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❛❞✈✐❝❡ ❛♥❞ s✉♣♣♦rt t❤r♦✉❣❤♦✉t

✸



❉❡❞✐❝❛t✐♦♥

❚❤✐s t❤❡s✐s ✐s ❞❡❞✐❝❛t❡❞ t♦ ❡✈❡r② ♠❡♠❜❡r ♦❢ ♠② ❢❛♠✐❧②✳

✹



■♥tr♦❞✉❝t✐♦♥

■♥ st❛t✐st✐❝s✱ ❛ ❝❤r♦♥♦❧♦❣✐❝❛❧ s❡r✐❡s✱ ♦r t✐♠❡ s❡r✐❡s✱ ❞❡s✐❣♥s t❤❡ ♠♦❞❡❧✐♥❣ ♦❢ ❛ s❡q✉❡♥❝❡ r❛♥❞♦♠

❛♥❞ s❡q✉❡♥t✐❛❧❧② ♦❜s❡r✈❡❞ ❡✈❡♥ts✱ ✉s✉❛❧❧② ♦♥ ❛ t✐♠❡ s❝❛❧❡✳ ■♥ ♦t❤❡r ✇♦r❞s✱ t✐♠❡ s❡r✐❡s ✐s ❛

s❡q✉❡♥❝❡ ♦❢ ❞❛t❛ ♣♦✐♥ts ✐♥❞❡①❡❞ ✐♥ t✐♠❡ ♦r❞❡r ✐✳❡✳ ❛t ❞✐✛❡r❡♥t ♣♦✐♥ts ✐♥ t✐♠❡✳ ❚❤❡s❡ ❞❛t❛

♣♦✐♥ts t②♣✐❝❛❧❧② ❝♦♥s✐st ♦❢ s✉❝❝❡ss✐✈❡ ♠❡❛s✉r❡♠❡♥ts ♠❛❞❡ ❢r♦♠ t❤❡ s❛♠❡ s♦✉r❝❡ ♦✈❡r ❛ t✐♠❡

✐♥t❡r✈❛❧ ❛♥❞ ❛r❡ ✉s❡❞ t♦ tr❛❝❦ ❝❤❛♥❣❡ ♦✈❡r t✐♠❡✳ ❚❤❡r❡❢♦r❡✱ ❛ t✐♠❡ s❡r✐❡s ❝❛♥ ❜❡ ❞❡✜♥❡❞ ❛s

❛ ❝♦❧❧❡❝t✐♦♥ ♦❢ ♦❜s❡r✈❛t✐♦♥s xt ✇❤❡r❡ t❤❡ ✐♥❞❡① t r❡♣r❡s❡♥ts ❛ ✉♥✐t ♦❢ t❤❡ t✐♠❡ ✭❛ ②❡❛r✱ ❛ ❞❛②✱

❛♥ ❤♦✉r✳✳✳✮✳ ❚✐♠❡ s❡r✐❡s ❝❛♥ ❜❡ ❢♦✉♥❞ ❡✈❡r②✇❤❡r❡✱ s✐♥❝❡ t✐♠❡ ✐s ❛ ❝♦♥st✐t✉❡♥t ♦❢ ❡✈❡r②t❤✐♥❣

t❤❛t ✐s ♦❜s❡r✈❛❜❧❡✳ ❚❤❡② ♥✉♠❡r♦✉s ❛♣♣❧✐❝❛t✐♦♥s ❛❝r♦ss ✈❛r✐♦✉s ✜❡❧❞s✳ ❖♥❡ ♠❛② ♣✉t t❤✐s ✐♥

❝♦♥t❡①t t❤r♦✉❣❤ t❤❡ ❡①❛♠♣❧❡ ♦❢ ❡❧❡❝tr✐❝❛❧ ❛❝t✐✈✐t② ✐♥ t❤❡ ❜r❛✐♥✱ r❛✐♥❢❛❧❧ ♠❡❛s✉r❡♠❡♥ts✱ st♦❝❦

♣r✐❝❡s✱ ♥✉♠❜❡r ♦❢ s✉♥s♣♦ts✱ ❛♥♥✉❛❧ r❡t❛✐❧ s❛❧❡s✱ ❍❡❛rt❜❡❛ts ♣❡r ♠✐♥✉t❡ ♠♦♥t❤❧② ❛✐r ♣❛ss❡♥❣❡rs

✭❋✐❣✉r❡✿✶✮✶ ❛♥❞ s♦ ♦♥✳

❋✐❣✉r❡ ✶✿ ▼♦♥t❤❧② ❆✐r❧✐♥❡ P❛ss❡♥❣❡r ◆✉♠❜❡rs ✶✾✹✾✲✶✾✻✵

✶❉❛t❛ ❛r❡ ❛✈❛✐❧❛❜❧❡ ✐♥ t❤❡ s♦❢t✇❛r❡ ❘ ❛♥❞ t❤❡ ♣❧♦t ❝❛♥ ❜❡ ♦❜t❛✐♥❡❞ ❜② t❤❡ ❝♦♠♠❛♥❞ ts✳♣❧♦t✭❆✐rP❛ss❡♥❣❡rs✮

✺



❚❤❡ ♦❜❥❡❝t✐✈❡ ♦❢ st✉❞②✐♥❣ t✐♠❡ s❡r✐❡s ✐s t♦ ❢♦r❡❝❛st t❤❡ s❡r✐❡s ❡✈♦❧✉t✐♦♥✳ ❚❤❡ ❝♦♥❝❡♣t

❜❡❤✐♥❞ t❤❡ ❢♦r❡❝❛sts ♦r ♣r❡❞✐❝t✐♦♥ ✐s t♦ ✉s❡ ♣r❡✈✐♦✉s ❞❛t❛ ♣♦✐♥ts t♦ ❝❛❧❝✉❧❛t❡ t❤❡ ❢✉t✉r❡ ♣♦✐♥ts✳

❋♦r t❤❛t ❛ ♥♦♥✲❡①❤❛✉st✐✈❡ ❧✐st ♦❢ ♠❛t❤❡♠❛t✐❝❛❧ ♠♦❞❡❧s ❤❛✈❡ ❜❡❡♥ ❞❡✈❡❧♦♣❡❞ s✉❝❤ ❛s r❡❣r❡ss✐♦♥

✐♥ t❤❡ ❝❛s❡ ♦❢ ❞❡♣❡♥❞❛♥t ♦❜s❡r✈❛t✐♦♥s✳ ❚❤❡ ♠❛t❤❡♠❛t✐❝❛❧ ♠♦❞❡❧ ♦❢ ❛ t✐♠❡ s❡r✐❡s ✐s ❝❛❧❧❡❞ ❛

st♦❝❤❛st✐❝ ♣r♦❝❡ss✳ ■t ✐s ❛ ♠❛t❤❡♠❛t✐❝❛❧ ❞❡s❝r✐♣t✐♦♥ ♦❢ ❛ ❞✐str✐❜✉t✐♦♥ ♦❢ t✐♠❡ s❡r✐❡s ❛♥❞ s♦♠❡

t✐♠❡ s❡r✐❡s ❛r❡ ♥♦t ❜✉t ❛ r❡❛❧✐s❛t✐♦♥ ♦❢ st♦❝❤❛st✐❝ ♣r♦❝❡ss❡s ✭ ✐♥ t❡r♠ ♦❢ s✐♠✉❧❛t✐♦♥ ❢♦r ✐♥st❛♥❝❡✮✳

❋r♦♠ ❛ ❤✐st♦r✐❝❛❧ ♣♦✐♥t ♦❢ ✈✐❡✇✱ ✐t ✐s ✐♥ ❛str♦♥♦♠② t❤❛t t❤❡ ✜rst t✐♠❡ s❡r✐❡s ❛♣♣❡❛r ✈♦❧✉♥t❛r✐❧② ❢♦r

❛♥❛❧②t✐❝❛❧ ♣✉r♣♦s❡s ❬✻❪✳ ❙②st❡♠❛t✐❝ ♦❜s❡r✈❛t✐♦♥ ♦❢ t❤❡ s❦② ❞❛t❡s ❜❛❝❦ t♦ ❛♥t✐q✉✐t②✳ ❋♦r ❡①❛♠♣❧❡✱

t❤❡ ❘♦♠❛♥s ❛❧r❡❛❞② ❦♥❡✇ t❤❛t t❤❡ ②❡❛r ❧❛sts ❛♣♣r♦①✐♠❛t❡❧② ✸✻✺ ❛♥❞ ❛ q✉❛rt❡r ❞❛②s✭❏✉❧✐❛♥

❝❛❧❡♥❞❛r✮✳ ❆❝❝♦r❞✐♥❣ t♦ ❑❡♥❞❛❧❧ ✭✶✾✼✸✮✱ t❤❡ ♦❧❞❡st ❦♥♦✇♥ ❣r❛♣❤ ♦❢ ❛ t✐♠❡ s❡r✐❡s ✭❛t ❧❡ss ✐♥

t❤❡ ❲❡st❡r♥ ✇♦r❧❞✮ ✐s ❢♦✉♥❞ ✐♥ ❛ ♠❛♥✉s❝r✐♣t ♦❢ t❤❡ t❡♥t❤ ✭♦r ❡❧❡✈❡♥t❤✮ ❝❡♥t✉r② ❛♥❞ ✐❧❧✉str❛t❡s

❛ ❝♦♠♠❡♥t❛r② ♦♥ ❈✐❝❡r♦✬s ❉r❡❛♠ ♦❢ ❙❝✐♣✐♦ ✭❉❡ ❘❡♣✉❜❧✐❝❛✱ ✻✱ ✶✹✮ t❛❦❡♥ ❢r♦♠ ❙❛t✉r♥❛❧✐❛ ♦❢

▼❛❝r♦❜✐✉s ✭✸✾✺✮✳ ❚❤❡ ❣r❛♣❤ r❡♣r❡s❡♥ts t❤❡ ✐♥❝❧✐♥❛t✐♦♥ ♦❢ t❤❡ ♦r❜✐ts ♦❢ s❡✈❡♥ ♣❧❛♥❡ts ❛s ❛

❢✉♥❝t✐♦♥ ♦❢ t✐♠❡

❋✐❣✉r❡ ✷✿ ❆ t❡♥t❤ ❝❡♥t✉r② ❝❤❛rt ❙♦✉r❝❡✿ ❋✉♥❦❤❛✉s❡r ✭✶✾✸✻✮ ❛♥❞ ❚✉❢t❡ ✭✶✾✽✸✱ ♣✳ ✷✽✮

❍♦✇❡✈❡r✱ t❤✐s ❣r❛♣❤ ❛♣♣❡❛rs t♦ ❜❡ ❛♥ ✐s♦❧❛t❡❞ ❡✈❡♥t✳ ❚✐♠❡ s❡r✐❡s ❝❤❛rts ❤❛✈❡ r❡❛♣✲

♣❡❛r❡❞ s❝✐❡♥t✐✜❝ ✇r✐tt❡♥ ♦♥❧② ❞✉r✐♥❣ t❤❡ ✶✽t❤ ❝❡♥t✉r② ✭▲❛♠❜❡rt✱ P❧❛②❢❛✐r✮❬✻❪✳

❋r♦♠ ❛ ♠❛t❤❡♠❛t✐❝❛❧ ♣♦✐♥t ♦❢ ✈✐❡✇✱ t❤❡ t❤❡♦r② ♦❢ st♦❝❤❛st✐❝ ♣r♦❝❡ss❡s ✇❛s s❡tt❧❡❞ ❛r♦✉♥❞ ✶✾✺✵✳

