:\m(un) = 0, then from

Proposition 3.3.3, there exists C' = C'(\, m, ¢) such that
[un|l < C. (3.20)

Hence, (uy,),, is bounded in X*, then there exists u, such that
o u, — ugin W5*(Q2),
* u, = upin L"(Q2), forallr > 1.

* U, — Uy a.e in €.

So that, it remains to prove that (u,),en converges strongly in W’ (Q) to the nontrivial function .

Indeed, by taking (u,, — ug) as test function in (2.15) we get

_Asna n s :/\n/ g-1 n d _/ m=1 n d
(=A)pun, u Uo)s,p Qun (un — ug) dz Qun (tn — ug) dx

< )\nHuanngun — uOHl — O, as n — Q.
By property 1 we can conclude that

Un — ug strongly in W5P(Q).
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So, we can pass to the limit as n — oo in (3.57),_, , we deduce that u satisfies (3.57),_5.

Claim. ug # 0.
Arguing by contradiction, assume that u,, — 0 in W5?(Q). Since |u,| < C, such that C' =

C(A, m, q), using the regularity results in [66], we have

u, — 0in C*?(Q), for some 3 € (0,1), and then u,, — 0 uniformly in Q. (3.21)
Let us set v, = H uﬁ in W5P(Q2) such that v, is bounded in W;”(Q2) N L>(2), then up to a
Un ||s,p

subsequence there exists vy such that v,, — vy weakly in Wy (£2) and strongly in L?(§2) forallp > 1.

In addition, we have
1

(_A>;>Un = ﬁ(_A);un
[[wn 5
then v,, satisfies

(—A)sv, = ]| P00 1 — JJun |2 PO 1 (3.22)

We first prove that v,, converges strongly in W3 (£2) to v. Indeed, using v,, — v in W;*(Q) N L>(Q)

as test function in (3.22)

<(_A);Um Up —V0)sp = )‘nHunHE,;p /Q v%_l(vn — o) dzx — ||Un||§',}_p /Q U?_l(vn — o) dx
1
< )\ni_/ ul (v, — v) du.
lun 85" /o
(3.23)
In particular, u,, — 0 uniformly in €2, so for n € N sufficiently large, we have 0 < u,, < 1 which

implies that
1
(=A)yvn, vy — V0)sp <A 7/ ul ™ (v, — vg) dw
Q

Hun{\p '

H Hp . p—1 ||un||p | U0|p

Cn(m (3.24)
H Hp 1 ” n|| |Un - U0|p

< MC(Q)|v, — volp — 0.

By property 1, we can conclude that v,, — vy strongly in W (€2), which implies that ||v,||s, —

l|vo]|s,p» hence ||uo||s, = 1. On the other hand, we take vy as test function in (3.22)

<(_A>;S)Una U0>87p = )‘nHuan,;p‘/Qvg_lUO dr — ||un| Z,Lp_p/quT_IUO dx

< )\n||un||g;p|vn|gg1|v0‘1 — 0.

(3.25)

We get ||vg||s, = 0, a contradiction.
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]
Corollary 3.4.1. 7, ,,(uy) has different behaviors represented as follow:
o If A(m) < X < A(m), then Ty ;n(uy) > 0.
s If A= S\(m), then I ,(uy) = 0.
o If X > A(m), then Ty, (uy) < 0.

Proof. We proceed as in the proof in [22, Theorem 1.2]. The first and the last point are deduced from

the definition of \(m) and the second point is proved in Proposition 3.4.6. 0

Existence of the second solution

In this section we prove the existence of a second solution from the local minimizer, obtained in

Theorem 3.4.1, in each energy level by using a different version of the Mountain pass theorem.

w Positive/Negative energy level

Proposition 3.4.7. Let A > > A(m), and let uy € X* be the local minimizer of Iy ,,. Consider the

truncated problem

(—A);u = ga(z,u) in Q, (3.26)
u = 0 in RN\ Q,

where

A —pmt e 0 <t <y,
g)\(l',t) =
)\U)\q_l —¢mt lf t > uy.

Then, uy € X? is a local minimizer of the truncated energy functional ix,m in X?®. Moreover, 0 is
also a strict local minimizer. As consequence, there exists vy € X*®\ {0, uy} a weak positive solution

of Problem (3.26).
Proof. Let us consider the energy functional associated to Problem (3.26)

A

Toutw) =W [ Gy de
HUH |U|m >\/ 1 de — (1_;)‘%1‘(1

q

t
where G(z, 1) :/ gx(z, s)ds.
0

Step 1: We prove that the functional fA,m admits a local minimizer .
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Notice that, for t < uy, we have gy(z,t) = X9t —t™ L and if t > wuy, ga(z,t) = Auyd™t — ™1
Therefore,

ga(x,t) < M — ™1 forall (z,t) € Q x Ry,

by integration, we obtain

A Al
Gi(z,t) < A— — —, forall (z,t) € Q x Ry,
q m
then, we can conclude that
oy (10) = Ty m(u), forall uin X°. (3.27)

Since u, is a local minimizer of Z, ,,(u), there exists p > 0 such that
Thm(u) = Iy m(uy), forall win X* and |ju — uy|| < p,

which implies that
Do (1) = Ty (1) = Thm(uy), (3.28)

taking into account that

Iym(uy) = jx,m(ux),

hence

Do (1) = Ty (uy), forall uin X° and |ju — uy|| < p.

So that, uy is a local minimizer of 7 ,,.

Step 2: we prove that 0 is a local minimizer of f,\m. Notice f(t) = AMt? ! — ™~ forany ¢ > ( there
existes 0 > 0s.t. [t| < 0
ft) <ett™. (3.29)

by choosing 0 < € < A, ,(£2). Thus, thanks to (3.9) we can find p > 0, such that for all u € C3(€2),

|lullos < p, we have

A ul|l?
Tynm(u) > 7” Hs’p — E/ u? dx
p pJQ

by Poincaré’s inequality we can conclude that

A87])

N £
Dm(u) = (— — 5)|u|§ > 0.
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Therefore 0 is a local minimizer of i\,m in Cj-topology. Then, is also a local minimizer in X*-
topology.

Conclusion: u, and 0 are two local minimizers of 7 ,,, in X* .

Step 3: We prove that the functional f,\,m 1S coercive.
From Proposition 3.4.2, we know that the energy functional Z, ,, is coercive in X *. Moreover, using

estimate (3.27), we conclude that f,\,m is also coercive in X°.

Step 4:We need to check that the functional i\,m satisfies the Palais-Smale condition.

Let {u,} C X* is a sequence of Z, ,, i.e.
Do (tn) = €

Ty () = 0,in (X*)

This implies that, there exists a constant C' > 0, such that
|I)\,m(un)| < Ca

We argue by contradiction that v, — 00, and since f,\,m is coercive, we get an(un) — 400
(contradiction). Then, u,, is bounded in X*. In addition, X is a reflexive space, up to a subsequence,

there exists w € X*, such that

u, — w weaklyin X° n — 400,

u, — w strongly in L%Q),Vr}l.'

As f;m(un) — 0 and u,, — w weakly in W’ (€2) we also have f;m(un)(un —w) — 0 and obviously

fj\m(w)(un —w) — 0, then as n — +00

/

o(1) = (L (un) = Iy (W), (u — w))

= <(—A);un - (_A);w7u” —W)sp + /Q(|un|m_2un - |w|m_2w)(un —w) dz. .

By Holder inequality, L°°-estimate and the strong convergence in every Lebesgue space we obtain

through algebraic inequality (1.22) that
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[l = wmde <] [ (Qual™ 2 = ™ 2w) (u, — w)lda
Q Q

< un| ™ g — Wl + W)™, — w]m — 0.

(3.30)

As consequence L,, — 0 as n — 400 where

L, = ((—A)Zun - (—A);w,un —W)sp

= Nuall?, + lwll2, = (=A)pun, w) = ((=A);w, un).

On the other hand, using that

((=A)puun, w) < [l 2, lw

|5,

yields

Lo = unll?, + lwlz, = lunllE5 wllsp = lwlizy lunllsp
2 a2 (lunllsp = llwllsp) + lwllZZ! (lwllsp = llunllsp)
>

(Htnllep = ol ) (Il = ).

Since £,, — 0 and u,, — w in W5”, then ||u,, — w||s,, — 0. As consequence of (3.30), we obtain

|wn — wllsp + |tn — Wl = 0= [Ju, —w|| = 0,as n — +o0.

This shows that u,, — w strongly in X*, and we conclude that f,\,m satisfies the compactness condi-

tion (Palais-Smale condition).

Step 5: Existence of the second solution to Problem (3.1).

We know from the mountain pass variant of Ghoussoub Preiss [55] that: If the Palais-Smale
condition is satisfied and j/\,m has two distinct local minimum points, then me must have a third
critical point. According to the above results and since 0 and u) are two distinct local minima. Since

A > A(m), we have that 7y, (uy) < 0. We define

c= inf max Zy,.(v(t)), (3.31)

where

o> ={v:[0,1] — X? ~is continuous and v(0) = 0, (1) = uy}. (3.32)

such that ¢ > max{f,\m(O),f,\,m(u ) }- Therefore, Mountain pass theorem [88] guarantees the exis-
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tence of a critical point vy € X*\ {0, u,}, such that
Ty m(va) = 0.

Now, we aim to show that v, the solution of (3.26) is a second positive weak solution to Problem
(3.1).

Taking (vy — uy)™ as test function and using the fact that

(=A)sor, (va —upn)T)sp = /QgA(a:, vy)(vn — up) " dz
< /Q O™ — 3™ (g — un)* dae

= ((=A)pux, (va —un)")sp

Hence

((=A)on = (=A)5ux, (ux — ua)F)sp < 0.

This allows us to conclude, by using Proposition 3.2.1, that v\ < uy. Thus, v, is a second solution of
the main problem (3.1)
(—A)SU)\ = )\U)\q_l — U)\m_l in Q,

P (3.33)
Uy = 0 in RN\Q

w Zero altitude case

In this direction we are looking for the second non trivial solution in the limiting case A = A(m) by

using a different version of Mountain Pass Theorem.
Theorem 3.4.2. For A\ = \(m) the problem admits a mountain pass solution v* € X°.

Proof. we define

¢ = inf maxZ,,,(y(t)), (3.34)

yer?, te[0,1]
where

% = {y:[0,1] — X*, v is continuous and 7(0) = 0, y(1) = u*}. (3.35)

u

¢* = 0, then by Ghoussoub and Preiss mountain pass theorem [55], we deduce that there exists a

mountain pass solution v* of 7, ,,, distinct from 0 and u*.
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3.5. Asymptotic Analysis 3. On p-logistic problem

It remains to us to show the multiplicity result in the case when A(m) < A < A(m).