❙✐♥❝❡ t❤❡♥✱ st♦❝❤❛st✐❝ ♣r♦❝❡ss❡s ❤❛✈❡ ❜❡❝♦♠❡ ❛ ❝♦♠♠♦♥ t♦♦❧ ❢♦r ♠❛t❤❡♠❛t✐❝✐❛♥s✱ ♣❤②s✐❝✐sts✱

❡♥❣✐♥❡❡rs✱ ❛♥❞ t❤❡ ✜❡❧❞ ♦❢ ❛♣♣❧✐❝❛t✐♦♥ ♦❢ t❤✐s t❤❡♦r② r❛♥❣❡s ❢r♦♠ t❤❡ ♠♦❞❡❧✐♥❣ ♦❢ st♦❝❦ ♣r✐❝✐♥❣✱

t♦ ❛ r❛t✐♦♥❛❧ ♦♣t✐♦♥ ♣r✐❝✐♥❣ t❤❡♦r②✱ t♦ ❞✐✛❡r❡♥t✐❛❧ ❣❡♦♠❡tr②✳

❍♦✇❡✈❡r t❤❡ t❤❡♦r❡t✐❝❛❧ ❞❡✈❡❧♦♣♠❡♥ts ✐♥ t✐♠❡ s❡r✐❡s ❛♥❛❧②s✐s st❛rt❡❞ ❡❛r❧② ✇✐t❤ st♦❝❤❛st✐❝ ♣r♦✲

❝❡ss❡s✳ ❚❤❡ ✜rst ❛❝t✉❛❧ ❛♣♣❧✐❝❛t✐♦♥ ♦❢ ❛✉t♦r❡❣r❡ss✐✈❡ ♠♦❞❡❧s ✭t♦ ✇❤♦♠ ✇❡ ❛r❡ ✐♥t❡r❡st❡❞ ✐♥

✻



t❤✐s t❤❡s✐s✮ t♦ ❞❛t❛ ❝❛♥ ❜❡ ❜r♦✉❣❤t ❜❛❝❦ t♦ t❤❡ ✇♦r❦ ♦❢ ●✳ ❯ ❨✉❧❡ ❛♥❞ ❏✳ ❲❛❧❦❡r ✐♥ t❤❡ ✶✾✷✵s

❛♥❞ ✶✾✸✵s✳ ❆✉t♦r❡❣r❡ss✐✈❡ ♣r♦❝❡ss❡s AR ❛r❡ ❛ r❡♣r❡s❡♥t❛t✐✈❡ ❛♥❞ ❝❧❛ss✐❝❛❧ ♠♦❞❡❧ ✐♥ t✐♠❡ s❡r✐❡s

❛♥❛❧②s✐s ❛♥❞ ✐t ❤❛s ❜r♦❛❞ ❛♣♣❧✐❝❛t✐♦♥s ✐♥ ♥❛t✉r❡✱ s❝✐❡♥❝❡✱ ❛♥❞ ❡❝♦♥♦♠✐❝s✳ AR ❝❛♥ ❞❡s❝r✐❜❡

❝❡rt❛✐♥ t✐♠❡✲✈❛r②✐♥❣ ♣r♦❝❡ss❡s ✇✐t❤ ❛ ❧✐♥❡❛r r❡❧❛t✐♦♥s❤✐♣ ✐♥ ✉♥✐✈❛r✐❛t❡ t✐♠❡ s❡r✐❡s✳

■♥ st❛t✐st✐❝s✱ ❛♥ ❛✉t♦r❡❣r❡ss✐✈❡ (AR) ♠♦❞❡❧ ✐s ❛ st❛t✐st✐❝❛❧ t✐♠❡ s❡r✐❡s ❧✐♥❡❛r ♠♦❞❡❧ ✇❤✐❝❤ ❝❛♥

❜❡ ✉s❡❞ t♦ ♣r❡❞✐❝t ❢✉t✉r❡ ✈❛❧✉❡s ❜❛s❡❞ ♦♥ ♣r❡✈✐♦✉s ♦❜s❡r✈❛t✐♦♥s✳ AR ♠♦❞❡❧s ✉s❡ r❡❣r❡ss✐♦♥

t❡❝❤♥✐q✉❡s ❛♥❞ r❡❧② ♦♥ ❛✉t♦❝♦rr❡❧❛t✐♦♥ ✐♥ ♦r❞❡r t♦ ♠❛❦❡ ❛❝❝✉r❛t❡ ♣r❡❞✐❝t✐♦♥s✳ ❚❤❡ ❛✉t♦r❡❣r❡s✲

s✐✈❡ ♠♦❞❡❧ AR(p) s❛✐❞ ♦❢ ♦r❞❡r p ❞❡t❡r♠✐♥❡s t❤❡ ✈❛❧✉❡ ♦❢ ❛ ♣r♦❝❡ss ❛t ❛♥ ❛r❜✐tr❛r② t✐♠❡ st❡♣ t

✉s✐♥❣ ❛ ❧✐♥❡❛r ❝♦♠❜✐♥❛t✐♦♥ ♦❢ t❤❡ ♣✲❧❛st ✈❛❧✉❡s ❛♥❞ s✉♣❡r✐♠♣♦s❡❞ ❜② ❛ s♦ ❝❛❧❧❡❞ ✇❤✐t❡ ♥♦✐s❡ ❛♥❞

❛ss✉♠❡❞ t♦ ❜❡ ❛ s❡q✉❡♥❝❡ ♦❢ ✉♥❝♦rr❡❧❛t❡❞ ✇✐t❤ ❡❛❝❤ ♦t❤❡r ✐♥ t✐♠❡ ❛♥❞ ✐❞❡♥t✐❝❛❧❧② ❞✐str✐❜✉t❡❞✱

✇✐t❤ ❛♥ ❡①♣❡❝t❡❞ ✈❛❧✉❡ ♦❢ ③❡r♦ ❛♥❞ ✜♥✐t❡ ✈❛r✐❛♥❝❡✳ ❚❤❡ ✇❡✐❣❤ts ♦❢ t❤❡ ❧✐♥❡❛r ❝♦♠❜✐♥❛t✐♦♥ ❛r❡ t❤❡

♠♦❞❡❧ ♣❛r❛♠❡t❡rs✳ ❚❤❡② ❛r❡ ❝♦♥s✐❞❡r❡❞ t♦ ❜❡ ❝♦♥st❛♥t✳ ❍♦✇❡✈❡r✱ ✇❤❡♥ ❞❡❛❧✐♥❣ ✇✐t❤ ❡❝♦♥♦♠✐❝

❞❛t❛ ♠♦❞❡❧❧✐♥❣✱ ❑❡♥❞❛❧❧ ✭✶✾✺✸✮ ❬✶✵❪ ❤❛s r❡❝♦❣♥✐s❡❞ t❤❛t ✐t ✐s ♠♦r❡ r❡❛s♦♥❛❜❧❡ t♦ ❣❡♥❡r❛❧✐③❡ t❤❡

❝♦♥st❛♥t ❝♦❡✣❝✐❡♥t ✐♥ ♠♦❞❡❧s t♦ ♦♥❡s ❝❤❛♥❣✐♥❣ t❤r♦✉❣❤ t✐♠❡ ❛s t❤❡ ❡❝♦♥♦♠② ❝❤❛♥❣❡s✳ ❆t✲

t❡♥t✐♦♥ ❤❛s ❜❡❡♥ r❡str✐❝t❡❞ t♦ ♥♦♥✲❧✐♥❡❛r ❛✉t♦r❡❣r❡ss✐✈❡ ♠♦❞❡❧s ✇✐t❤ r❛♥❞♦♠ ❝♦❡✣❝✐❡♥ts✳ ❋♦r

✐♥st❛♥❝❡✱ ●❛r❜❛❞❡ ✭✶✾✼✼✮ ❬✽❪ ❤❛s ❞❡❛❧t ✇✐t❤ r❡❣r❡ss✐♦♥ ♠♦❞❡❧s ❡st✐♠❛t✐♦♥ ✇❤❡r❡ t❤❡ ❝♦❡✣❝✐❡♥ts

❛r❡ ❛ss✉♠❡❞ t♦ ❢♦❧❧♦✇ ❛ s✐♠♣❧❡ r❛♥❞♦♠ ✇❛❧❦✳

❙♦ ❛♥ ♦❜✈✐♦✉s ✈❛r✐❛t✐♦♥ ♦❢ ❛✉t♦r❡❣r❡ss✐✈❡ ♣r♦❝❡ss❡s ❛r❡ t❤❡ r❛♥❞♦♠ ❝♦❡✣❝✐❡♥t ❛✉t♦r❡❣r❡ss✐✈❡

RCA ♠♦❞❡❧s ✇✐t❤ ✇❤♦♠ ✇❡ ❛r❡ ✐♥ ❢❛❝t ❝♦♥❝❡r♥❡❞ ✐♥ t❤✐s ✇♦r❦✳ ❚❤✐s ❧❛t❡ ✐s ♦r❣❛♥✐s❡❞ ❛s ❢♦❧❧♦✇s✿

■♥ ❝❤❛♣t❡r ✶✱ ✇❡ ❣✐✈❡ ♣r❡❧✐♠✐♥❛r② r❡s✉❧ts ♦♥ ❣❡♥❡r❛❧ st♦❝❤❛st✐❝ ♣r♦❝❡ss✳ ❚❤❡♥✱ ✇❡ ✐♥tr♦❞✉❝❡ r❡❛❧

❛✉t♦r❡❣r❡ss✐✈❡ ♣r♦❝❡ss❡s ✇✐t❤ ❞❡t❡r♠✐♥✐st✐❝ ❝♦❡✣❝✐❡♥ts ✐♥ ❝❤❛♣t❡r ✷✳ ❋♦❧❧♦✇❡❞ ❜② ❈❤❛♣t❡r ✸

✇❤✐❝❤ ✐s ❞❡✈♦t❡❞ t♦ t❤❡ r❛♥❞♦♠ ❝♦❡✣❝✐❡♥ts ❛✉t♦r❡❣r❡ss✐✈❡ ♣r♦❝❡ss❡s✳ ■♥ ❜♦t❤ ❝❤❛♣t❡r ✷ ❛♥❞ ✸✱

✇❡ ❣✐✈❡ ❝♦♥❞✐t✐♦♥s ♦❢ st❛t✐♦♥❛r✐t② ♦❢ t❤❡ ♣r♦❝❡ss ❛♥❞ ✇❡ ❞❡❛❧ ✇✐t❤ ✐ts ♣❛r❛♠❡t❡rs ❡st✐♠❛t✐♦♥

♣❛r❛♠❡t❡rs ❡st✐♠❛t✐♦♥ ❛s ✇❡❧❧ ❛s ❢✉t✉r❡ ♣r❡❞✐❝t✐♦♥s✳ ❘❡s✉❧ts ❛r❡ ✐❧❧✉str❛t❡❞ ❜② s✐♠✉❧❛t✐♦♥s✳ ■♥

❝❤❛♣t❡r ✹✱ ✇❡ ❝♦♠♣❛r❡ t❤❡ t✇♦ ♣r♦❝❡ss❡s ❜② ❛♣♣❧✐❡❞ t❤❡ t✇♦ ♠♦❞❡❧s t♦ s✐♠✉❧❛t❡❞ ❛♥ r❡❛❧✐st✐❝

❞❛t❛✳

✼



❈❤❛♣t❡r ✶

●❡♥❡r❛❧✐t✐❡s ♦♥ ❘❡❛❧ ❙t♦❝❤❛st✐❝ Pr♦❝❡ss❡s

✶✳✶ ❉❡✜♥✐t✐♦♥s ❛♥❞ ❡①✐st❡♥❝❡

❙t♦❝❤❛st✐❝ ♣r♦❝❡ss❡s ❛r❡ ✉s❡❞ t♦ ❞❡s❝r✐❜❡ r❛♥❞♦♠ ♣❤❡♥♦♠❡♥❛ ✇❤✐❝❤ ❞❡♣❡♥❞ ♦♥ t✐♠❡✳ ❇❡❢♦r❡

✐♥tr♦❞✉❝✐♥❣ t❤❡♠ ❧❡t ❡♥✉♥❝✐❛t❡ ✭✇✐t❤♦✉t ♣r♦♦❢✮ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t✿

❚❤❡♦r❡♠ ✶✳✶ ✭❑♦❧♠♦❣♦r♦✈ ❚❤❡♦r❡♠✮✳ ❬✶✶❪

▲❡t T ❛ s❡t ♦❢ ♣❛r❛♠❡t❡rs✳ ❲❡ ❞❡♥♦t❡ ❜② R
T t❤❡ s❡t ♦❢ ❛♣♣❧✐❝❛t✐♦♥s ❞❡✜♥❡❞ ♦♥ T ✇✐t❤ ✈❛❧✉❡s

✐♥ R ❛♥❞ ❧❡t Σ ❜❡ t❤❡ s❡t ♦❢ ✜♥✐t❡ ♣❛rts ♦❢ T ✳ ▲❡t σ ∈ Σ✱ ✇❡ ❞❡♥♦t❡ ❜② πσ t❤❡ ♣r♦❥❡❝t✐♦♥ ♦♥
∏

t∈σ R ♦❢ RT ✱ ✇❡ ❤❛✈❡

πσ : RT → R
σ ❛♥❞ πσ(R

T ) = R
σ

❲❡ ❡q✉✐♣ R
T r❡s♣❡❝t✐✈❡❧② R

σ ❜② t❤❡ σ✲❛❧❣❡❜r❛ ❙T ❣❡♥❡r❛t❡❞ ❜② (πσ, σ ∈ Σ) ❛♥❞ t❤❡ ❇♦r❡❧ σ✲

❛❧❣❡❜r❛ ❇σ r❡s♣❡❝t✐✈❡❧②✳ ▲❡t (µσ)σ∈Σ ❛ ❢❛♠✐❧② ♦❢ ♣r♦❜❛❜✐❧✐t✐❡s s✉❝❤ t❤❛t✿

⋄ µσ ✐s ❛ ♣r♦❜❛❜✐❧✐t② ♦♥ (Rσ,❇σ) ∀σ ∈ Σ

⋄ ⋄ ■❢ σ < τ, (σ, τ) ∈ Σ2 ❛♥❞ ψτσ ❞❡♥♦t❡ t❤❡ ♣r♦❥❡❝t✐♦♥ ♦❢ Rτ ♦♥ R
σ ✇❡ ❤❛✈❡ µσ = µτ ◦ ψ−1

τσ

❚❤❡♥✱ ■t ❡①✐sts ❛ ✉♥✐q✉❡ ♣r♦❜❛❜✐❧✐t② P ♦♥ (RT , ❙T ) s✉❝❤ t❤❛t

µσ = µT ◦ ψ−1
Tσµσ = µT ◦ π−1

σ ∀σ ∈ Σ

✽



❉❡✜♥✐t✐♦♥ ✶✳✶✳

❲❡ ❞❡✜♥❡ ❛ st♦❝❤❛st✐❝ ♣r♦❝❡ss ❜② ❛ tr✐♣❧❡t ((Ω,❆, P ), (Xt, t ∈ T ), (E, ξ)) s✉❝❤ t❤❛t

❛✮ (Ω,❆, P ) ✐s ❛ ♣r♦❜❛❜✐❧✐t② s♣❛❝❡ ❝❛❧❧❡❞ t❤❡ ❜❛s✐❝ s♣❛❝❡✱

❜✮ (E, ξ) ✐s ❛ ♠❡❛s✉r❛❜❧❡ s♣❛❝❡ ❝❛❧❧❡❞ t❤❡ s♣❛❝❡ ♦❢ st❛t❡s✱

❝✮ (Xt, t ∈ T ) ✐s ❛ ❢❛♠✐❧② ♦❢ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s ❞❡✜♥❡❞ ♦♥ (Ω,❆, P ) ✇✐t❤ ✈❛❧✉❡s ✐♥ (E, ξ)

❞✮ ❛♥❞ T ✐s ❛♥ ❛r❜✐tr❛r② s❡t ♦❢ ♣❛r❛♠❡t❡rs ✭✉s✉❛❧❧② ❝❤♦s❡♥ t♦ ❜❡ s❡t ♦❢ t✐♠❡s✮✳

♠ ❚❤❡ st♦❝❤❛st✐❝ ♣r♦❝❡ss ✇✐❧❧ ❜❡ ❞❡♥♦t❡❞ s✐♠♣❧② ❜② (Xt, t ∈ T ) ✇❤❡r❡ (Xt)t∈T ❛r❡ s✉❝❤

t❤❛t✿

Xt : (Ω,❆, P ) → (E, ξ)

ω 7→ Xt(ω) = X(t, ω)

❋♦r ❛ ✜①❡❞ ω✱ t❤❡ ❛♣♣❧✐❝❛t✐♦♥ t→ Xt(ω) = X(t, ω) ✐s s❛✐❞ t♦ ❜❡ t❤❡ ♣❛t❤✳

♠ ■❢ T = N ♦r Z✱ t❤❡ ♣r♦❝❡ss XT ✐s s❛✐❞ t♦ ❜❡ ❛ ❞✐s❝r❡t❡✲t✐♠❡ ♣r♦❝❡ss ❛♥❞ ✐❢ T ✐s ❛♥

✐♥t❡r✈❛❧ ✐♥ R✱ ✐t ✐s s❛✐❞ t♦ ❜❡ ❛ ❝♦♥t✐♥✉♦✉s✲t✐♠❡ ♣r♦❝❡ss

♠ ■❢ (E, ξ) = (R,❇R) ✇❤❡r❡ ❇R ✐s t❤❡ ❇♦r❡❧ σ✲❛❧❣❡❜r❛ ♦❢ R✱ XT ✐s s❛✐❞ t♦ ❜❡ ❛ r❡❛❧

♣r♦❝❡ss✳

♠ ❯s✐♥❣ ♣r❡❝❡❞❡♥t ♥♦t❛t✐♦♥s ✇✐t❤ t❤♦s❡ ♦❢ ❑♦❧♠♦❣♦r♦✈ t❤❡♦r❡♠✱ (Xt, t ∈ T ) ❝❛♥ ❜❡

❝♦♥s✐❞❡r❡❞ ❛s ❛ r❛♥❞♦♠ ✈❛r✐❛❜❧❡ XT ✇✐t❤ ✈❛❧✉❡s ✐♥ (RT , ❙T )✿

XT : (Ω,❆, P ) → (RT , ❙T )

ω 7→ XT (ω) = (X(t, ω), t ∈ T )

❚❤✐s ❝❛♥ ❜❡ s❝❤❡♠❛t✐s❡❞ ❜②

(Ω,❆, P ) (RT , ❙T )

(R,❇R)

Xt

XT

πt

✾



✶✳✶✳✶ Pr♦❝❡ss ▲❛✇

❚❤❡ ❞✐str✐❜✉t✐♦♥ ❧❛✇ L(XT ) ♦❢ t❤❡ ♣r♦❝❡ss ✐s ❛ ♣r♦❜❛❜✐❧✐t② PXT
♦♥ (RT , ❙T ) ❞❡✜♥❡❞ ❜②

∀s ∈ ❙T PXT
(s) = P (X−1

T (s))

t❤✐s ❧❛✇ ✐s ❝♦♠♣❧❡t❡❧② ❞❡✜♥❡❞ ❜② t❤❡ ✜♥✐t❡ ❞✐♠❡♥s✐♦♥❛❧ ❧❛✇s ✭t❤♦s❡ ♦❢ t❤❡ ✈❡❝t♦rs (Xt1 , · · · , Xtn)

✇❤❡r❡ t1, · · · , tn ❛r❡ s❡♣❛r❛t❡ ❡❧❡♠❡♥ts ♦❢ T ✮✳

✶✳✶✳✷ ●❛✉ss✐❛♥ Pr♦❝❡ss

❆ r❡❛❧ ♣r♦❝❡ss XT ✐s s❛✐❞ t♦ ❜❡ ❣❛✉ss✐❛♥ ✐❢ ❛❧❧ ✐ts ✜♥✐t❡ ❞✐♠❡♥s✐♦♥❛❧ ❧❛✇s ❛r❡ ❣❛✉ss✐❛♥ ✐✳❡✳ ✐❢

❡❛❝❤ ✜♥✐t❡ ❧✐♥❡❛r ❝♦♠❜✐♥❛t✐♦♥ ♦❢ Xt, t ∈ T ✐s ❛ r❡❛❧ ❣❛✉ss✐❛♥ r❛♥❞♦♠ ✈❛r✐❛❜❧❡✳

❚❤❡ ❧❛✇ ♦❢ s✉❝❤ ❛ ♣r♦❝❡ss ✐s ❝♦♠♣❧❡t❡❧② ❞❡t❡r♠✐♥❡❞ ❜② t❤❡ ❣✐✈❡♥ ♦❢ t❤❡ ♠❡❛♥ ❢✉♥❝t✐♦♥ ❛♥❞ t❤❡

❝♦✈❛r✐❛♥❝❡ ❢✉♥❝t✐♦♥✿

m(t) = E(Xt), t ∈ T

c(s, t) = Cov(Xs, Xt), s, t ∈ T

❊①❛♠♣❧❡ ✶✳✶✳

❼ ❲❤✐t❡ ◆♦✐s❡✿ ❛ s✐♠♣❧❡ st♦❝❤❛st✐❝ ♣r♦❝❡ss ✇❤✐❝❤ ✐s ❛ ❝♦❧❧❡❝t✐♦♥ ♦❢ ✉♥❝♦rr❡❧❛t❡❞ r❡❛❧ r❛♥❞♦♠

✈❛r✐❛❜❧❡s (εt, t ∈ T ) ✇✐t❤ ③❡r♦ ♠❡❛♥ E(εt) = 0 ❛♥❞ ✜♥✐t❡ ✈❛r✐❛♥❝❡ V ar(εt) = σ2
ε

❼ ❙tr♦♥❣ ❲❤✐t❡ ◆♦✐s❡✿ ❛ ♣❛rt✐❝✉❧❛r ✉s❡❢✉❧ ✇❤✐t❡ ♥♦✐s❡ ✐s str♦♥❣ ✐❢ t❤❡ εt ❛r❡ ✐♥❞❡♣❡♥❞❡♥t ❛♥❞