Theorem 3.4.3. Assume that A(m) < X\ < X(m) Problem (3.1) admits a mountain pass solution

vy € X%,

Proof. From Corollary 3.4.1, we know that Problem (3.1) admits a local minimizer uy with Z ,,, (uy) >

0. So, we define the path class
Iy ={y:[0,1] — X* v is continuous and v(0) = u,~(1) = 0}. (3.36)

And the mountain pass level

c1 = inf max 7, ,,(7(t)), (3.37)

very te[0,1]

where ¢; > T, ,,(uy) > 0, then by Ambrostti Rabinowitz Theorem 1.3.2, we deduce that there exists

a mountain pass solution v, of Z, ,,, distinct from 0 and u,.

Asymptotic Analysis

The main goal of the present section is to perform an asymptotic analysis to the sequence of solutions
found as m tends to oo, investigating their different behaviors. In this study a crucial role will be
played by the L°°-a priori bound to prevent the lack of compactness even if m > p3.

Before studying the asymptotic behavior of the sequence of solutions, we first gain the asymptotic
behavior of (1), the threshold for which 7»,m has a negative energy, by using a comparison with the

limit functional 7) ., defined by

1 A . N
Iroo(§) = Z;Hf”?,p - a|§|Z,V§ € W () N L=(92). (3.38)
Let
_ allollElelds” o~ _ ,
Q(¢) == PP and AT = ¢6W5’p%£)me°¢(Q) Q(9). (3.39)

The idea now is to see that \** is crucial asymptotic limit that describes the asymptotic behavior of
A(m) as m — oo. Furthermore, we will show that the infimum in Q(¢) is attained.

For simplicity, we denote uy ,,, by u,, and vy ,, by vy,.
Theorem 3.5.1. We have

lim A(m) = \*.

m— 00
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3.5. Asymptotic Analysis 3. On p-logistic problem

Proof. We first prove that ()(¢) is well defined and A** > 0. For this purpose, we have Q(¢s,) <
+00, where ¢, is the first eigenfunction associated to the first eigenvalue A, defined in (1.13).

Furthermore, we have

Jy 160t = [ 16000l < Iouslis? [ lonal? < 5160071000k

so that \** > %)\s,p > 0.
Next, we prove that

A(m) < X +0(1), as m — oo.

Let ¢ € WP (Q) N L*>°(£2) and ¢ > 0. Then, the functional Z, ,, is bounded

I)x,m (t1/]) < hm(t)a

where

hm(t) . +Bm m q’

ta—p

and
N ]
o lwlgT " m |l

Let us analyze the function h,,():

* Under the hypothesis p < ¢ < m, we have lim h,,(t) = %ir% hm(t) = +o0. Consequently, h,,
—

t—+o00

attains its global minimum at the point 7,,, given by

e i e AR

This allows us to obtain the condition under which 7, ,,,(7,,7) < 0

Dn(Tnt0) <0 A > Q) = ghm(T), (3.40)

where h,,(T,,) is given by

S
S
L
3
@

)le W)I Nollg

Observe that, as m tends to co we obtain

lim 7, =

m—00 |/¢| ’
)

(3.41)
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3.5. Asymptotic Analysis 3. On p-logistic problem

and

[P1IE, 181557

lim Q, (1)) = = Q). (3.42)

_ g

This indicates that
lim Ty (Toth) = S [01 612, — 201110157 = T ol(Toot)
m—4oo )\,m m p o0 S,p q q o0 ,O0 oo N
Hence, we can conclude from the key equivalence (3.40) that

I)\,oo(Toow) <0 A> Q(¢) 2 )\** (343)

Thus, from (3.43), for every A > \**, we can fix ¢, € W;(Q2) N L>®(Q) such that (3.43) is satisfied.

Then, for all ¢ > 0 (sufficiently small) there exists my, such that

I)\,m<Tm2/}oo> < I)\,oo<Toowoo) +e= I/\,oo (ﬁzr) +e< 0
which implies that
A > \(m). (3.44)
To complete the proof, we take A = \(mn)
1 1 A(m)
Im m) — — mp i mm—i mq:O, 3.45
A (tm) pllu 25 + il . |t 4 (3.45)
then
qllumll? _ 5
- < A(m). (3.46)
p huafy <N
Multiplying both sides of the inequality by |u,,|%;? then
5 U || p|Um |87 < _
A < Am) = 2 % ; " o Am) | |27, (3.47)
p |t g
using (3.44), we get
MK A(m) < N, | 5P, (3.48)

passing to the limit as m — oo and using the fact that |u|,, < 1, we obtain

lim A(m) = \*.

m—r0o0
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3.5. Asymptotic Analysis 3. On p-logistic problem

]

3.5.1 Asymptotic behavior of minimum solution

The present subsection is devoted to the first main theorem, which investigates the asymptotic be-
havior of the sequence of local minimizers u) ,, (noted w,,). We establish the existence of a limiting
profile by employing compactness and convergence techniques. Furthermore, we derive a uniform

bound for the limiting profile as m tends to co.

Theorem 3.5.2. Assume p < q < m. Then, there exists \** > 0 such that for each A > \** > S\(m),
there exists a sequence (U, )y, of minimum solutions and v € K := {w € Wy*(Q) : 0 < w(x) < 1},

such that u # 0 and
U, — u strongly in Wi () and in evey Lebesgue space L' (Q),r > 1.
Moreover, u is a solution of the following problem

(—APu+ guXfu=1y = M in Q,
w > 0 in Q, (3.49)
0 in RM\Q,

u

where 0 < g, < \, g, # 0, and g, (x)[1 — u(x)] = 0 a.e. in QL.
The proof of Theorem 3.5.2 is divided in several propositions.

Proposition 3.5.1. Let (u,)m~q C X° be the sequence of local minimizer of Problem (3.1). Then,

there exists u € K := {w € WyP(Q) : 0 < w(x) < 1}, such that u # 0 and
Um — u strongly in WP () and in every Lebesgue space.

Proof. We take u,, as test function in (3.1), by (3.9) we obtain

1 A A )

llumlley o ltmbn = lumlg <

which implies that wu,, is bounded in X?°. Since X* is a reflexive space, up to a subsequence, there
exists u € X* such that
um — u weakly in Wi (Q).

Uy, — w strongly in L7(Q),Vr > 1. .
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3.5. Asymptotic Analysis 3. On p-logistic problem

Next, we prove the strong convergence in " (2), we take u,, — u as test function in (3.1)
(= Q)5 Uy, — u) + /umm_l(um —u)dr — )\/umq_l(um —u)dr = 0.
Q Q
By (3.9) estimate, the second term tends to 0

m—1
[ ™t = ) < a2t =l < ARty =y 0, (3.50)
Q
and the same argument shows that
/umqfl(um —u)dr — 0.
Q

So that

(= Q)5 U, Uy — )5 p — O,

by Property 1, we deduce that
Um — u strongly in WP (Q). (3.51)

Now, we determine a convex set which contains the limit solution u. Notice that from Proposition

3.3.1, u,, is a solution in K,, where

Ko = {ttm € X* 10 < |tm|oo < A7},

passing to the limit as m tends to oo implies that, there exists u € W;"*(Q) N L>°(£2) such that:

Claim: u # 0.
Let us prove a lower bound on the WW”-norm of the sequence of minimum solution. Indeed, we have

for A > X\, 7 »(u.,) < 0. Hence,

q
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3.5. Asymptotic Analysis 3. On p-logistic problem

Since ¢ <

Hoélder and Sobolev inequalities we get

1

q a—p
() < il
pSAIY

letting m — oo, we obtain that ||u||s, > C' and therefore u # 0.

]

Proposition 3.5.2. Let u be the limit of u,,, as m tends to oo, is a solution to the following obstacle

problem

(=A)yu, (v—u) A/ wd ™ dr, YveK. (3.52)

p

Moreover, there exists g, € L*(S2), such that

0<gu<A, 8 #0, gulr)(l—u(x))=0ae in (3.53)

and u is a solution of the following equation

(—A)u+ g, = Au? " in Q. (3.54)

Proof. Let us take fv — u,, as a test function in (3.1) such that v € L and 0 < 6 < 1

(=A)jum, v — +/um (Ov — upy,) de = /\/umq YOv — uyy,) da.

We analyze the second term

/ummfl(ev . Um) dr = / ummfl(ev _ um> dx + / umm71<9’u — um) dz.

Q {z:0v—um <0} {z:0v—um >0}

Since < 1 and {z : v — u,, > 0} we get

™ (00 — w,,)| < [00™ 7 (Ov + Ov) < 2|0v|™ < 20" ——— 0,

m——+00

while

U™ (O — u,,) <0, onthe set {z: v — u,, <0},

which implies that
lim sup/um (Ov — upy,)dz < 0.

m—r0o0
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3.5. Asymptotic Analysis 3. On p-logistic problem

Then
O4(=A)gttm, ) 2 A [ 1t (00 = ) + |2,
Q

Passing to the limit

* Thanks to the strong convergence of u,, — u in W;?(Q2), it follows that

(=AU, v) = (—A)u,v).

p p
* The lower semi-continuity of W;*(Q)-norm gives

[ullsp < liminf s,

* The strong convergence u,, — u in L"(§2) for all » > 1, implies that

/umq’l(ev — Up,) dx — /uq’l(ﬁv —u)dx.
Q Q

Then, Vv € K we obtain

0 [[ 1u(@) = w2 ) = um) ) v dv > [ 00 —w)da+ [] u@) = um)] dv.
Q

Finally, as 0 tends to 1 we get that u satisfies the following variational inequality

(=A)ju,u —v) > )\/uq_l(ﬁv —u)dz, Vv € K.
0

Now, we want to prove the second part of the theorem. From (3.3.1), we have
|t |77 < )\%, for all m > g,
then, there exists g, € L>°(2) such that, up to a subsequence,
{(um)m_l} 5 og, weakly — % in L®(€2),

which implies that g, > 0. On the other hand, to prove that g, < A, we take the characteristic
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function 1 as test function, corresponding to the set

E={xeQ: g,> A}

Hence, by (3.9), we get

Jun™ pde = [ de < flun |27 B] < AR,

Q E

passing to the limit as m — 400, we obtain
NE| < / godr <ME| = g, <\
E

Now, we take ¢ € Wi () as test function in (3.3) then we pass to the limit as m — +oo, to

conclude that u satisfies

(—A)ou,v)ap +/ gupdz = )\/ Wl da, Yo € WEP(S). (3.55)
Q Q
Finally, let us take ¢ = v — w in the last equality (3.55) withv € K
JIL @) =uly) 2 (@) —u(m) (v—u) (@)= (0—u)(y)) dv+ | gu(o—w)da =X [ w (v—u) da.
Q

By (3.52) we deduce that
/gu(u—v)dx>0, Vv e K.
0

Thus, taking a sequence v; € K such that v, — 1in L*(€2) to obtain
j—+oo

/gu(u—l)>0:>gu(u—1)dx50, as gy = 0andu <1
Q

To complete the proof,we prove that g, # 0, we take into account that

Ty oo (1) < n<0:»qn+q// ) — uly Ipdu<>\/u‘1dx.

On the other hand taking ¢ = u in (3.55)
// (u(z) — u(y))P dv — / g.udr = )\/ ul dz,
Dq Q Q
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So that
q
Juds > L} // — u(y)|P dv.
/qux q77+(p ) Dﬂ\u(l“) u(y)[” dv

Since g, > 0 and u # 0, then g,, # 0. O

3.5.2 Asymptotic behavior of the mountain pass solution

In what follows we determine the asymptotic behavior of the sequence of mountain pass solutions

Ux,m (noted vy,), as m tends to oo.

Theorem 3.5.3. Assume that p < q < m. Then, there exists \** > 0 such that for each A\ > \** >

A(m), there exists a sequence of solutions (vy,),, and v € K such that v # 0 and
U — v strongly in WP (Q) and in evey Lebesgue space L"(Q2) ,r > 1.
Moreover, v is a solution of the following problem

(=A)v + guXpom1y = A1 in Q,
v > 0 in €, (3.56)
v =0 in RN\ Q,
where 0 < g, < Aand g,(x)[1 —v(x)] = 0.

Proof. Let A > \** and v,, be a sequence of mountain pass solutions. We argue in the same way as

in the proof of Theorem 3.5.2, we easily obtain that there exists v € W;*(Q) N L>(2), such that
* vy, — v weakly in WP (Q).
* v, — v strongly in L"(§2) for all r > 1.
e 0Kl

By Property (1) we conclude that v,, — v strongly in W ().
Claim:v # 0.
We consider again the functional Z,, ., defined in (3.38). Notice that there exists u € W"(Q)NL>*(Q)
such that
Ty o(u) < 0.

Let us define

Foo ={7:[0,1] = W5P(Q) N L>®(Q), v is continuous and v(0) = 0,~v(1) = u},
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and the mountain pass level

= inf T )
Coo = mf max oo (7(1))

Claim: I',, C I',.. Indeed, let v € I',,, then
Y(1) = Iy (Trnu) < 0,
since 7y oo (Um,) < Iy m(um) then v € I'o. As consequence, we get

I < I m )
max Moo (7(1)) max Iy, (v(#))

and then

em = InfmaxTym(y(t)) = ifmax Lo (¥(t)) = Coo 2 poo;

where p. is given by
1 A

Therefore

I)\,m(vm> =Cp 2 Poo > 07

yielding that v,, # 0. Taking into account the strong convergence of v,, to v in W;"*(Q2) and in every

Lebesgue space , we can pass to the limit to obtain that
I)\,m(vm) — I)\,co<v) > P00 > O;

then v # 0 . The rest of the proof goes exactly as in the analysis of the asymptotic behavior of the

sequence of local minimum in Theorem 3.5.2. [l

Equidiffusive case ¢ = p: Existence and asymptotic analysis

In the present section, we address the equidiffusive case as p = ¢ < m. Precisely, we are interested

by the following problem

(=APu+u™t = Pt in Q,
w > 0 in O (3.57)
0 in RV Q.

u
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The objective is to investigate the existence and uniqueness of solutions as a function of the parameter
A, and to demonstrate that the critical threshold for A eventually is the first eigenvalue of fractional

p-Laplacian problem with Direchlet boundary conditions A ,, as defined in (1.13).

3.6.1 Existence and uniqueness results

Our first result in this subsection is the following Theorem.

Theorem 3.6.1. Letp = q < m.
1. If 0 < X < Xs,, then Problem (3.57) does not have any positive solution in X°.
2. If X = Xsp, then Problem (3.57) has only the trivial solution in X?.
3. If A\ > X, then Problem (3.57) has a unique positive weak solution w) ,, € X°.

Proof. The demonstration is based on two essential points: the first is the existence or nonexistence
of a solution, and the second is its uniqueness. In particular, we also address the borderline case,

where we show that the problem admits only the trivial solution.

* Nonexistence results

Let us assume that A € (0,\,,), and u € X* satisfies (3.57). Taking u as test function in
Problem (3.57), we obtain

ullsp < llullsy + lulm = Aull,
using the definition of A, given in (1.13)
Aspllully < Allullg,

then
(e = Null? <0,

wich implies that © = 0. So that, Problem (3.57) admits only the trivial solution.

Now, we treat the borderline case A = \;,. Let (\,),en be a decreasing sequence con-

verging to A, ,, as n — oo, and let (v,), be the corresponding sequence of solutions of the
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following problem

(=Av, +op~t = Ab™h in Q,
v, > 0 in €, (3.58)
v, = 0 in RM\Q.

Testing (3.58) by v,, € X*, and by using Proposition 3.3.2, we get

”Un”g,p + [vnlm = >‘n|vn|z
< Anfval% |9
_m_
< MP|Ql.

Therefore, the sequence (v, ), is bounded in X*, then there exists v; € X* such that

- v, — v; weakly in X?°.
- v, — vy strongly in L"(Q), forall r > 1.

- v, = vy ae.in (.

Also, to prove the strong convergence of v,, to vy, we follow the same arguments as in the proof

of Theorem 3.4.6, we get that
v, — vy, strongly in WP (Q).
Thus, v, is a solution of Problem (3.58), then it satisfies

(=A)0n, B)op + [07 0 dw = A, [vi Gda, forall g € X°. (3.59)
Q Q

Passing to the limit as n — oo, we deduce that v; solves

(—A);Ul + Ulmil = )\SJﬂ)lpil in Q,

v, = 0 in RY\ Q.

(3.60)

Claim: v; = 0.

We take v; € X? as a test function in (3.60)

[orll$ + [orlm = Asploalp,
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by the definition of the first eigenvalue (1.13), we get that

¢ lels
[orl[Z,, + [orl = in , ,S”Illp
1ip

Then, we conclude that v; = 0.

* Existence result

Let A > A, ,, and define the energy functional associated to Problem (3.57)

A
Dy n(u // ) —u(y)|Pdv+ — /u dm——/updx. 3.61
A Do, )| + p Jo + ( )

®) ,,, 1s well defined and of class C! on X°.

To prove the existence result, we will use minimization method. The key steps are outlined

below.

— Step 1: The functional ®, ,, is coercive. We use Holder’s inequality

/ |ul? dx < </ |u|mdm>m|Q|1_f;.
0 Q

By a careful use of Young’s inequality, we can control the term on the right hand. Indeed,

we pose
p
a = |u|£m,b pry )\p%‘QPi%?
pm
then
ab < i\um + m- p)\mi—ppmp—p 192,
pm
it results that
1
Py m(u) > ];HUH’S’ + fwm m.py
where C,, , = m= pAmTﬁpmeﬂ? |©2|. Then,
mp
Pam(u) = aqljullP —Ch,
where on = -—— min {p o

As a consequence, as ||u|| — 400, @), (u) — 400, which shows that @, ,, is coercive.

— Step 2: ¢, ., is weakly lower semicontinuous in X*.
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Let (vy)r C X° be a minimizing sequence of ®) ,,,. From Step 1, we immediately see
that (vy )y is bounded in X *, and therefore we can assume that there is a subsequence still

denoted (vy ), such that as kK — +o00

v, — o weaklyin X°,
v, — v weaklyin Wy*(Q),

v, — v ae. .

Thanks to L®°-estimate, we conclude
v — v strongly in L"(£2), for all r > 1.
Using the weak lower semi-continuity of the X *-norm, we get

Dy n(v) < lim inf @), (vg).

k—4o0
Therefore, there exists wy ,, € X* such that
Dy (Wrm) = wig)gs Dy (w).
Conclusion: w, ,, is a global minimum for ®, ,,, hence a weak solution of Problem

(3.57).

— Step 3: w) ,, is nontrivial solution.

Let s, € W5P(2) N L>°(R2) be the first eigenfunction of the fractional p-Laplacian

corresponding to A ,,. For any x > 0, we have

KP K™ KP
Drm(kpsp) = 7”@8,19”?,19 + Elﬁps,pm - )‘7|908,p|£
()‘s,p — )‘) K™ m
= “pTW&pg + E|§Ds,p|m-

Hence, for x > 0 sufficiently small, we have ®) ,,,(kp;,) < 0, due to the fact that p < m

and A > A, ,,. Since w) ,, is a global minimum of ®, ,,, it follows that

(I))\,m(w)\,m) g q)/\,m(/ﬁps,p) < 07

this implies that w ,, # 0.
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* Uniqueness

To prove uniqueness, we employ Lemma 1.4.8.

3.6.2 Asymptotic analysis

Now, we characterize the asymptotic behavior of the minimum solution w) ,, (noted w,,,) of Problem

(3.57) as a solution of a limiting problem.

Theorem 3.6.2. Let p = q¢ < m. Then, for X > X, ,, there exists a sequence (Wy,),, of minimum

solutions to Problem (3.57) and w € K := {v € WJ?(Q) : 0 < v(z) < 1}. such that w # 0 and

Wy, — w strongly in W' (Q) and in every Lebesgue space.
Moreover, w solves

(—A);w + BuX{w=1} = Awi~t in Q,
w > 0 in (3.62)
w = 0 in RV \Q,

Such that
0<guw<A\8uw#0,8u(2)[1 —w(x)] =0ae inQand |[{w =1} > 0.

Proof. The asymptotic behavior of w,, when m tends to oo, is a subcase of Proposition 3.5.1.

For A > ), ,, Problem (3.57) admits a sequence of minimum solutions w,,, of ®, ,,, such that

(I>,\7m(wm) <0

by Theorem (3.3.2), we get that (w,,),, is bounded in X*. Then, up to a subsequence:
W, — w weakly in X?
Wy, — w strongly in Wi (§2),
Wy, — w strongly in L7(Q),Vr > 1.

In addition

0<wx) <1
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Claim: w # 0.
Let us define

A
Dy o(W) = // | Wy, (2 wm(y)\pdu——/wfnd:c.
Dq pJQ

Then, by Fatou’s Lemma we obtain that

D) o(w) < ml_l)IJrrloo inf @y ,, (wy,) <0

= ®A7m(w) <0
= w # 0.