✐❞❡♥t✐❝❛❧❧② ❞✐str✐❜✉t❡❞ ♥♦r♠❛❧ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s✳ ■t ✐s ❛ ❣❛✉ss✐❛♥ ♣r♦❝❡ss

❼ ❲❤✐t❡ ♥♦✐s❡ ✐s ♦❢ ❣r❡❛t ✐♥t❡r❡st ❜❡❝❛✉s❡ t❤❡ st♦❝❤❛st✐❝ ❜❡❤❛✈✐♦r ♦❢ ❛❧♠♦st t✐♠❡ s❡r✐❡s ❝♦✉❧❞ ❜❡

❡①♣❧❛✐♥❡❞ ✐♥ t❡r♠s ♦❢ t❤❡ ✇❤✐t❡ ♥♦✐s❡ ❡s♣❡❝✐❛❧❧② t❤♦s❡ ♠♦❞❡❧❡❞ ❜② ❛♥ ❛✉t♦r❡❣r❡ss✐✈❡ ♣r♦❝❡ss ✭s❡❡

❝❤❛♣t❡r ✷✮✳

✶✳✷ ❙t❛t✐♦♥❛r✐t②

❙t❛t✐♦♥❛r② ♣r♦❝❡ss❡s ❛r❡ t❤♦s❡ ❢♦r ✇❤♦♠ t❤❡ ✜♥✐t❡ ❞✐♠❡♥s✐♦♥❛❧ ❧❛✇s ❞♦ ♥♦t ❝❤❛♥❣❡ ✇✐t❤ t✐♠❡✳

▼♦r❡ ♣r❡❝✐s❡❧②✿

❉❡✜♥✐t✐♦♥ ✶✳✷ ✭str♦♥❣ st❛t✐♦♥❛r✐t②✮✳

✶✵



❆ ♣r♦❝❡ss XT ✐s s❛✐❞ t♦ ❜❡ str✐❝t❧② st❛t✐♦♥❛r② ✐❢ ❢♦r ❡❛❝❤ ✜♥✐t❡ ♣❛rt (t1, · · · , tn) ♦❢ T ❛♥❞ ❢♦r ❛❧❧

h > 0 ✇❡ ❤❛✈❡✿

L(Xt1+h, · · · , Xtn+h) = L(Xt1 , · · · , Xtn)

✇❤❡r❡ L(Y ) ✐s t❤❡ ❧❛✇ ♦❢ t❤❡ ✈❛r✐❛❜❧❡ Y ✳

❊①❛♠♣❧❡ ✶✳✷✳ ❚❤❡ ✇❤✐t❡ ♥♦✐s❡ ✐s t❤❡ s✐♠♣❧❡st ❡①❛♠♣❧❡ ♦❢ st❛t✐♦♥❛r② ♣r♦❝❡ss❡s

❇❡❢♦r❡ ❣✐✈❡♥ ❛ ❧❡ss r✐❣✐❞ ❞❡✜♥✐t✐♦♥ ❢♦r st❛t✐♦♥❛r✐t② ❧❡t ❞❡✜♥❡ s❡❝♦♥❞ ♦r❞❡r ♣r♦❝❡ss✳

❉❡✜♥✐t✐♦♥ ✶✳✸✳

❆ r❡❛❧ ♣r♦❝❡ss XT ✐s s❛✐❞ t♦ ❜❡ ❛ s❡❝♦♥❞ ♦r❞❡r❡❞ ♣r♦❝❡ss ✐❢

sup
t∈T

E(X2
t ) < +∞

❉❡✜♥✐t✐♦♥ ✶✳✹ ✭✇❡❛❦ st❛t✐♦♥❛r✐t②✮✳

▲❡t XT t♦ ❜❡ ❛ s❡❝♦♥❞ ♦r❞❡r❡❞ ♣r♦❝❡ss✳ ■t ✐s s❛✐❞ t♦ ❜❡ ✇❡❛❦❧② st❛t✐♦♥❛r② ✐❢

E(Xt) = m ∀t ∈ T

Cov(Xs, Xt) = Cov(Xs+h, Xt+h) ∀s, t, h

❘❡♠❛r❦ ✶✳✶✳ ■t ✐s ♦❜✈✐♦✉s t❤❛t ❢♦r ❛ r❡❛❧ ❣❛✉ss✐❛♥ ♣r♦❝❡ss t❤❡ str✐❝t❧② st❛t✐♦♥❛r✐t② ❝♦✐♥❝✐❞❡

✇✐t❤ t❤❡ ✇❡❛❦ st❛t✐♦♥❛r✐t②✳

❊①❛♠♣❧❡ ✶✳✸✳

❚❤❡ ♣r♦❝❡ss ♦❢ s❡❝♦♥❞ ♦r❞❡r (Xt, t ∈ Z) ❞❡✜♥❡❞ ❜②

Xt = A cos θt+B sin θt, θ ∈ [−π,+π]

✇❤❡r❡ Xt ❛r❡ ❝❡♥t❡r❡❞ r❡❞✉❝❡❞ ✐♥❞❡♣❡♥❞❡♥t r❛♥❞♦♠ ✈❛r✐❛❜❧❡s✳ ❲❡ ❤❛✈❡

E(Xt) = 0 ∀t ∈ T

✶✶



Cov(Xs, Xt) = cos θh

❙♦ t❤❡ ♣r♦❝❡ss ✐s ✇❡❛❦❧② st❛t✐♦♥❛r②

❘❡♠❛r❦ ✶✳✷✳ ■t ✐s ♦❜✈✐♦✉s t❤❛t ❛ str✐❝t❧② s❡❝♦♥❞ ♦r❞❡r ♣r♦❝❡ss ✐s ✇❡❛❦❧② st❛t✐♦♥❛r②✳ ❍♦✇❡✈❡r✱

t❤❡ r❡❝✐♣r♦❝❛❧ ✐s ♥♦t tr✉❡✳ ■♥❞❡❡❞✱ ❧❡t t❤❡ ❞✐s❝r❡t❡ ♣r♦❝❡ss (Xt, t ∈ N) ♦❢ ✐♥❞❡♣❡♥❞❡♥t ✈❛r✐❛❜❧❡s

t❤❛t ♦❜❡② t♦ t❤❡ ♥♦r♠❛❧ ❧❛✇ N(1, 1) ✐❢ t ✐s ❡✈❡♥ ❛♥❞ t♦ t❤❡ ❡①♣♦♥❡♥t✐❛❧ ❧❛✇ ξ(1) ✐❢ t ✐s ♦❞❞✳ ■t

✐s ❝❧❡❛r t❤❛t L(X2t) ̸= L(X2t+1)✱ s♦ t❤❡ ♣r♦❝❡ss ✐s ♥♦t str✐❝t❧② st❛t✐♦♥❛r②✳ ❇✉t ✐t ✐s ❡❛s② t♦ s❡❡

t❤❛t Cov(Xt, Xt) = 1 ❛♥❞ t❤❛t Cov(Xt+h, Xt) = 0, h ̸= 0✱ s♦ t❤❡ ❝♦✈❛r✐❛♥❝❡ ❞♦❡s ♥♦t ❞❡♣❡♥❞

♦♥ h✳ ❚❤❛t ✐s t♦ s❛② t❤❛t t❤❡ ♣r♦❝❡ss ✐s ✇❡❛❦❧② st❛t✐♦♥❛r②✳

❘❡♠❛r❦ ✶✳✸✳

♠ ❋♦r ❛ ✇❡❛❦❧② st❛t✐♦♥❛r② ♣r♦❝❡ss Cov(Xh, X0) = Cov(Xt+h, Xt) =: γX(h)

♠ Cov(Xs, Xt) = f(s− t)

❘❡♠❛r❦ ✶✳✹✳

■t ✐s ♣♦ss✐❜❧❡ t♦ ❝♦♥str✉❝t ❛ ✇❡❛❦❧② st❛t✐♦♥❛r② ♣r♦❝❡ss ❢r♦♠ ❛♥ ❛r❜✐tr❛r② ♦♥❡✳ ■♥❞❡❡❞✱ ❧❡t (Zt)t∈T

❛♥ ❛r❜✐tr❛r② ♣r♦❝❡ss ♦❢ ✐♥❞❡♣❡♥❞❡♥t ❝❡♥tr❡❞ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s ✇✐t❤ ✈❛r✐❛♥❝❡ V ar(Zt) = σ2
Zt
✳ ❲❡

♣✉t

Xt = Zt + θZt−1,

❤❡♥❝❡

E(Xt) = 0 ❛♥❞ E|X2
t | < +∞

Cov(Xt+h, Xt) =























(1 + θ2)σ2
Zt

✐❢ h = 0

θ2σ2
Zt

✐❢ |h| = 1

0 ✐❢ |h| ≠ 1

Pr♦♣♦s✐t✐♦♥ ✶✳✶✳ ❬✶✶❪ ■❢ ❛ ♣r♦❝❡ss (Xt, t ∈ T ) ✐s ✇❡❛❦❧② st❛t✐♦♥❛r② ❛♥❞ ❣❛✉ss✐❛♥✱ t❤❡♥ ✐t ✐s

str✐❝t❧② st❛t✐♦♥❛r②✳

✶✷



✶✳✸ ❆✉t♦❝♦✈❛r✐❛♥❝❡ ❋✉♥❝t✐♦♥ ❛♥❞ ❆✉t♦❝♦rr❡❧❛t✐♦♥ ❋✉♥❝✲

t✐♦♥

▲❡t (Xt, t ∈ (Z)) ❛ ✇❡❛❦❧② st❛t✐♦♥❛r② ♣r♦❝❡ss

❉❡✜♥✐t✐♦♥ ✶✳✺✳

❚❤❡ ❛✉t♦❝♦✈❛r✐❛♥❝❡ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ♣r♦❝❡ss (Xt, t ∈ (Z)) ✐s ❞❡✜♥❡❞ ❜②

R(h) = Cov(Xt+h, Xt)

❉❡✜♥✐t✐♦♥ ✶✳✻✳

❚❤❡ ❛✉t♦❝♦rr❡❧❛t✐♦♥ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ♣r♦❝❡ss (Xt, t ∈ Z) ✐s ❞❡✜♥❡❞ ❜②

ρ(h) =
R(h)

R(0)

Pr♦♣♦s✐t✐♦♥ ✶✳✷✳

✶➦✴ R(0) = σX0
✳

✷➦✴ |R(h)| ≤ R(0) ❛♥❞ R(h) = R(−h)✳

✸➦✴ R ✐s ♦❢ ♣♦s✐t✐✈❡ t②♣❡❀ t❤❛t ✐s t♦ s❛② ∀a1, · · · , am ∈ R ❛♥❞ ∀t1, · · · , tm ∈ Z❀

m
∑

s=1

m
∑

t=1

asatR(s− t) ≥ 0

✳ ✹➦✴ ρ(0) = 1❀ ρ(h) ≤ 1❀ ρ ✐s ♦❢ ♣♦s✐t✐✈❡ t②♣❡

Pr♦♦❢✳

❧❡t ❝♦♥s✐❞❡r t❤❡ ♣r♦❝❡ss (Xt, t ∈ (Z)) t♦ ❜❡ ❝❡♥tr❡❞❀ E(Xt) = 0

✶➦✴ R(0) = Cov(Xt, Xt) = σX0
✳

✶✸



✷➦✴❯s✐♥❣ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ ❝♦✈❛r✐❛♥❝❡ ❛♥❞ t❤❡ ❍♦❧❞❡r ✐♥❡q✉❛❧✐t②✱ ✇❡ ❣❡t