The same reasoning as in the proof of Proposition 3.5.2 applies here to complete the rest of the proof;
yielding a limit solution w that satisfies the problem limit (3.62), with g,, # 0, thanks to the negativity

of the energy functional in this case. 0

Subdiffusive case ¢ < p: Existence and asymptotic analysis

In this section, we look to the Subdiffusive case when 1 < ¢ < p and we deal with the following

problem
(=A¥u = it —ym™?t in Q
u > 0 in €, (3.63)
u = 0 in RY\Q,

3.7.1 Existence result

Theorem 3.7.1. Let 1 < q < p < m. Then, for all A\ > 0 Problem (3.63) has a unique solution

Wxm € X°. Moreover, wy ,, is increasing with respect to \. Furthermore, if A — 0, Wy, — 0in X°.

Proof. We fixe A > 0, to prove the existence of positive solution we use minimization method. First,

we define the energy functional associated to (3.63)

A
Uy (u // ) —u(y)|Pdv + — /u+dx——/u§'rdac (3.64)
Dq p

Uy, is well defined and of class C' on X*. We split the proof on the following steps.

* Step 1: ¥, ,, is coercive.

Uam(uw) = allulls, = C(Q).
Then W) ,,,(u) tends to oo as ||ul|s, to co.
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* Step 2: The weak lower semicontinuity of W ,,(u).

The coercivity of the energy functional implies the boundendness of the minimizer sequence

(uy), and from (2.64) estimate, up to a subsequence, there exists u such that

- u, — u weakly in X°*.
- u, — uweakly in W7"(Q).

- u, — ustrongly in L"(£2), forall r > 1.

So that, there exists w) ,,, € X* such that

\If>\7m(wk7m) = inf \I/,\m(u).

ueXs

Now, we prove that v} ,,, is not trivial. Indeed, let us take ¢ € Wi*(2) N L>(Q2) and ¢ > 0,

Vam(t0) = 0l + o — A g o
Am - p s,p m +lm q +lg-

Notice that, since ¢ < p < m and for £ > 0 small enough we have ¥, ,,(t1)) < 0, which allows

us to conclude that W), ,,,(w) ) < 0, then wy ,, # 0.

» Step 2: We address the question of uniqueness.

Let vy be another solution of (3.63), we have for all ¢ > 0

— \AI—P _ m—P
Ao o .

Since ¢ < p < m, this mapping is decreasing in (0, c0). By applying the comparison principle
(1.4.8), and following the same reasoning as in the equidiffusive case, we conclude that w ,, =

Vo.

Proposition 3.7.1. If A\ = 0, the problem has only the trivial solution.

Proof. Let (\,)nen be a sequence such that A, — 0, as n — oo, denote u,, = u,, be a sequence of
positive solutions of (3.1) with ¢ < p. It is clear that (u,), is bounded in X*. So that, as in Theorem

3.4.6, we obtain

u, — ug strongly in Wi*(Q2) and in every Lebesgue space.
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Uy, — Up a.c. in 2.

Passing to the limit as n — oo, we get weakly in €2 that u satisfies

(—A);UO + Uglil =0.

Testing by ug € Wi (£2), we conclude that uy = 0. O

3.7.2 Asymptotic Analysis

Theorem 3.7.2. Let ¢ < p < m. Then, for each A > 0 there exists a sequence (W ) Of minimum

solutions and v € K := {v € W5*(Q) : 0 < v(z) < 1} such that v # 0

Wxm — v strongly in WP (Q) and in every Lebesgue space.
Moreover, v is a solution of the following problem

(A)V+ guXfom1y = NITTin Q,
v > 0 in (3.65)
v = 0 in RM\Q,

Such that
0<g,<\gy#0,8,(x)[1 —v(x)] =0a.e inQand |{v=1} > 0.

Proof. The proof follows along the same lines as that of Theorem 3.6.2 in the equidiffusive case. [
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Part 11

Nonlocal Parabolic Problem
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A class of fractional parabolic
logistic problem

E consider a nonlocal parabolic problem, with a logistic type nonlinearity

Ou+ (=AYu = Pt —u™t in Qx(0,7),
u(,0) = uola) in 0
u = 0 in RY\Qx(0,7),

where () is a bounded domain of R, N > 2s, s € (0,1), m > p > 2 with A\ > 0.
The purpose of this work is to prove the existence and uniqueness of a global weak positive
solution. Furthermore, we study its asymptotic behavior, by determining it as a solution to limiting

problem.

This chapter is an extended version of the work published [17].
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Introduction

The present chapter is devoted to the study of the following nonlocal reaction-diffusion problem with

logistic reaction

Ou+ (=A)Yu = It —u™ ' in Qx(0,7),
u(z,0) = wup(xz) =0 in Q, (4.1)
u = 0 in (RV\Q)x(0,T),

where 2 is a smooth bounded domainin RY, N > 25,0 < s < 1,2 <p <m, \isa positif parameter
and v is a nonnegative function in L'(2).
The most related works to our study have extensively addressed the general questions of existence,

and nonexistence of positive solutions. Particularly,

In the local case:

* In the linear case as p = 2, the authors in [93] studied the asymptotic behavior of positive

solution as m — oo of the following problem

Ou—Au = u—>blz)u™! in Qx(0,7),
u(z,0) = wup(x) in (4.2)
u = 0 in 00 x (0,7),

where vy € H}(Q) N L>®(2), A > 0, m > 2 and b(x) is a nonnegative function in L>°(2).
Inspired by the stationary version analyzed by [43], their study aims to extend the results ob-
tained to the parabolic case. The objective is to demonstrate that the asymptotic behavior is
determined by a limiting profile that solves a parabolic obstacle problem. Furthermore, they
investigated existence, uniqueness under certain conditions, and its long time behavior of the

solution.

e In [41] the authors considered the following parabolic problem with concave-convex non-

linearities
O —Au = ™t +uP™t in Qx (0,7),

uw(x,0) = wup(x) in Q, (4.3)
u = 0 in 0Qx (0,7),

with ug € L®(2),1 < p <2 <mand A > 0. Their primary focus lies in the relations between
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the global (in time) solutions of the parabolic problem and the solutions of the corresponding

stationary problem.

In the nonlocal case:

In recent years, significant attention has been devoted to the study of problems in the nonlocal

framework.

* To the best of our knowledge, this type of logistic problem involving the fractional Laplacian
has only been addressed by Klimsiak in [69], considering the linear case. Specifically, the

author’s focus is on the study of the following problem

Ou+ (—AYu = du—bu™ in Qx(0,7),
u(z,0) = wup(z) in € (4.4)
u = 0 in (RY\ Q) x(0,7),

with ug, b are bounded positive measurable functions on €2 and A > 0. Klimsiak studied sepa-

rately the asymptotic behaviors of positive solutions:

= As ¢t tends to infinity then as the exponent m tends to infinity.

= As the exponent m tends to infinity then as ¢ tends to infinity.

The author concludes that, in the first scenario, the limiting configurations solve an elliptic
free boundary problem. In the second scenario, they analyze the long-time behavior and show
that the solution approaches the unique stationary solution of another specific free boundary
problem. One of the main challenges they encountered was the nonlocal nature of the operator
involved. To address this, they introduced a novel approach that blends techniques from clas-
sical Laplacian analysis with tools from probabilistic potential theory and stochastic analysis,

allowing them to effectively study the asymptotic behavior in this nonlocal setting.

* Recently, in [42] the authors examined the following nonlocal parabolic logistic problem with

harvesting in

O+ (=A)u = Ma(x)u —bu? —h(z)] in Qx (0,7),
u(z,0) = wup(z) in (4.5)
u = 0 in (RY\ Q) x(0,7),
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where ug € L*(Q2), A\, b > 0 and a, h are nonnegative functions in L°°(£2). Their primary focus
is to establish existence and uniqueness of solutions using monotone iterations and sub- and

supersolutions methods.

In the elliptic case

In chapter 2, we studied the stationary problem of (4.1), where we addressed the principal questions:
existence, non-existence and multiplicity of solutions for the largest possible range of the parameters

A, p,m

To be precise, let us recall the elliptic problem

(=AYu = It —u™?t in Q
u > 0 in RY, (4.6)
u = 0 in RY\Q.

and the associated energy functional.

Tam(u 2// ) —u(y) P dp + — /|u\mdx—p/\u|pdx

Jm is well defined and C* on H(Q) N L™(R2).

The main goal of this chapter is to analyze the parabolic version of (4.6), answering the general
questions about the global existence and uniqueness of weak positive solution to Problem (4.1). Then,
we focus on the next interesting part, where we perform an asymptotic analysis to the sequence of
solutions found when m — oo such that the behavior will be determined by certain limit parabolic
problem. Subsequently, we will determine the large-time asymptotics for the solution of this limiting
problem and, at the same time, an existence result for a stationary limit problem. In this review, we

focus on the critical thresholds A, defined in (2.46) by

20,,|p—2
A(Q) = inf EM_ 4.7
veHs@NL= (@) 2 |vlh

that governs the existence and multiplicity of solutions for Problem (4.6). Specifically, for A > A, the

key results include:
1. If 2 < p < m, existence of global minimum solution wy ,,, such that 7 ,, (ux,) < 0.

2. If2 < p <27 <m,since p < 27 the functional 7, ,, satisfies the Palais Smale condition. This

condition guarantees the existence of a second positive solution often referred to as mountain
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pass solution vy ,,. The energy of this solution can be characterized by the corresponding critical

level, which is determined through the mountain pass method by

_ it 4,
cn = inf tem[%%,m(v(f))’ (4.8)

where

Ly ={v:0,1] = Hy(2) N L™(Q2), v is continuous and y(0) = 0,v(1) = upm}t. (4.9)

We focus on this case A > \,(Q2), as it allows us to study the asymptotic behavior of the parabolic
version of this problem.

Building on the insights from the aforementioned studies, the primary objective of this work is
to investigate the parabolic counterpart of Problem (4.6). Our analysis begins by addressing the
fundamental questions concerning the global existence and uniqueness of weak positive solutions to
Problem (4.1). Following this, we explore further aspects, such as the asymptotic profile as m — oo,
and identify the corresponding limit as the unique solution to a well-defined free boundary problem.

Additionally, we turn our attention to the long-time dynamics of the solution as t — oc.

Plan of the chapter:
v' In Section 4.2, we state the main results.
v In Section 4.3, we prove the existence of a unique global positive solution to Problem (4.1).
v In Section 4.4, we prove that the solution is uniformly bounded.

v" In Section 4.5, we study the asymptotic behaviors, when t — oo, and then as m — co.

4.0 Statement of the main result

The main objective of this section is to prove the existence and uniqueness of a global weak solution

to Problem (4.1)

The primary objective of this section is to establish the existence and uniqueness of global solu-
tions to the main nonlinear problem (4.1). To achieve this, we adopt a stepwise approach, beginning

with the analysis of the following linear problem
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Ou+ (—A)°u = h inQr =Qx(0,7),
u = 0 in (RY\ Q) x (0,7), (4.10)
u(z,0) = wup(z) in€,
where 0 C RY is a bounded regular domain and (h,ug) € L*(Qr) x L*(Q) belong to suitable
Lebesgue spaces. Specifically, if the data satisfy the conditions (h,ug) € L*(Q7) x L*(), this

allows us to formulate the energy solution. To be more precise, we state the following definition.

Definition 4.2.1. Assume that (h,ug) € L*(Qr) x L?(Q). We say that u is an energy solution to
Problem (4.10) if u € L*(0,T; H3(Q2)) N C([0,T], L*(Q)), dyu € L*(0,T; H*(Q)), and for all
v e L*0,T; H3(Q)), we have

/Qu(.,T)vdH;/OT //DQ(u(x,t) —u(y, ) vz, 1) — v(y, ) dp dt

= / hvdxdt—i—/uovdac
Qr Q

The existence of an energy solution follows from classical arguments, see, for instance [74]. How-
ever, when the data lies in L', a more general concept of solution required. In order to state this

definition precisely, we first introduce the dual problem.

—pr+ (A0 = ¢ in Qx(0,T),
(Py) G(x,0) = 0 in €
oz, T) = 0 in (R¥\Q)x(0,7),

with p € L>®(Qyp).
It is important to note that the existence of a regular solution ¢ € L>°(€)r) is ensured by Felsinger

and Kassmann in [48]. This allows us to introduce the set of test functions as

T = {gzﬁ :RY x (0,7) = R : ¢ is solution to (P,), ¢ € LOO(QT)}. (4.11)

We are now in a position to define the notion of a weak solution in this sense.

Definition 4.2.2. Assume that (h,uy) € L*(Q7) x LY(Q). We say that u € C([0,T]; L*(Q)) is a weak
solution to Problem (4.10), if for any ¢ € T, we have

J[ uont (-ayeydrar= [[ hwodrdt+ | uo(a)o(r.0) da.
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In order to establish the regularity of the solution to our problem, we first state the following

existence result, established in [74], see also [2].

1
Theorem 4.2.1. Assume that (h,ug) € L"(Qr) x L'(Q), with 1 < r < =. Then, there exists
s

T > 0 such that Problem (4.10) admits a unique global weak solution v € L0, T; W(Q)) for all

1< 2 and

o Ti(u) € L*(0, T; H5(Q)) for any k > 0.

N+2s

* u € L7(Qp) for any o < =57,

Moreover, u € LP(0, T, W5(Q)) for all 1 < q < 525, In addition, we have

o) + ull oz oy < C(@n) (||h||L1<QT> . |U0|1>

Remark 4.2.1. Notice that, according to Problem (4.10), we say that v € C([0,T]; L*()) is a weak
solution of (4.1), ifug € L*(Qr) and h(u) = P~ —u™t € LY (Qr) forall1 <p <mand T > 0
with A > 0.

Proof of the main result

In the present section, we aim to prove the fundamental existence result Theorem 4.2.1.

Outline of proof:
The proof of the result will be achieved in several steps structured as follow:
(D Existence result: we use approximation method according to the following steps

(a) Approximation scheme: we introduce an approximate problem of (4.10) with regular
data, through which we address the principal questions regarding existence, regularity

and uniqueness.
(b) A priori estimates: we establish a priori estimates for the approximate solution.

(c) Passing to the limit: we prove the main tool of the proof; the weak convergence of trun-
cation, almost everywhere convergence and the equi-integrability of the nonlinear terms.
Using compactness results, we show that the limit obtained is indeed a weak solution to

Problem (4.1).

@ Globality of solution.
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Q) Uniqueness of solution.
@ A priori bound.

Also in order to show the asymptotic behavior, we assume some additional conditions to initial data :

HD- 0 < up < Nis,

(H2)- E(up) < 0, where
1 A

1 m
E(u) = 5”“@”5 + E|u0‘m - 5’U0|§~

4.3.1 Existence result

> Approximation scheme

e Existence:

Definition 4.3.1. We say that u,, € L*(0,T; H3(Q)) N L>(Q27) is a solution to the following approx-

imated problem, if for each n fixed, u,, satisfies

Oy, + (—=A)°u, = hy inQpr =Qx(0,7),
u = 0 in (RYV\ Q) x (0,7, (4.12)

where (hy,), C L>(Qr) and (un0), C L(S2) are the functions associated with truncated data.

Theorem 4.3.1. Let u be the unique solution to Problem (4.10) obtained by approximation. If h,, — h
in L' (Qr) and u,, o — ug in L*(Q), then u,, — win C([0, T]; L7 () for all o < ¥ and u,, — w in

N
L0, T; W) for all g < 22,

N+s

Proof. Let (hy,), C L>(Qr) be defined by

p
Un w, ™
I, p  “no

n —

where h,, — hin L'(Qr). Assume also that u, o € L®(Q) with u, g — ug strongly in L'(), then

by Theorem 4.2.1, we get the desired result. U

Proposition 4.3.1. Let (u,),en be solution of (4.12), such that u, o € L>(Q2) and u,o > 0, then

U, = 0.
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Proof. Testing Problem (4.12) with u,; and using standard arguments, we obtain u,, = 0. Therefore,

the result follows.

]

e Uniqueness: To establish the uniqueness of the solution u,,, we require the following lemma.

Lemma 4.3.1 (Comparison principle). If u, v in L*(0,T;H5(Q2)) N L>(Qr) are solutions to the

following problems

ou+ (=APu = Pt —u™ in Qx(0,7T),
u(x’ 0) = 'U,O(Qj) l”l Q,

and
o + (—A)SU = P l—opml jn Qx (O,T),

v(z,0) = wv(x) in €,
v =0 in  (RN\ Q) x (0,7),

and ug < vg in (RN \ Q) x (0,T). Then, u < v a.e Q.
Proof. Letw € L*(0,T;H§(Q)) N L>°(Qr) be the function defined by w := u — v, where w solves

the following problem such that vy < vg

Ow+ (=APw = AuP~'—oP ) — (™ —o™ ) in Qx(0,7),
w(x,0) = (up—vo)(x) in Q,
w = 0 in (RV\Q)x(0,7).

By taking (u — v); as test function and using inequality (1.26) for ¢ sufficiently small, we obtain

1d 2
o [ (=) de 4l =) 2+ (=) [ @ =0 v),do
2dt Q
Q (4.13)
< cg)\/ (u —v)%da.
Q
Since the terms in the left hand-side are non-negative, we conclude that
1d 2 2
5@9 ((u - v)+> dr < CA,p/Q ((u - v)+) dz. (4.14)
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Therefore, by integrating (4.14) in time, we get

/ ((u — v)+)2dx < ecx,pt/g ((uo — v0)+>2dx = 0. (4.15)
O

Then, we deduce that u < v a.e 2 x (0,7). O
As consequence of the previous lemma, we can establish the monotony of u,,.
Lemma 4.3.2. Let (u,,), solution of (4.12), then w,, is increasing in n.

Proof. By applying Lemma4.3.1, for u,, o € L>(£2), the sequence (u,,),en- is increasing with respect

to n such that u,, < up41. O
Now, we are able to prove the uniqueness of solution to Problem (4.12).

Proposition 4.3.2. Assume that u, o € L>(2). Then, Problem (4.12) admits a unique positive solu-
tion uy, in L*(0, T; Hy(2)) N L>=(Q7).

Proof. As consequence, of the above proposition (4.3.1), we obtain that u,, is a unique solution of
(4.12) O]
> A priori estimate

Now, we are going to prove some a priori estimates of approximate solution u,, which will allow us

to pass to the limit in the approximating formulation.

Proposition 4.3.3. Let u,, be a solution of Problem (4.12), such that u,o € L>*(2). Then, u, €
L>(Qr).

Proof. We assume that u, o € L°(2) and, similarly, that the right-hand side of Problem (4.12)

belongs to L>°(£2r). Using classical a priori estimate, it follows that u,, € L (7). O

Proposition 4.3.4. Let u,, be a solution of the approximated problem (4.12). Then, for all n € N* we
have

||Tk(un)||L2(07T’H8(Q)) < C()\, ]C, |QT|, ‘UO|1), fOl" k> 0. (416)

// WLz dt < C(N, 9], Juoh)- 4.17)
Qr
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Proof. Let k,n € N* be fixed. Taking ¢ = T}.(u,,) as test function in (4.12), we obtain by integration

by part that

/Q@k(un(a:,T))dx +; /OT//DQ(un(x,t) (s ) (Tt (2, 1)) — Ti(un(y, 1)) dpe dt

(4.18)
:)\//Q ul T (uy,) dxdt—i—/g@k(uo(a:))dx.

where O (u) = / Ty (r)dr. This yields to
0

A%wmﬂwm-%Ai&ﬁw@ﬂ—W%WGWMLW—EWMﬁDmﬁ

(1= //Q WV T () d dt < C(QT,\uoll)+/96k(u0(a:))dx,
4.19)

Using inequality (1.22) and by the fact that u,, > 0, ©; > 0 and O (ug) < k|uo

, one has that

1 T
S| T 1) = TG ) e < COVR, 9, oy

Now, to prove estimate (4.17), we get by vertu of Young’s inequality

/Q@k(un(:c,T))dx +/0T//DQ T (un (2, 8)) — Ti(un(y, £))|? dpu dt
+(1 —¢) //QT u™ T (uy,) do dt
< C\ Q1] [uolr)-

Drooping non-negative terms to deduce that

[ i T dwdt < (0, Juoly)
Qr

We deduce that, for all £ > 0 (4.17)

// WV da dt < Co(\, |2, Juol)-
Qp

> Passing to the limit in the approximate problem

We are ready to prove the existence of weak solution u obtained as a limit of the unique sequence of

solutions wu,,. For that, we need the following Lemmas.
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Remark 4.3.1.

e Let (uy), be a sequence of measurable functions such that Ty, (u,,) is bounded in L*(0,T; H5(2))
for every k > 0. Then, there exists a measurable function u such that Ty,(u) € L*(0,T; H5(S2)).

Moreover,

Up — w a.e.in Qp and Ti(un) — Ti(u) weakly in L*(0,T; H5(9)).

e Since u, is increasing sequence, we conclude that
u™ = u™ Tt in o LNQp).

Lemma 4.3.3. Let (u,,), be a Cauchy sequence in C([0,T]; L*(2)). Then, there exists a subsequence,
still denoted (uy,),, and a function v € C([0,T]; L*(Y)) such that:

u, —u in  C((0,T); L*(Q)).

Proof. We shall prove that (u,,),, is a Cauchy sequence in C([0, T']; L*(€2)).

Recalling that w,, is an increasing sequence, we fix n > ¢ > 1 and define w,, = u,, —uy > 0.