R(h) = Cov(Xt+h, Xt)

= E(Xt+hXt)− E(Xt+h)E(Xt)

= E(Xt+hXt)

≤ E(X2
t+h)

1

2E(X2
t )

1

2

= Cov(Xt+h, Xt+h)
1

2Cov(Xt, Xt)
1

2

= R(0)
1

2R(0)
1

2 = R(0)

❲❤✐❝❤ ♣r♦♦❢ t❤❡ ✜rst ♣❛rt ♦❢ ✷➦✳ ◆♦✇ t♦ ♣r♦✈❡ t❤❡ s❡❝♦♥❞ ♦♥❡ ✇❡ ♥❡❡❞ t♦ ✐♥tr♦❞✉❝❡ t❤❡ ✈❛r✐❛❜❧❡

❝❤❛♥❣✐♥❣ s = t+ h ✐♥ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ R(h)✿

R(h) = E(Xt+hXt) = E(XsXsh) = E(XsXs+(h)) = R(−h)

✸➦✴ ▲❡t a1, · · · , am ∈ R ❛♥❞ t1, · · · , tm ∈ Z✱ ✇❡ ❤❛✈❡

m
∑

i=1

m
∑

j=1

atiatjR(ti − tj) =
m
∑

i=1

m
∑

j=1

atiatjCov(Xti , Xtj)

=
m
∑

i=1

a2tiCov(Xti , Xti) +
m
∑

i=1

m
∑

j=1

j ̸=i

atiatjCov(Xti , Xtj)

≥
m
∑

i=1

a2tiCov(Xti , Xti)

=
m
∑

i=1

a2tiV ar(Xti)

=
m
∑

i=1

V ar(atiXti)

= V ar(
m
∑

i=1

atiXi)

≥ 0

✶✹



◆♦✇✱ ❢♦r m = 2 ✇❡ ❤❛✈❡✿

V ar(a1Xt1 + a2Xt2) ⇒ E(a1X
2
t1
+ a2X

2
t2
)

=
n

∑

s=1

m
∑

k=t

E(XsXt)

= E(
n

∑

s=1

m
∑

k=t

XsXt)

= V ar(
m
∑

i=1

Xti)

≥ 0

✹➦✴ ρ(0) =
R(0)

R(0)
= 1❀ ρ(h) =

R(h)

R(0)
≤ R(0)

R(0)
= 1❀ ρ ✐s ♦❢ ♣♦s✐t✐✈❡ t②♣❡ s✐♥❝❡ R(h) ✐s

✶✳✹ ▲✐♥❡❛r Pr♦❝❡ss

❉❡✜♥✐t✐♦♥ ✶✳✼✳

❆ Pr♦❝❡ss XZ ✐s s❛✐❞ t♦ ❜❡ ❧✐♥❡❛r ✐❢ ✐t ❝❛♥ ❜❡ ✇r✐tt❡♥ ✐♥ t❤❡ ❢♦r♠

Xt = µ+
+∞
∑

j=−∞

ajϵt−j ∀t ∈ T

✇❤❡r❡ µ, aj ❛r❡ r❡❛❧ ♣❛r❛♠❡t❡rs s✉❝❤ t❤❛t
+∞
∑

j=−∞

|aj| <∞ ❛♥❞ εT ✐s ❛ ✇❡❛❦ ✇❤✐t❡ ♥♦✐s❡✱

Pr♦♣♦s✐t✐♦♥ ✶✳✸✳

❆ ❧✐♥❡❛r ♣r♦❝❡ss ✐s str✐❝t❧② st❛t✐♦♥❛r②

Pr♦♦❢✳ ▲❡t (XZ) ❜❡ ❛ ❧✐♥❡❛r ♣r♦❝❡ss✳ ◆♦t✐❝❡ t❤❛t ✐t ✐s ❛ ③❡r♦ ♠❡❛♥ ♣r♦❝❡ss

E(Xt) = µ+
+∞
∑

j=−∞

ajE(εt−j) = µ

❛♥❞ t❤❛t

V ar(Xt) =
+∞
∑

j=−∞

a2jV ar(εt−j) = σ2
ε

+∞
∑

j=−∞

a2j <∞

✶✺



▲❡t ♥♦✇ ❝❛❧❝✉❧❛t❡ t❤❡ ❛✉t♦❝♦✈❛r✐❛♥❝❡ ❢✉♥❝t✐♦♥

Cov(Xt+h, Xt) = Cov(µ+
+∞
∑

j=−∞

ajϵt+h−j, µ+
+∞
∑

j=−∞

ajεt−j)

=
+∞
∑

j=−∞

+∞
∑

k=−∞

ajakE(εt+h−jεt−k)

❤♦✇❡✈❡r✱

E(Xt+h−j, Xt−k) =











σ2
ε ✐❢ t+ h− j = t− l

0 ✐❢ ♥♦t

❍❡♥❝❡ ✇❡ ✜♥❞ t❤❛t

Cov(Xt+h, Xt) = Cov(µ+
+∞
∑

j=−∞

ajεt+h−j, µ+
+∞
∑

j=−∞

ajεt−j)

=
+∞
∑

j=−∞

+∞
∑

k=−∞

ajakE(εt+h−jεt−k)

= σ2
ε

+∞
∑

j=−∞

ak+hak

= R(h)

❘❡♠❛r❦ ✶✳✺✳

R(0) = σ2
X = σ2

ε

+∞
∑

j=−∞

a2j ❛♥❞ ρ(h) =
R(h)

R(0)
=

+∞
∑

j=−∞

aj+haj

+∞
∑

j=−∞

a2j

❊①❛♠♣❧❡ ✶✳✹✳

▲❡t t❤❡ ♣r♦❝❡ss Xt = εt − θεt−1 ✇✐t❤ (εt)t∈(Z) ✐s ❛ ✇❤✐t❡ ♥♦✐s❡✳ ■t ✐s ❛ ❧✐♥❡❛r ♦♥❡✳ ■t ✐s ❡❛s② t♦

s❡❡ t❤❛t

aj =























0 ✐❢ j < 0 ❛♥❞ j ≤ 2

1 ✐❢ j = 0

−θ ✐❢ j = 1

,

R(0) = σ2
ε(1+ θ

2), R(1) = σ2
εθ✱ R(h) = 0 ❢♦r h > 1. ❛♥❞ t❤❡ ❛✉t♦❝♦rr❡❧❛t✐♦♥ ❢✉♥❝t✐♦♥ ✐s ❣✐✈❡♥

✶✻



❜②

ρ(h) =























1 ✐❢ h = 0

θ
1+θ2

✐❢ |h| = 1

0 ✐❢ |h| > 1

.

✶✳✺ ▼♦✈✐♥❣ ❆✈❡r❛❣❡ Pr♦❝❡ss❡s

❆ pt❤✲♦r❞❡r ♠♦✈✐♥❣ ❛✈❡r❛❣❡ ♣r♦❝❡ss✱ ♦r MA(p) ♣r♦❝❡ss✱ ✐s ❞❡✜♥❡❞ ❜② t❤❡ ❡q✉❛t✐♦♥

Xt = a1εt + a2εt−1 + · · ·+ at−qεt−p,

✇❤❡r❡ (εt)t∈Z ✐s ❛ ✇❤✐t❡✲♥♦✐s❡ ♣r♦❝❡ss✳ ❆ ♠♦✈✐♥❣✲❛✈❡r❛❣❡ ♣r♦❝❡ss ✐s ❝❧❡❛r❧② st❛t✐♦♥❛r② s✐♥❝❡

❛♥② t✇♦ ❡❧❡♠❡♥ts Xt ❛♥❞ Xs r❡♣r❡s❡♥t t❤❡ s❛♠❡ ❢✉♥❝t✐♦♥ ♦❢ ✐❞❡♥t✐❝❛❧❧② ❞✐str✐❜✉t❡❞ ✈❡❝t♦rs

(εt, εt−1, · · · , εt−p) ❛♥❞ (εs, εs−1, · · · , εs−p)✳ ❚❤❡ ❛✉t♦❝♦✈❛r✐❛♥❝❡ ❢✉♥❝t✐♦♥ ♦❢ ❛ MA(p) ♣r♦❝❡ss

s✉❝❤ t❤❛t

Xt = εt − a2εt−1 − · · · − at−qεt−p,

✐s ❣✐✈❡♥ ❜②

R(h) = σ2
ε(1 + a21 + a22 + · · ·+ a2p), |h| < p

❊①❛♠♣❧❡ ✶✳✺✳ ❚❤❡ ✜rst✲♦r❞❡r ♠♦✈✐♥❣✲❛✈❡r❛❣❡ ♣r♦❝❡ss Xt = εt + θεt−1 ❤❛s t❤❡ ❢♦❧❧♦✇✐♥❣ ❛✉t♦✲

❝♦✈❛r✐❛♥❝❡ ❢✉♥❝t✐♦♥✿

R(h) =























σ2
ε(1 + θ2) ✐❢ h = 0,

−σ2
εθ ✐❢ h = 1,

0 ✐❢ h > 1.

✶✼



❈❤❛♣t❡r ✷

❘❡❛❧ ❆✉t♦r❡❣r❡ss✐✈❡ Pr♦❝❡ss

✷✳✶ ❉❡✜♥✐t✐♦♥s

▲❡t XT = (Xt, t ∈ Z) t♦ ❜❡ ❛ s❡❝♦♥❞ ♦r❞❡r ❝❡♥tr❡❞ r❡❛❧ ♣r♦❝❡ss ❬E(X2
t < +∞, ∀t ∈ Z)❪✳ ▲❡t

r❡❝❛❧❧ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ ❛ ✇❤✐t❡ ♥♦✐s❡✳

❉❡✜♥✐t✐♦♥ ✷✳✶✳ ❲❡ s❛② t❤❛t ❛ ♣r♦❝❡ss (εt, t ∈ Z) ✐s ❛ ✇❡❛❦ ✇❤✐t❡ ♥♦✐s❡ ✐❢

✶➦✴ E(εt) = 0

✷➦✴ E(εtεs) = δstσ
2
ε ✇❤❡r❡ δst =











1 ✐❢ s = t

0 ✐❢ s ̸= t

❚❤❡ ♣r♦❝❡ss (εt, t ∈ Z) ✐s ❛ str♦♥❣ ✇❤✐t❡ ♥♦✐s❡ ✐❢ t❤❡ ✈❛r✐❛❜❧❡s (εt) ❛r❡ ✐✳✐✳❞ ✭✐♥❞❡♣❡♥❞❡♥t ✐❞❡♥✲

t✐❝❛❧❧② ❞✐str✐❜✉t❡❞✮

❉❡✜♥✐t✐♦♥ ✷✳✷✳ ❆ ♣r♦❝❡ss (Xt, t ∈ Z) ✐s ❝❛❧❧❡❞ t♦ ❜❡ ❛♥ ❛✉t♦r❡❣r❡ss✐✈❡ ♣r♦❝❡ss ♦❢ ♦r❞❡r p✱ ❛♥❞

t❤❡♥ ❞❡♥♦t❡s AR(p) ✐❢ t❤❡r❡ ❡①✐sts a1, · · · , ap ∈ R ✇✐t❤ ap ̸= 0 ❛♥❞ ❛ ✇❡❛❦ ✇❤✐t❡ ♥♦✐s❡ (εt, t ∈ Z)

s✉❝❤ t❤❛t

Xt = a1Xt−1 + · · ·+ apXt−p + εt, t ∈ Z

❚❤✐s r❡❧❛t✐♦♥ ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s✿

Λ(L)Xt = εt ✇❤❡r❡ Λ(L) = 1 + a1L+ · · ·+ apL
p.

✶✽



✷✳✷ ■♥✜♥✐t❡ ▼♦✈✐♥❣ ❆✈❡r❛❣❡ ❡①♣r❡ss✐♦♥

❚❤❡ ❞❡✜♥✐t✐♦♥ ❛❜♦✈❡ ♦❢ ❛✉t♦r❡❣r❡ss✐✈❡ ♣r♦❝❡ss ❞♦❡s ♥♦t ✐♠♣❧✐❡s ♥❡❝❡ss❛r✐❧② t❤❛t t❤✐s ❡q✉❛t✐♦♥

❤❛s ❛ ✉♥✐q✉❡ st❛t✐♦♥❛r② s♦❧✉t✐♦♥✳ ❈♦♥s❡q✉❡♥t❧②✱ s✉❝❤ ❛ ♣r♦❜❧❡♠ ♠✉st ❜❡ r❡❧❛t❡❞ t♦ t❤❡ q✉❡st✐♦♥

♦❢ t❤❡ ✐♥✈❡rt✐❜✐❧✐t② ♦❢ t❤❡ ♣♦❧②♥♦♠✐❛❧ Λ(L)✳

❼ ■❢ Λ(L) ❤❛s ✐ts r♦♦ts ♦❢ ♠♦❞✉❧❡ ❞✐✛❡r❡♥t t❤❛♥ ✶✱ ✇❡ ❝❛♥ ✐♥✈❡rs❡ Λ(L) ❛♥❞ t❤❡ ❡q✉❛t✐♦♥

♣♦ss❡ss❡s ❛ ✉♥✐q✉❡ s♦❧✉t✐♦♥ ❡①♣r❡ss❡❞ ❛s ❛♥ ✐♥✜♥✐t❡ ♠♦✈✐♥❣ ❛✈❡r❛❣❡✿

Xt = Λ(L)−1(εt) =
+∞
∑

j=−∞

bjεt−j, with
+∞
∑

j=−∞

|bj| < +∞

❍❡r❡ ✇❡ r❡❝♦❣♥✐s❡ t❤❛t t❤❡ ✈❛❧✉❡ ♦❢ Xt ❝❛♥ ❞❡♣❡♥❞s ♦♥ ♣❛st ♣r❡s❡♥t ❛♥❞ ❢✉t✉r❡ ✈❛❧✉❡s ♦❢

εt.

❼ ■♥ t❤❡ ❝❛s❡ ✇❤❡♥ t❤❡ r♦♦ts ♦❢ Λ(L) ❛r❡ ❣r❡❛t❡r t❤❛♥ ✶ ❛♥❞ t❤❡♥ Λ(L)−1 ❤❛✈❡ ♦♥❧② ♣♦s✐t✐✈❡

♣♦✇❡rs ♦❢ L✱ t❤❡ ✈❛❧✉❡ ♦❢ Xt ❞❡♣❡♥❞s ♦♥❧② ♦♥ ♣❛st ✈❛❧✉❡s ♦❢ εt.

Xt = Λ(L)−1(εt) =
+∞
∑

j=0

bjεt−j, with

+∞
∑

j=0

|bj| < +∞ ❛♥❞ b0 = 1

❲❡ s❡❡ t❤❛t Xt ❞♦❡s ♥♦t ❧✐♥❡❛r❧② ❞❡♣❡♥❞ ❜✉t ♦♥ εt−1, εt−2, · · · ❛♥❞ s✐♥❝❡ (εt, t ∈ Z) ✐s ❛ ✇❤✐t❡

♥♦✐s❡✱ Xt ✐s t❤❡♥ ♥♦♥ ❝♦rr❡❧❛t❡❞ t♦ εt✳

✷✳✸ ❙t❛t✐♦♥❛r✐t②

▲❡t ❞❡✜♥❡ t❤❡ ♣♦❧②♥♦♠✐❛❧ ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ ❛✉t♦r❡❣r❡ss✐✈❡ ♣r♦❝❡ss ♦❢ ♦r❞❡r p✱ Xt, t ∈ Z ❜②✿

π(z) = zk −
k

∑

i=0

aiz
ki

❚❤❡♦r❡♠ ✷✳✶✳ ❆ ♥❡❝❡ss❛r② ❛♥❞ s✉✣❝✐❡♥t ❝♦♥❞✐t✐♦♥ ❢♦r t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛ ✇❡❛❦❧② st❛t✐♦♥❛r②

❛✉t♦r❡❣r❡ss✐✈❡ ♣r♦❝❡ss ♦❢ ♦r❞❡r p❀ AR(p) ✐s t❤❛t t❤❡ r♦♦ts ♦❢ t❤❡ ♣♦❧②♥♦♠✐❛❧ ❛ss♦❝✐❛t❡❞ ♠✉st ❜❡

♦❢ ♠♦❞✉❧❡ ❧❡ss t❤❛♥ ♦♥❡✳

✶✾



Pr♦♦❢✳ ❋✐rst✱ ❧❡t✬s ♣r♦✈❡ t❤❡ t❤❡♦r❡♠ ❢♦r ❛♥ AR(1)

Xt = aXt−1 + εt.

❙✉♣♣♦s❡ t❤❛t |a| < 1✱ ✇❡ ❤❛✈❡

Xt = εt + aXt−1

= εt + a(εt−1 + aXt−2)

= εt + aεt−1 + a2Xt−2

= · · ·

= εt + aεt−1 + a2εt−2 + · · ·+ asεt−s + as+1Xt−(s+1).

❚❤❛t ✐s t♦ s❛② t❤❛t

Xt = as+1Xt−(s+1) +
s

∑

i=0

aiεt−i.

❍❡♥❝❡

E(Xt −
s

∑

i=0

aiεt−i)
2 = a2(s+1)E(X2

t−(s+1)) −−−−→
s→+∞

0.

❙♦

Xt =
∞
∑

i=0

aiεt−i

❛♥❞ t❤❡♥

E(Xt) =
∞
∑

i=0

aiE(εt−i) = 0.

■♥ ❛❞❞✐t✐♦♥

E(XtXt+h) =
∞
∑

i=0

∞
∑

j=0

aiajE(εt−iεt+h−j)

= σ2
ε

∞
∑

i=0

∞
∑

j=0

aiaj ❞♦❡s ♥♦t ❞❡♣❡♥❞ ♦♥ t

✇❤✐❝❤ ♣r♦✈❡ t❤❡ ✇❡❛❦❧② st❛t✐♦♥❛r✐t② ♦❢ (Xt).

✷✵



◆♦✇ s✉♣♣♦s❡ t❤❛t Xt = aXt−1 + εt ✐s ✇❡❛❦❧② st❛t✐♦♥❛r②✳ ❆t t❤❡ ♦r❞❡r h− 1✱ ✇❡ ❤❛✈❡

Xt =
h−1
∑

i=0

aiεt−i + ahXt−h.

❆♥❞

R(h) = E(XtXt+h) =
h−1
∑

i=0

aiE(εt−iXt−h) + ahE(X2
t−h).

❙♦

R(h) = ahR(0), ❛♥❞ ρ(h) = ah,

✇❤✐❝❤ ♠❡❛♥s t❤❛t |a| ≤ 1✳ ❍♦✇❡✈❡r✱ |a| ≠ 1✳ ■♥❞❡❡❞✱ ■❢ ✇❡ s✉♣♣♦s❡ t❤❡ ❝♦♥tr❛r②✱ ❢♦r ✐♥st❛♥❝❡

a = 1✱ ✇❡ ❣❡t

E(XtXt+h)
2 = E(

h−1
∑

i=0

εt−i)
2

=
h−1
∑

i=0

h−1
∑

j=0

E(εt−iεt−j)

=
h−1
∑

i=0

E(εt−i)
2

= hσ2
ε .

❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ✇❡ ❤❛✈❡

E(Xt −Xt+h)
2 = E(X2

t ) + E(X2
t+h)− 2E(XtXt+h)

= 2R2(0)− 2R(h)

=
h−1
∑

i=0

E(εt−i)
2

= hσ2
ε .

❚❤✐s ❣✐✈❡s

R(h) = R(0)− σ2
ε

2
h −−−−→

h→+∞
−∞

✇❤✐❝❤ ✐s ❛❜s✉r❞ s✐♥❝❡ ✐t ❧❡❞ t♦ |R(h)| ≤ R(0) ✇✐t❤ σ2
ε ≥ 0.

❙❡❝♦♥❞❧②✱ ▲❡t s❤♦✇ t❤❡ r❡s✉❧t ❢♦r ❛♥ ❛✉t♦r❡❣r❡ss✐✈❡ ♣r♦❝❡ss ♦❢ ♦r❞❡r t✇♦ AR(2)✳ ▲❡t (Xt, t ∈ Z)

s✉❝❤ t❤❛t Xt = a1Xt−1 + a2Xt−2 + εt, ∈ Z, a2 ̸= 0✳ ■t ❛ss♦❝✐❛t❡❞ ♣♦❧②♥♦♠✐❛❧ ✐s ❣✐✈❡♥ ❜②

✷✶



π(z) = z2 − a1z − a2✳

❲❡ s❡t

Yt =







Xt

Xt−1






, Yt−1 =







Xt−1

Xt−2






❛♥❞ et =







εt

0






.

❲❡ ❣❡t

Yt =







a1 a2

1 0






Yt−1 +







εt

0






,

♦r Yt = AYt−1 + et ✇❤✐❝❤ ✐s ❝❛❧❧❡❞ t❤❡ ♠❛r❦♦✈✐❛♥ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ (Xt, t ∈ Z)✳ ❲❡ ♦❜t❛✐♥ t❤❡♥

❛♥ ❛✉t♦r❡❣r❡ss✐✈❡ ♣r♦❝❡ss ♦❢ ♦r❞❡r ♦♥❡ ✐♥ R
2✱

◆♦✇✱ ✐❢ ✇❡ s✉♣♣♦s❡ t❤❛t (Xt, t ∈ Z) ✐s ✇❡❛❦❧② st❛t✐♦♥❛r②✳ ❲❡ ❤❛✈❡

YtY
′
t = (AYt−1 + et)(AYt−1 + et)

′

= (AYt−1 + et)(Y
′
t−1A

′ + e′t).

❍❡♥❝❡

ΓY = AΓYA
′ + Γe

✇❤❡r❡ ΓY ❛♥❞ Γe ❛r❡ ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐①❡s✳ ❲❡ st❛t❡ t❤❛t t❤❡ r♦♦ts ♦❢ π(z) ❛r❡ t❤❡ ❡✐❣❡♥✈❛❧✉❡s

♦❢ t❤❡ ♠❛tr✐① A✳

❙♦✱ ❧❡t v t♦ ❜❡ t❤❡ ❡✐❣❡♥✈❡❝t♦r ♦❢ A′ ❛ss♦❝✐❛t❡❞ t♦ t❤❡ ❡✐❣❡♥✈❛❧✉❡ λ✳ ❲❡ ❣❡t

A′v = λv ⇔ v′A = λv′.