Consequently, w,, ¢ satisfies the following problem

o “e) in Qx(0,7),
n s

++ I+4u
Wye(2,0) = upo(x) — uo(2) in
Wae = 0 in (RN \ Q) x (0,7).
(4.20)
Using Ty (u,, — uy) as test function in (4.20)
/ O (tun, — ug)(x,T) diL‘—I—/ n— ), Tr(up, — up))sdt
(unm L DT (g, — w) da dt
up_l uf_l
_ A//QT T T T T ) dxdt—i—/g@k(un — ug)(z,0)dz @21)
_1 up 1
< kA / / = L 1|d:pdt
{un—up>=k} 1 -I- 1 + Z
+k |un (z,0) — W(az, 0)|dx.

{un,0—u 02k}
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dividing the inequality over %k and using the fact that ( ) 5 o as k — 0. Moreover, we have
Un o, U0 — ug in LYQ)
and
Wbt s Pt in LYQp)  as n,f— oo

So, we can directly deduce that

1

ub ™1 ub~
—uld // L VT(u, — ddtt/@ o — ) (2, 0)dz — 0.
//QT teld or 1+ 2 “un 1+%u’£—1) (ttn = ue) dadt + Q k(tn = ue)(, 0)dz =
4.22)

As n,{ — oo. Therefore

T
sup // [un, — ueldzr < /\/ /|qu_1 — ug_ll dxdt +/ |(tn, — ug)(x,0)|dx — 0.
tefo, 7] 7/ Qr 0 o Q

Therefore, we conclude that (u,),en+ is @ Cauchy sequence in C([0, T]; L'(€2)). Moreover, u €

C([0,T]; L*(©)) and there exists a sequence still denoted (u,,),, such that

u, —u in C([0,T]; LMQ)).

Conclusion: u is a weak solution of (4.1)

Now, we can prove that u is a solution of (4.1). For that, we take p € L*(0, T; Hg(2)) N L>(Qr) as

test function in (4.12), then

/()T/Qatuwdxdt +/OT //m (tn(2,t) — un(y, ) [e(z, t) — @(y, t)] du dt N
+/0TAZU;”_1¢dxdt:)\/OTQ/qu_1§0d.Tdt. (4.23)

By integration by part

_/OT/Qunatwd:vdt +/0T //DQ (un(,t) — un(y, t))[e(x,t) — o(y,t)] dudt

T T
—I—/ /uzl_lgodxdt = /\/ /ufb_lgpdxdt+/un70g0(x, 0)dx
o Ja 0
0 0

For the first term we use the weak convergence of u,, to win L*(0, T; H5(2)), with 8,0 € L*(0,T; H*(Q)),
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¢(z,T) = 0 and the strong convergence of u,, o to ug in L'(2)

T T
/ /atunapdxdt = —/ /unﬁtgodxdt— /umogo(x,O)dx.
0 Ja 0o Ja 2

‘We obtain that

T T T
/ / Opuppdxdt — / / Oyupdrdt = —/ / udppdxdt — /uogp(x, 0)dz.
0 Jo o Ja o Ja 2
On the other hand, the weak convergence in L?(0, T'; H5(€2)) implies that

/OT / /D (un (@, 1) =un(y, 1)) [p(z, 1) = (y, )] dpp dt — /0 ' / /D () =uly, D), ) =e(y, )] dpudt.

Thanks to Lemma 4.3.1, since v~ — «™ ! in L' (Q7), by Lebesgue dominated convergence The-

T T
/ /u?‘lgpdxdt%/ /um_lcpdxdt,
0 Jo 0 Jo

T T
/ /uﬁ_lgpdxdt —>/ /up_lgod:pdt.
* 2 L)

In conclusion, we deduce that u satisfies

orem, we get that

and

[ fwoedsar + [ [ (utet) ~ g 1)l 0) — ol 0) dud

T T
+/ /um_lgodxdt = )\/ /u”_lgodxdt+/u0gp(x,0)dx.
0 Jo 0o/ 2
for all p € L2(0,T; H3(9)) N L= () with 9y € L2(0, T; H=*(Q)), p(z, T) = 0.

4.3.2 Globality of solution

Before delving into the main result, we begin by defining the concept of globality.
Definition 4.3.2. We say that u is a global solution to Problem (4.1), if u exists for all t > 0.
Now, we prove the globality of solution in time.

Theorem 4.3.2. Assume that ug € L'(Q), and for all X\ > 0 such that X\ > \*. Then, the solution

u € C([0,T]; L*(2)) of Problem (4.1) exists globally and it is positive.

Proof. Let us take the first eigenfunction ¢; ; € L>°(£2) as a test function in (4.1)
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d
—/ ugplsd$+/(—A)Su<plsdx+/ um’lgolsdxzk/ uP oy, du.
dt Jo ’ 0 ' Q ’ Q ’

By virtue of the Definition of the first eigenvalue )\, ;, given by (1.13), and the inequality (1.25) for ¢

sufficiently small, we obtain

d
—/ugplsder)\ls/ucplsdx+(1—)\z—:)/um_lgolsdxgcgfucplsdx.
dt Ja ’ " Jo ' Q ' Q '

By dropping the non-negative terms, we get

d

7 /Q upr s dr < (Ae. — )\1,5)/QU<P1,5 dz.
Putting Y () = / uy s dx, this reduces to

Q
Y'(t) < (Mee — M s)Y (2),
Gronwall’s inequality implies that
V(1) = [ wprede <Y (0)eles (4.24)
Q

This ensure the global existence. [

4.3.3 Uniqueness of the solution

Theorem 4.3.3. Let ug € L*(R2). Then, Problem (4.1) admits a unique weak solution in C([0, T|; L'(Q)).

Proof. Suppose that u; is a minimal solution obtained as limit of approximation, and let define u, as

another solution which satisfy u; < us with the same initial data. Taking w = us — u; satisfies

B+ (~APw = Mg =)~ (g —up ) i Q.
w(xz,0) = 0 in (4.25)
w =0 in (RV\ Q) x(0,7).

From Proposition 1.3.2, since ¢ ; is non-negative and belongs to #5(2) N L>°(£2), we choose it as a

test function in (4.25).
/Qﬁtwapl,s dx + /Q(—A)Swgpl,s dx + /Q(u;”—l — u’ln_l)goLs do = )\/Q(ug_l — u’f_l)apl,s dx.
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Hence, using the Definition of \; ; and inequality (1.26) by choosing ¢ sufficiently small

/Q Or(ug — uy)p1s dx + A g /Q(uQ —up)prsdr +(1—el) /Q(u;”—l — u’ln_l)gplys dx

= )\/Q(ug_l — u’f_l)cplvs dx

S G Q(U2 —up) Q1 d.

Since ¢ s > 0 and uy — uy > 0, it follows that
/(ug —uy)prsdr > 0.
Q

Also, we have / (uy ™t — u" 1)y s dz > 0. This yields to
0

1d

BT Q(Ug —up)p1sde < . /Q(ug — up) 1 s de.

By putting Y (¢) = [ (ug — uy1)¢1.sdx, the following ordinary inequality is obtained
y g : g
Q

We use Gronwall’s inequality to deduce that Y'(t) = 0, for all ¢ > 0, since Y (0) = 0. Taking into

account that ¢ s > 0, ¢1 s # 0 and ug — vy > 0, to conclude that
(ug —up)p1s =0, ae. in Q, forall ¢, , € L>(0Q).

Then,
Up = U2 a.c. Q (426)

4.3.4 Nonexistence result

Theorem 4.3.4. Assume that \ small enough and 2 < p < m. Suppose that ug € L*(2). Then, the

problem (4.1) has no solution.

Proof. As above taking as a test function ; 5 as a test function of (4.1), we follow closely the above

result, and by using the inequality (1.25), we obtain

1d

20t Jo 1 do + (M = Aee) /Q upys dr + (1 — Ace) /Q u™ oy o dr < 0.
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4.4. A priori bound 4. A nonlocal parabolic logistic equation

Putting Y (¢) = /Q w1 s dz, by Jensen inequality and the fact that A is small enough, this reduce to
Y'(t) + CoY™ 1 (t) < 0.

Thus, we integrate in ¢

‘We deduce that

Thus, as t — oo the result follows. O]

A priori bound

In this subsection, we first establish a uniform a priori bound, and then we provide a powerful estimate

that allows us to determine the asymptotic behavior in the next section.

Theorem 4.4.1. Assume that T\ > 0 and 2 < p < m. Let uy € L>®(Q) then u is a solution to

Problem (4.1) such that v € L™ (Qr). Furthermore, if |ug|o < A77 then

|t o2y < AP 4.27)

Proof. To prove the first point, we will use bootsrapping method:

e Initialization: We prove the initial bound in L™ (€2r). To this end, we take u as test function in (4.1)

1 T 1
5 W@ Ty e+ [ e )2 de + ful; = Nuly + 5 [ uddo.
Q Q

By the inequality (1.24), we obtain
m 1 2
(1= Ae)lulm < Ce(|Qr]) + Sluolx| €.

Thus, we have shown that

|ulm < C(19Q2], [uolso)-

e Bootstrap: We prove that u is bounded in L°°(€27). For that, we claim that for § > 0, if u is bounded
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4.4. A priori bound 4. A nonlocal parabolic logistic equation

in LP*%(Q7) then u is bounded in L™*%(Q7). We take v/ as test function in (4.1)
i [ ) dx+C/T o2 (o) lledes [l drdr < [[ul?* dedes ool
0 + 1 ) Y 0 i) S QT ~ QT 9 + 1 +1-

Then, by the positivity of the the two first terms in the left hand side, we get

1
0+m < // 0+p .
//QT |ul drdt < )\ o |u|”P dx dt + 71 2000

Which implies the claim.
We put 0, + p = 0),_1 + m, such that §, = 0. Indeed, if we take u’* as test function in (4.1) such

that

p—|—91:m+90

we obtain that

// yu|91+mdxdt<A// |+ dz dt.

QT QT

// yuy2m*pdxdtgx// u|™ dz dt.
Qp Qr

since u is bounded in L™(Qr), then it is bounded also in L?*™~P(Qr), then we choose 0, such that

which implies that

p+ 0y = m + 60; = 2m — p, and we take by the same way we take u”? as test function
// [P dy dt < )\// |27 di dt.
QT QT
This implies that u is also bounded in L3™~?P(Qr). by induction, we define
ek = k(m_p)7m > D,

therefore

Gk +p= ek—l + m.

This implies that u is bounded in LP*% (Q7) and in L¥™~*=1P(Q). As k — oo, 8, — oo, which

yields that u is bounded in L>°(Qr).
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4.4. A priori bound 4. A nonlocal parabolic logistic equation

To prove the second point, we take p (x,t) = (u — Aﬁ)+ as test function in (4.1)

th/p+ z,1) d””‘// u(z,t) Y, ) (p4(2, ) — py(y, 1)) dp = /Q()\up_l —u™ Yy (z,t) dr.