❚❤❡♥✱ ✇❡ ❝❛♥ ✇r✐t❡

v′Γev = v′ΓY v − v′AΓYAv

= v′ΓY v − λ2v′ΓY v

= (1− λ2)v′ΓY v.

◆♦t✐❝❡ t❤❛t v′Γev > 0✳ ■♥❞❡❡❞✱

ete
′
t =







εt

0







(

εt 0

)

=







ε2t 0

0 0






.

✷✷



❙♦

E(ete
′
t) =







σ2
t 0

0 0






.

❆♥❞ t❤❡♥

v′Γev =

(

v1 v2

)







σ2
t 0

0 0













v1

v2






=







σ2
εv1

0













v1

v2






= σ2

εv
2
1 > 0.

❈♦♥s❡q✉❡♥t❧②✱ 1− λ2 > 0 ⇒ |λ|2 < 1 ⇒ |λ| < 1.

❙✉♣♣♦s❡✱ ♥♦✇ t❤❛t t❤❡ ❡✐❣❡♥✈❛❧✉❡s ♦❢ A ❛r❡ ♦❢ ♠♦❞✉❧❡ ❧❡ss t❤❛♥ ♦♥❡✳ ❲❡ ❤❛✈❡

Yt = AYt−1 + et

= A(AYt−2 + et−1) + et

= A2Yt−2 + Aet−1 + et

= A2(AYt−3 + et−2) + Aet−1 + et

= A3Yt−3 + A2et−2) + Aet−1 + et

= ...

= As+1Yt−(s+1) + Aset−s) + · · ·+ Aet−1 + et

= As+1Yt−(s+1) +
s

∑

j=0

Ajet−j.

❚❤❡♥✱ ✇❡ ❣❡t

E[(Yt −
s

∑

j=0

AjYt−j)(Yt −
s

∑

j=0

AjYt−j)
′] = E(As+1Yt−(s+1)Y

′
t−(s+1)[A

s+1]′)

= As+1E(Yt−(s+1)Y
′
t−(s+1))[A

s+1]′

= As+1ΓY [A
s+1]′.

❙✐♥❝❡ |λ| < 1✱ ✇❡ ❣❡t As+1ΓY [A
s+1]′ −−−−→

s→+∞
0✳ ❆♥❞ ✇❡ ♦❜t❛✐♥ t❤❡♥

Yt =
∞
∑

j=0

Ajεt−j, t ∈ Z.

✷✸



❍❡♥❝❡

Xt =
∞
∑

j=0

bjεt−j, t ∈ Z

✇✐t❤

E(Xt) =
∞
∑

j=0

bjE(εt−j) = 0, t ∈ Z

❛♥❞

E(XtXt+h) =
∑

i=0

∞
∑

j=0

bibj+hE(εt−iεt+h−j) =
∞
∑

j=0

bjbj+hσ
2
ε ❞♦❡s ♥♦t ❞❡♣❡♥❞ ♦♥ t.

❲❤✐❝❤ ♣r♦✈❡s t❤❡ ✇❡❛❦ st❛t✐♦♥❛r✐t② ♦❢ (Xt, t ∈ Z). ❋✐♥❛❧❧② ❛♥❞ ❢♦r ❛ ❣❡♥❡r❛❧ ❛✉t♦r❡❣r❡ss✐✈❡

♣r♦❝❡ss ♦❢ ♦r❞❡r p✱ ✇❡ ✉s❡ t❤❡ s❛♠❡ t❡❝❤♥✐q✉❡s ❛s ✐♥ t❤❡ ♦r❞❡r t✇♦ ❝❛s❡✳

✷✳✹ ❨✉❧❡✲❲❛❧❦❡r ❊q✉❛t✐♦♥s

▲❡t (Xt, t ∈ Z) ❜❡ ❛ r❡❛❧ ✇❡❛❦❧② st❛t✐♦♥❛r② ❛✉t♦r❡❣r❡ss✐✈❡ ♣r♦❝❡ss ♦❢ ♦r❞❡r p✱ AR(p) ❛♥❞ ❧❡t R

❛♥❞ ρ ❜❡ ✐ts ❛✉t♦❝♦✈❛r✐❛♥❝❡ ❛♥❞ ❛✉t♦❝♦rr❡❧❛t✐♦♥ ❢✉♥❝t✐♦♥s✳

■♥ t❤❡ ♣r♦♦❢ ❛❜♦✈❡✱ ✇❡ ❤❛✈❡ s❡❡♥ t❤❛t Xt ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s

Xt = εt +

p
∑

j=1

cjεt−j, t ∈ Z

✇❤✐❝❤ ❧❡❛❞s t♦

E(Xtεt) = E(ε2t ) +

p
∑

j=1

cjE(εtεt−j) = σ2
ε

s✐♥❝❡

E(ε2t ) = σ2
ε ❛♥❞ E(εtεt−j) = 0.

❍❡♥❝❡

E(XtXt) =

p
∑

j=1

cjE(XtXt−j) + E(Xtεt).

❚❤❛t ✐s t♦ s❛②

R(0) =

p
∑

j=1

cjR(j) + σ2
ε ✭✷✳✶✮

✷✹



❲❡ ❤❛✈❡ ❛❧s♦

E(Xt+hXt) =

p
∑

j=1

cjE(Xt+hXt−j) + E(Xt+hεt).

❚❤❛t ✐s t♦ s❛②

R(h) =

p
∑

j=1

cjR(h− j). ✭✷✳✷✮

❚❤❡ ❡q✉❛t✐♦♥s ✭✷✳✶✮ ❛♥❞ ✭✷✳✷✮ ❛r❡ ❦♥♦✇♥ ❛s ❨✉❧❡✲❲❛❧❦❡r ❡q✉❛t✐♦♥s✳

❚❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t ✐s ❞❡r✐✈❡❞ ❞✐r❡❝t❧②

Pr♦♣♦s✐t✐♦♥ ✷✳✶✳ ❚❤❡ ❛✉t♦❝♦rr❡❧❛t✐♦♥ ♦❢ ❛♥ AR(p) ✐s ❣✐✈❡♥ ❜②

ρ(h) =

p
∑

j=1

cjρ(h− j).

✷✳✺ ❊st✐♠❛t✐♦♥ ♦❢ ❛♥ ❆❘✭♣✮ P❛r❛♠❡t❡rs

▲❡t Xt = a1Xt−1+ · · ·+apXt−p+εt ❜❡ ❛ r❡❛❧ ❛✉t♦r❡❣r❡ss✐✈❡ ♣r♦❝❡ss ♦❢ ❛ ❦♥♦✇♥ ♦r❞❡r p✱ AR(p)✱

✇❤❡r❡ t❤❡ ❝♦❡✣❝✐❡♥ts a1, · · · , ap ❛♥❞ σε ❛r❡ ✉♥❦♥♦✇♥✳

✷✳✺✳✶ ▲❡❛st ❙q✉❛r❡s ▼❡t❤♦❞

❙✐♥❝❡ t❤❡ ❡❧❡♠❡♥ts εt ♦❢ t❤❡ ✇❤✐t❡ ♥♦✐s❡ ❛r❡ ♥♦t ❝♦rr❡❧❛t❡❞ t♦ t❤❡ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s (Xt−j)j=1,··· ,p✱

t❤❡ ♦r❞✐♥❛r② ❧❡❛st✲sq✉❛r❡ ♠❡t❤♦❞ ❝❛♥ ❜❡ ❛♣♣❧✐❡❞ t♦ ❡st✐♠❛t❡ t❤❡ ❝♦❡✣❝✐❡♥ts a1, · · · , ap✳

▲❡t X1, X2, · · · , XN ❜❡ N ♦❜s❡r✈❛t✐♦♥s ♦❢ t❤❡ ♣r♦❝❡ss (Xt) ✇✐t❤ N > 2p✳

❲❡ s✉♣♣♦s❡ t❤❛t X0 = X−1 = · · · = X−(p−1) = 0✳

▲❡❛st sq✉❛r❡ ❡st✐♠❛t♦rs ❛r❡ ♦❜t❛✐♥❡❞ ❜② t❤❡ r❡❣r❡ss✐♦♥ ♦❢ Xt ♦♥ ✐ts ♣❛st Xt−1, · · · , Xt−p❀ t❤❛t

✐s t♦ s❛②

E(Xt/Xt−1, · · · , Xt−p) =

p
∑

i=1

aiXt−i

❙♦ ✐♥ ♦r❞❡r t♦ ✜♥❞ t❤❡ ❧❡❛st sq✉❛r❡ ❡st✐♠❛t♦r✱ ♦♥❡ ♠✉st ♠✐♥✐♠✐s❡ t❤❡ q✉❛♥t✐t②

Q(a1, · · · , ap) =
N
∑

i=1

[X
(i)
t − (a1X

(i)
t−1 + · · ·+ apX

(i)
t−p)]

2.

✷✺



❲❡ ✇r✐t❡

γ

γaj
Q(a1, · · · , ap) =

N
∑

i=1

−2[X
(i)
t−j(X

(i)
t − a1X

(i)
t−1 − · · · − apX

(i)
t−p) = 0, j = 1, · · · , p.

❚❤✉s✱ ✇❡ ♦❜t❛✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ s②st❡♠

N
∑

i=1

(a1X
(i)
t−1X

(i)
t−j + · · ·+ apX

(i)
t−pX

(i)
t−j) =

N
∑

i=1

X
(i)
t X

(i)
t−j, j = 1, · · · , p

✇❤♦s❡ ♠❛tr✐① ❢♦r♠ ✐s ❣✐✈❡♥ ❜②



















∑N
i=1X

(i)
t−1X

(i)
t−1

∑N
i=1X

(i)
t−2X

(i)
t−1 · · · ∑N

i=1X
(i)
t−pX

(i)
t−1

∑N
i=1X

(i)
t−1X

(i)
t−2

∑N
i=1X

(i)
t−2X

(i)
t−2 · · · ∑N

i=1X
(i)
t−pX

(i)
t−2

✳✳✳
✳✳✳

✳ ✳ ✳
✳✳✳

∑N
i=1X

(i)
t−1X

(i)
t−p

∑N
i=1X

(i)
t−2X

(i)
t−p · · · ∑N

i=1X
(i)
t−pX

(i)
t−p





































â1

â2
✳✳✳

âp



















=



















∑N
i=1X

(i)
t X

(i)
t−1

∑N
i=1X

(i)
t X

(i)
t−2

✳✳✳
∑N

i=1X
(i)
t X

(i)
t−p



















❛♥❞ ❤❡r❡ ✇❡ r❡❝♦❣♥✐s❡ t❤❡ ❨✉❧❡✲❲❛❧❦❡r ❡q✉❛t✐♦♥s

(R̂(i, j))



















â1

â2
✳✳✳

âp



















= (R̂(0, j));

✐t s✉✣❝✐❡♥t t♦ s❡❡ t❤❛t s✐♥❝❡ ❘✭❤✮ ✭r❡s♣❡❝t✐✈❡❧② ❘✭✵✮✮ ✐s ♥♦t ❜✉t t❤❡ ❡①♣❡❝t❡❞ ✈❛❧✉❡ ♦❢ XtXt+h

✭r❡s♣❡❝t✐✈❡❧② ♦❢ XtXt✮ ✐ts ❡st✐♠❛t♦r ♠✉st ❜❡

1

N

N
∑

t=1

Xt−iXt−j =: R̂(i, j) ❛♥❞
1

N

N
∑

t=1

XtXt−j =: R̂(0, j) ✭r❡s♣❡❝t✐✈❡❧②✮

◆♦✇ s✐♥❝❡ E(εt) = 0✱ ✇❡ ❤❛✈❡ σ2
ε = E(ε2t ) ❛♥❞ t❤❡♥

σ2
ε = E[(Xt − a1Xt−1 − · · · − apXt−p)

2].