Dq

Dy = {(z,y,t) € Do x (0,T) : u(x,t) — Am=—r > 0 and u(y,t) — Am—» > 0},
1 1

Dy = {(z, y,t) € Do x (0,T) : u(z,t) — Am—» < 0 and u(y,t) — Am—» < 0},

D3 = {(x, y,t) € Do x (0,T) : u(z,t) — A7 > 0 and u(y,t) — A7 <0},

Dy = {(z, y,t) € Do x (0,T): u(z,t) — A7+ < 0and u(y,t) — A7+ > 0}

J[ i) = uly, ) (o1 (@.8) = po g, ) de = L+ B+ Iy + .

Where
I = //(u(:c,t) —u(y, ) (po(z,t) — pi(y, 1) dp, for1 <i<A4. (4.29)

For the clarity, we analyze each term separately.

e In D, we have:

// u(z,t) = u(y, ) (p+(@,t) — p+(y, 1)) dp = //IUI t) —u(y,t)|* du = 0.

o If (x,y,t) € Dy: pi(x,t) = p( t) = 0 implies that /o = 0.

e For I3, we have u(y,t) < A= 5, then

Iy = [[(ute,t) =y, 0) o+, 0) = (g ) i = [ (ulirt) =l ) (i, ) = A7) d
J[ 1wt 1) = A7 P > 0.

WV

e Also in Dy, we have u(x,t) < =1

Iy = D//<U($,t) —u(y,t)(p1(z,t) — pr(y,t))dp = _D//W(x’t) — uly, t))(u(y, t) — )\ﬁ> dyi

V
Q
£
<
|
>
3 ‘H
<
N
=
V
e
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4.5. Asymptotic analysis 4. A nonlocal parabolic logistic equation

This yields to

1”’)+ dx

(jtﬂ/((u — )\mlfp)+)2d:£ < /Q(/\up_1 —u"™ N (u—Am

DO | —

Putting Z(t) = /((u — A77)4)2dz, so, we get
0

LﬂW—Aﬁﬂﬁmxéfdw—AﬁﬂQ%m
Q Q

. _1 .
Since ug < A™-», we obtain that

1

Thus, 0 < u(z,t) < =T particular,
] ooy < A7

]

Remark 4.4.1. Note that the solution to Problem (4.1) , denoted by u depends on the parameter m.

Therefore, we will use the notation ., to emphasize this dependency.

Asymptotic analysis

In this section, we examine the asymptotic behavior of the unique solution u as ¢ — oo, and subse-

quently as m — co. Namely, we aim to determine the following limit

lim ( lim um(:c,t)>

t—o0 \ m—oo

More precisely, we determine the limit profiles of the solution in these two scenarios:

138



4.5. Asymptotic analysis 4. A nonlocal parabolic logistic equation

* Asymptotic behavior as m — oo will be characterized by a limit profile, which solves a free

boundary problem.

» Asymptotic behavior as t — oo determines the limit of the limit profile obtained in the first

scenario.

Before proceeding to the asymptotic analysis, it is essential to establish a number of preliminary

results that will play a crucial role in the forthcoming arguments.

Proposition 4.5.1. Let ug € L>(Q), u € L*(0,T;H5(2)) N L°(Qr) be a weak solution Problem

4.1). Then
T 2
L[ T ) =y, ) Pdud < Ca(h, 9], fuoleo). (430)
T
/O /QuzdxdtgCQ(A,|QT|,|uO|OO). 431)
//Q 10h ()2 de dt < M. 4.32)

Proof. To prove the first and second estimates, we take w as test function in (4.1). As consequence of

(4.27), we obtain

1 1 T T
7/|um(a:,t)|2dx + f/ // |um(a:,t)—um(y,t)|2d,udt—l—/ /uzdxdt
2Q 2 Jo Dg o Ja

T 1 9
- /\/ /uﬁ@d:pdt+7/|u0| dz
0 Ja 2Q

_pP 1
< AT Q|+ Sluol = Co(Am, [, Juoloo).

Then, we conclude (4.30) and (4.31).

Now, let us prove the last estimate (4.32). For a fixed 0 <t < 7,

10, () (D) |12y = sup atwm)qbdx]

llls<1

< o | [ (e 0) =, )(002:1) — 6o )y

+ sup ’)\ ul~ gl + sup /uz_lqﬁ
llolls<1 lglls<1 1)
m—1 m—1
S {||“m||s||¢||s + An=re(Q) +AMC(Q)}
#lls<1

< HumHs + Cl(Q)
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4.5. Asymptotic analysis 4. A nonlocal parabolic logistic equation

such that ¢; () = ()\L:; + )\L:II))C(Q) then

T T
L 10 Oyt < [ w2t + ca(hm, Q)
= Cg()\, m, ’QT‘, |u0‘oo) =+ CQ()\,m, QT) = M

Proposition 4.5.2. Let uy € L>(X), that satisfies (H2), then
|Ouls — 0 ast — oo
Proof. We take the energy over time

E(u) = Exm(u 2//179 —u(t)]Pdp + — /mdx—;\/gupdx

by derivation with respect to the time and substituting 0,u, we get

w) = /Qﬁtu(—A)sudx—l—/Qum_lﬁtudx — /Qﬁtuup_ldx = —(Oyu, Qyu)s < 0,
which implies that F/(u) is non-increasing in time. Therefore,
E(u) < E(up) forall t > 0.
Moreover, under assumption H 2, it follows that
E(u) < 0forallt > 0.

Since it is inferior bounded and negative for A > )\, there exists a constant > 0, such that for all

t>0

By the Monotone Convergence Theorem, we conclude that F/(u) converges to a limit F,, > —m,

when ¢ tends to co. Therefore,
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4.5. Asymptotic analysis 4. A nonlocal parabolic logistic equation

as ¢t tends to oco. Then, we conclude that
|Oyul3 — 0ast — oo

which implies that

Ou — 0 a.ein ).

Proposition 4.5.3. Let ug € L>°(X2), that satisfies (H2), then u # 0

Proof. We now prove that u # 0. To this end, we make use of the previous proposition, which ensures

that £(u) < 0 when A > A(m), we have
1 , 1 , 17 A
§||u(.,t)||s < §||u(.,t)||s + %/Qu dr < E|u(.,t) b (4.33)

We use u as a test function in (4.1)

by Poincaré’s inequality, and the uniform estimate, we get

1 1 Ad 1
C(z — ul, )3 < ———|u(., t)]5 + —Cs(Q).
(3= I OB < Gl O + Ca(@)
Putting now, Y'(¢) = |u(.,t)|3, and denote 3 = C(p — 2), the above equation reduces to

BY (1) < Y'(t) + 2C5(9),

which has as solution

Then, the result follows. ]
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4.5. Asymptotic analysis 4. A nonlocal parabolic logistic equation

4.5.1 Asymptotic behavior as m — oo

As in the elliptic case, we aim to perform an asymptotic analysis of the solutions found as m — oc.
the asymptotic behavior of

Recalling that
A(m) = inf{\ : £,,, has a local minimum w, € H(€2) N L™(€2) such that £ ,,,(uy) < 0}. (4.34)

and

E(u) = Exm(u 2//DQ ) — u(t)|Pdu + — /mdx—;/ﬂupdx

We will see that A, plays a crucial role in characterizing the asymptotic behavior of the solution as in

the elliptic case. Moreover, from [Theorem 2.5.1, Chapter 2] we have that

T)lbignw Alm) = .. (4.35)
Where
. plI€N31E15
A = inf — =2 4.36
cemz@NLeQ) 2 |&|h (4.36)

is well-defined.

Theorem 4.5.1. Let 2 < p < m, ug € L>®()) that satisfies H1 and H2. For A > \,, there exists
we K :={ve Ll*0,TH;)) : 0 < v(z,t) < 1}, such that u # 0 and u,, converges strongly
to win L*(0,T; H{ () and in every Lebesgue space as m — oo. Moreover, u is a solution of the

bilateral obstacle problem

/T/ﬁtu(v —u)dx dt + ((—A)*u,v —u) > )\/ uP~ (v — u) dz, Vv € K. (4.37)
0o J Q

In addition, there exists ¢, € L*°(Qr), such that u is a solution of the following equation :
O+ (=A)*u 4 ¢y (@, ) X fu=1y = APt in Qp u=0in(R"\ Qr) (4.38)

where 0 < ¢, < Aand c,(1 —u) = 0.

In order to prove this theorem, we need to establish several auxiliary lemmas first.
Lemma 4.5.1. :

1. Uy, — u strongly in L*(0,T; H3(Q)) as m — oo.
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4.5. Asymptotic analysis 4. A nonlocal parabolic logistic equation

2. U, — u strongly in every Lebesgue space.
3. Oy, — Oyu strongly in L*(Qr).

Proof. As consequence of Proposition 4.5.1, (u,, )., is bounded L?(0, T; H5(2)) N L™(Qr), then up

to a subsequence
e u, — uweakly in L2(0,T; H5(Q)).
* u, — uweakly in L"™(Qr).
As consequence of the uniform bound (4.27)
* U, — wustrongly in L?(Qy) forall ¢ > 1.

1
* Since u,, is a global solution, and 0 < w,, < A=-r, we deduce that, when m — oo, u,,

converge to u such that 0 < u < 1.

Now, to prove the strong convergence in L*(0, T; H3(2)), taking (u,, — u) as test function in (4.1)

/()Tg/atum(um ~ u)dzdi + /()T!<um’ U = U)s + /OT/QUZ” u) dw dt = )\/ / ur

by the L>° a priori estimate (4.27), we get

’ /QT [t "™ (th, — ) v dt’ < A U, — U] L1 ()
Passing to the limit as m tends to oo
‘/QT U [P (i — w0) dxdt‘ 50 as m — 00
which allows us to conclude that
’/QT [t ™ (U, — w0) dz dt' — 0, as m — oo,

By subtracting the terms which converge to 0

/ /ut dxdt—i—/ Uy Uy, — U)5dt = 0(1),
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we get

T
/ (i — uf2da +/ e — ul|2dt = o(1).
0

Q

Therefore, it follows that u,, converges to u strongly in L*(Q) and in L*(0, T; H§(2)) as m — oo. In

addition, Proposition 4.5.3 implies that u # 0.

O
Lemma 4.5.2. u(z,t) € K := {v € L*(0,T,H5(Q));0 < u(z,t) < 1}, forall t > 0.
Proof. Let k > 1, we prove that [{(z,t) € Qr : u > k}| = 0 we have by (4.31)
Q
k{(z,t) € Qr : {un(z,t) > k:}‘ // updrdt < M (4.39)
Sk S sy k™
Hence, by passing to the limit in m, we get
‘(x,t) € {u> k}‘ — 0,k > 1.

Thatis u € K. ]

Lemma 4.5.3. Let u,, converges to the unique solution u € K of the bilateral obstacle problem

0 drdit [ dt > A P drd
//QT hu(v — u)dx t+/0 (u, (v —u))sdt > //QTU (v—u)dzdt, Yvelk. (4.40)

Proof. Letv € KC, and let 6 be any real number such that 0 < 6 < 1. Using 0v — u,, as test function
in (4.1)

//Q Oyt (O —11, ) d dt+/0T<um, Ov—1 ) s dt+/OT/Quz_1 (Ov — upy,) = )\//Q ul (v — ) .

(4.41)
We analyze the third term as
T T
/ / ™ (v — ) :/ / u™ 1 (Ov — uy,) dzdt
0 Q {0<um< Ov}
/ / u™ (Ov — uy,) dodt.
{um =6v}
The first term of the right-hand side can be estimated as
u™ 1 (Ov — up,) < [O0]™H(Ov + Ov) < 200 = o(1) as m — oo since O < 1. (4.42)
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For the second term, we have

™ (Ov — up,) < 0on {0 uy(z) > Ov}

m

and this implies that
T
lim sup/ / u™ 1 (Ov — uy,) drdt < 0.
o Ja

m—r0o0

Then

T T
/Q Oy, (U — 1wy, )dx dt + 9/ (U, V) s dt > )\//Q uﬁ’n_l (Ov — uyy,) dxdt —1—/ Hum||z
T 0 T 0

We pass to the limit as m — oo, recalling that u,, converges strongly to « in L*(0,T; H5(€2)) and

Oy, — Opu strongly in L?(2), yielding that
// u(Ov — w)dz dt + 6(u, v)s > )\/ P’ (Ov — u) dz + ||ul)?, (4.43)
Or 0

For any v in IC and any 6 € (0, 1). Letting § — 1, (4.40) follows.
To prove uniqueness, we assume that wuy, us are two solutions of the variational inequality (4.40),

i.e. for all v € K, they satisfy

/QTﬁtul(v—ul)dxdt+/ ug, (v —1uy)) )\/ /u1 (v—wuy)dzdt, YveK.
and

// OtUQU—quxdt+/ Uz, (v —ug)) )\/ /u2 (v—wuy)dxdt, YveK.

Now, choose v = us in the first inequality and v = w4 in the second, we obtain by adding the two

inequalities
/ Oy(ug — up)(uy — ug)de + (ug — uq, (u; — us)) )\/ —ul" ) (ug —uy)dz, YveK.

Which is equivalent, and according to inequality (1.23), to the following

N

1d
S a0 Q(Ug — wp)?dz + [Jug — uq||? )\/ — i) (uy — ug) da
< A(p—2) max {\ulloo Y \Unyggl} / (ug — uy)* da
Q

< )\(p—2)/Q(uQ —uy)?dx.
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Putting Y (t) = |uy — uy|3, the above equation reduces to
V() < 22(p— 2V (¢).
By the fact that u; o = u2, we can deduce that

/ (ug — up)?(t)da < A2 /Q(uo —up)?dr = 0.
Q

]

Interestingly, the limiting profile that determines the asymptotic behavior turns out to be a solution

of a free boundary problem with a nonlinear right-hand side. More precisely, we have

Proof of Theorem 4.5.1 According to the Lemmas 4.5.2, 4.5.1 and 4.5.3, the results follows, now,

to finish our proof we need to prove the existence of c,. From (4.27), we have that

m—1

< Am=r forall m > p,

m—1

|um 00,7

Then, there exists ¢, € L ({2r) such that, up to a subsequence,
{(um)mfl} = ¢, weakly — *in L (Qr).
As a consequence, we obtain that c,, > 0. Furthermore, w is a solution of
Ou+ (—=A)u = Pt —u™ ae. Q. (4.44)

Moreover, as m — oo, we get that 0 < u(z,t) < 1. In addition, considering x g the characteristic

function of the set £ := {(x,t) € Qr : ¢, > A} and using again (4.27), we get

m

>\m

= E| >/ Wy dedt 2% N B >/cuda:dt>>\\E\.
Qr E

Hence, 0 < ¢, < \. Taking p € L*(0,T; H5(Q2)) N L™(27) as a test function in (4.1) and passing to

the limit it follows that u satisfies

T
// 8m<pdxdt+/ (u, gp)sdt+// cupdx dt—)\// wPtodrdt =0, forallv € K. (4.45)
Qr 0 Qr Qr
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Finally, let us take ¢ = (v — u), with v € K, in (4.45), then
T .
// 8tu(v—u)d$dt+/ (u, (v—u))sdH—// cy(v—u)dx dt—)\// uP"(v—u)drdt =0, forallv € K.
Qr 0 Qr Qr

According to (4.43) we show that

// c,(v—u)drdt <0, Yvek.

Qp
Thus, we choose a sequence of (v;); € K such that v; — 1in L*(Q2), ve have
// cu(l1 —u)drdt <O0.
Qp

Hence, ¢, > 0 and u < 1, then

cu(w, t)(u(w,t) — 1) = Oae. in Q7. (4.46)
By the fact that F/(u) < 0, as proved in Proposition 4.5.2, we have

T P T
A/|Mﬂh>f/|mﬁﬁ
0 P 2 Jo

By choosing u as test function in (4.44), we get

T T
M Clpae= [ cqduat+ [ ful,
0 Qrp 0
so that

p T 2
cuudrdt > (= —1 |ul|s dt >0,
Qrp 2 0

and since c,, > 0, this shows that c,, # 0, or equivalently, recalling (4.46),
{z€Qu(z,t) =1} >0

This ends the proof of Theorem 4.5.1.

4.5.2 Asymptotic behavior as t — oo

Theorem 4.5.2. Assume that X > \. and that ug € L*®(2) satisfies the assumptions H1 and H2.

There exists w € HE(S2) such that , as t — oo, the unique solution of Problem (4.38) u converges to
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w in the following sense

u(.,t) = w(.) strongly in H ().
Xfu=1} — X{w=1} strongly in L*(Q2) for all o > 1.

Morevoer, w is the unique solution of the following problem

(—A)w+ cu(@)xqu=1y = P71 in Q,
w = 0 in (4.47)
w =0 in RNV\Q,

where 0 < ¢, (z) < Aand c,(1 —w) = 0.

Proof. According to the above estimates, we obtain that ||u(.,?)||; is bounded for ¢ > 0, and up to

subsequence, we obtain that
u(.,t) — w weakly in H(2) as t — oc.
For ¢,, a subsequence ,, — oo such that u(., t,) — w, we obtain
/ /Q - Dyu(ty)(v—u(t,))d di+ /O lults), (—u(t)))udt > A / /Q M ) (omu(t) dr, Vo€ K.
By Proposition 4.5.2, we have as ¢,, — 0o
(w, (v—w))s = )\/pr’l(v —w)dx, YveK.

According to Proposition 4.5.3, for all ¢ > 0, we have w,,(z,t) > 0, therefore, u # 0. And the result
follows.

For the strong convergence, it is easy to show since by taking the difference and testing by v — w
and we obtain

u(.,t) = w(.) strongly in H(€2).

Following a standard arguments as in [93]. Since

0 < Xqu=13(2,t) <1 ae. inQp,
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then, up to a subsequence, there exists a function x* € L*(Q2), with 0 < x*(z) < 1, such that
Xqu=1}(z,t) =" x*(x) weak-xin L>=(2), ast — +oo.

implies that

X{u=1}(2,t) = Xqw=1}(x) strongly in L4(Q2) forall¢q > 1,

Moreover, since 0 < c¢,(z,t) < A ae. Qp and u(x,t) — w(x) a.e in €2, then, up to a subsequence,
there exists c,, such that

cu(z,t) = ¢y (), weakly-x in L>()

In addition

cu(z,t)(1 —u(z,t)) =0 ae.inQyp,

we pass to the limit and obtain
co(z)(l —w(x)) =0 ae. in .

This implies that c,,(z) > 0 only on the set {w = 1}, and vanishes elsewhere and c,,(z) < .

Furthermore, since
X{u=1}(%,t) = Xqw=13(x) strongly in L(Q2) forallq > 1,

and 0 < c,(z,t) < A, we deduce by the Dominated Convergence Theorem that

Cu(,t) X u=1} (@, ) = () X{w=1y(x) strongly in L'(£2).

To conclude, we take ¢ as a test function in (4.38) and pass to the limit, thereby obtaining that w

solves Problem (4.47). ]
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Abstract :

This study investigates a class of nonlocal scalar field problems with logistic type nonlinearity
set in a bounded domain, emphazing the role of increasing power in the equation. Initialy, we
introduce a linear operator the fractional Laplacian, addressing the existence, non-existence,
and multiplicity of solutions. Subsequently, we perform an asymptotic analysis as an nonlinear
exponent increases indefinitely. Building on this, we extend the study to the nonlinear
framework by introducing the nonlinear fractional p-Laplacian and establishing foundational
results for the convex, linear, and concave cases. Finally, we explore the evolutionary version
of the initial problem with L' data, addressing the main questions of existence, globality,
uniqueness, and large-time behavior, thereby characterizing the solution dynamics under
exponent growth.

Key words : Fractional Laplacian, fractional p-Laplacian, nonlocal scalar field problem,
logistic problems, increasing power, asymptotic analysis, non-local elliptic problems,
variational methods, nonlocal parabolic problem.

Résumé

Cette étude examine une classe de problémes de champs scalaires non-local avec une non-
linéarité de type logistique dans un domaine borné. Dans un premier temps, nous analysons le
role de la puissance croissante dans 1’équation en introduisant le Laplacien fractionnaire
comme opérateur linéaire, en abordant 1’existence, la non-existence et la multiplicité des
solutions. Ensuite, nous effectuons une analyse asymptotique lorsque certains exposants non
linéaires augmentent indéfiniment. Par la suite, nous étendons 1’étude au cadre non linéaire en
introduisant le Laplacien fractionnaire non linéaire et en établissant des résultats fondamentaux
pour les cas: convexe, linéaire et concave. Enfin, nous explorons la version évolutive du
probléme initial avec des données L!, en abordant les questions clés d’existence, de globalité,
d’unicité et de comportement a long terme, caractérisant ainsi la dynamique de la solution sous
la croissance des exposants.

Mots-clés : Laplacien fractionnaire, p-Laplacien fractionnaire, probléme scalaire non local,
problémes logistiques, puissance croissante, analyse asymptotique, problémes elliptiques non
locaux, méthodes variationnelles, probléme parabolique non local.
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