❈♦♥s❡q✉❡♥t❧②

σ̂2
ε =

1

N

N
∑

i=1

(X
(i)
t − â1X

(i)
t−1 − · · · − âpX

(i)
t−p)

2

✷✻



✷✳✺✳✷ ▼❛①✐♠✉♠ ▲✐❦❡❧✐❤♦♦❞ ▼❡t❤♦❞

❙✉♣♣♦s❡ t❤❛t εt, t ∈ Z ❛r❡ ❝❡♥t❡r❡❞ ❣❛✉ss✐❛♥ ✐✳✐✳❞✳ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s ✇✐t❤ ✈❛r✐❛♥❝❡ σ2
ε ❛♥❞ ❧❡t

X1, X2, · · · , XN ❜❡ N ♦❜s❡r✈❛t✐♦♥s ♦❢ t❤❡ ♣r♦❝❡ss (Xt) ✇❤❡r❡ N > 2p✳

❲❡ s✉♣♣♦s❡ t❤❛t X0 = X−1 = · · · = X−(p−1) = 0✳

Pr❡st❧② ✭✶✾✽✶✱ ♣✳ ✸✼✹✮ s❤♦✇s t❤❛t ❢♦r N > 2p✱ t❤❡ ❧✐❦❡❧✐❤♦♦❞ ❢✉♥❝t✐♦♥ ❝❛♥ ❜❡ ❛♣♣r♦❝❤❡❞ ❜② ❬✶✶❪

L(a1, a2, · · · , ap) = −(N − p) log(σ2
ε

√
2π)− 1

√

2σ2
ε

N
∑

i=1

(Xt − a1Xt−1 − · · · − apXt−p)
2.

❲❡ r❡❝♦❣♥✐s❡ t❤❛t t♦ ♠❛①✐♠✐s❡ L(a1, a2, · · · , ap) ✐s ❡q✉✐✈❛❧❡♥t t♦ ♠✐♥✐♠✐s❡ Q(a1, · · · , ap)✳ ❙♦

t❤❡ ♠❛①✐♠✉♠ ❧✐❦❡❧✐❤♦♦❞ ❡st✐♠❛t♦r ✐s ✐❞❡♥t✐❝❛❧ t♦ t❤❡ ❧❡❛st sq✉❛r❡ ❡st✐♠❛t♦r✳

✷✳✻ ❙✐♠✉❧❛t✐♦♥ ❛♥❞ ❆♣♣❧✐❝❛t✐♦♥

✷✳✻✳✶ ❆ ❙tr♦♥❣ ❲❤✐t❡ ◆♦✐s❡ ❙✐♠✉❧❛t✐♦♥

❆s ✐t ✇❛s ❞❡✜♥❡❞ ❛❜♦✈❡ ❛ str♦♥❣ ✇❤✐t❡ ♥♦✐s❡ ♣r♦❝❡ss ✐s ❛ s❡q✉❡♥❝❡ ♦❢ ❝❡♥t❡r❡❞ ✐♥❞❡♣❡♥❞❡♥t

♥♦r♠❛❧ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s✳ ❍❡♥❝❡✱ ❦♥♦✇✐♥❣ t❤❛t ❛ r❛♥❞♦♠ ✈❡❝t♦r ✐s ♥♦r♠❛❧❧② ❞✐str✐❜✉t❡❞ ✐❢ ❛♥❞

♦♥❧② ✐❢ ✐ts ❝♦♠♣♦♥❡♥ts ❛r❡ ♥♦r♠❛❧ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s ❛♥❞ ✐♥ ♦r❞❡r t♦ s✐♠✉❧❛t❡ t❤✐s ❦✐♥❞ ♦❢ ♣r♦❝❡ss✱

✐t ✐s s✉✣❝✐❡♥t t♦ ❝r❡❛t❡ ❛ ✈❡❝t♦r ✇❤♦s❡ ❝♦♠♣♦♥❡♥ts ❛r❡ ✈❛❧✉❡s ❞❡r✐✈❡❞ ❢r♦♠ ♦❜s❡r✈❛t✐♦♥s ♦❢ ❛

♥♦r♠❛❧ r❛♥❞♦♠ ✈❛r✐❛❜❧❡✳

❚❤❡ ❢✉♥❝t✐♦♥ ✐♥ ❙♦❢t✇❛r❡ ❘ t❤❛t ♣❡r♠✐t t♦ s✐♠✉❧❛t❡ ❛ ♥♦r♠❛❧ r❛♥❞♦♠ ✈❛r✐❛❜❧❡ ◆ ✐s

rnorm(n,mean, sd)

✇❤❡r❡ n ❞❡s✐❣♥s t❤❡ ♥✉♠❜❡r ♦❢ ♦❜s❡r✈❛t✐♦♥s✱ mean ✐s t❤❡ ♠❡❛♥ ♦❢ ◆ ❛♥❞ sd ✐s ✐ts st❛♥❞❛r❞

❞❡✈✐❛t✐♦♥✳

■♥ t❤❡ ✜❣✉r❡ ❜❡❧♦✇✱ ✇❡ ❤❛✈❡ s✐♠✉❧❛t❡❞ ❛ r❡❛❧ ✇❤✐t❡ ♥♦✐s❡ ✇✐t❤ σ2 = 0.01

✷✼



❋✐❣✉r❡ ✷✳✶

✷✳✻✳✷ ❆♥ ❖r❞❡r ❖♥❡ ❆✉t♦r❡❣r❡ss✐✈❡ Pr♦❝❡ss ❙✐♠✉❧❛t✐♦♥

■♥ ♦r❞❡r t♦ s✐♠✉❧❛t❡ ❛♥ ❛✉t♦r❡❣r❡ss✐✈❡ ♣r♦❝❡ss ♦❢ ♦r❞❡r ♦♥❡✱ ✇❡ ❤❛✈❡ ❝r❡❛t❡❞ ❛ ❢✉♥❝t✐♦♥ ♦♥

s♦❢t✇❛r❡ ❘ ❝❛❧❧❡❞ AR1(N, a, sigma2) ✇❤♦s❡ ❛r❣✉♠❡♥ts ❛r❡ r❡s♣❡❝t✐✈❡❧② t❤❡ ♥✉♠❜❡r ♦❢ ♦❜s❡r✲

✈❛t✐♦♥s✱ t❤❡ ❝♦❡✣❝✐❡♥t ♦❢ ❛✉t♦❝♦rr❡❧❛t✐♦♥ ❛♥❞ t❤❡ ✈❛r✐❛♥❝❡ ♦❢ t❤❡ ✇❤✐t❡ ♥♦✐s❡✳ ❚❤❡ ❢✉♥❝t✐♦♥ ✐s

✇r✐t✐♥❣ ❛s ❢♦❧❧♦✇s✿

❆❘✶❁✲❢✉♥❝t✐♦♥✭ ◆✱ ❛✱s✐❣♠❛✷✮

④

❊ ❂ r♥♦r♠✭◆✰✷✱✵✱sqrt✭s✐❣♠❛✷✮✮

❳ ❂ ♥✉♠❡r✐❝✭◆✮

❳❬✶❪ ❂ ❊❬✶❪

❢♦r ✭✐ ✐♥ ✷✿◆✮ ❳❬✐❪ ❂ ❊❬✐❪ ✰ ❛✯❳❬✐✲✶❪

♣❧♦t✭❳❬ ✶✿◆ ❪✱ t②♣❡❂✧❧✧✱ ♠❛✐♥❂✧❊①❛♠♣❧❡ ♦❢ ❛ ❖♥❡ ❖r❞❡r ❆✉t♦r❡❣r❡ss✐✈❡✧✱②❧❛❜❂✧✧✮

⑥

❇❡❧♦✇ ✐s ♣❧♦tt❡❞ ❛ ♦♥❡ ♦r❞❡r ❛✉t♦r❡❣r❡ss✐✈❡ ♣r♦❝❡ss ✇✐t❤ ❛♥ ❛✉t♦❝♦rr❡❧❛t✐♦♥ ❝♦❡✣❝✐❡♥t ♦❢ ✵✳✶✷

❛♥❞ σ2
ε = 0.1. ❚❤❡ ♥✉♠❜❡r ♦❢ ♦❜s❡r✈❛t✐♦♥s ❜❡✐♥❣ ✷✵✵ ✭s❡❡ ✜❣✉r❡ ✷✳✷✮✳

✷✽



❋✐❣✉r❡ ✷✳✷

✷✳✻✳✸ ❆♥ ❖r❞❡r ❚✇♦ ❆✉t♦r❡❣r❡ss✐✈❡ Pr♦❝❡ss ❙✐♠✉❧❛t✐♦♥

■♥ t❤❡ s❛♠❡ ✇❛② ♦❢ ❝r❡❛t✐♥❣ t❤❡ ❢✉♥❝t✐♦♥ t❤❛t s✐♠✉❧❛t❡ ❛ ♦♥❡ ♦r❞❡r ❛✉t♦r❡❣r❡ss✐✈❡ ♣r♦❝❡ss✱ ✇❡

❣✐✈❡ ❜❡❧♦✇ ❛ ❢✉♥❝t✐♦♥ ✇❤✐❝❤ s✐♠✉❧❛t❡ ❛ t✇♦ ♦r❞❡r ❛✉t♦r❡❣r❡ss✐✈❡ ♣r♦❝❡ss✳ ❚❤❡ ❢✉♥❝t✐♦♥ ✇❛s

♥❛♠❡❞ ❆❘✷✭◆✱❛✶✱❛✷✱s✐❣♠❛✷✮ ✇❤♦s❡ ❛r❣✉♠❡♥ts ❛r❡ r❡s♣❡❝t✐✈❡❧② t❤❡ ♥✉♠❜❡r ♦❢ ♦❜s❡r✈❛t✐♦♥s✱

t❤❡ t✇♦ ❝♦❡✣❝✐❡♥ts ♦❢ ❛✉t♦❝♦rr❡❧❛t✐♦♥ ❛♥❞ t❤❡ ✈❛r✐❛♥❝❡ ♦❢ t❤❡ ✇❤✐t❡ ♥♦✐s❡✳ ❚❤❡ ❢✉♥❝t✐♦♥ ✐s

✇r✐t✐♥❣ ❛s ❢♦❧❧♦✇s✿

❆❘✷❁✲❢✉♥❝t✐♦♥✭◆❂✶✵✵✱ ❛✶❂✵✳✶✽✽✷✽✱❛✷❂✵✳✵✺✽✻✶✱s✐❣♠❛✷❂✶✮

④

❊ ❂ r♥♦r♠✭◆✰✷✒sqrt✭s✐❣♠❛✷✮✮

❳ ❂ ♥✉♠❡r✐❝✭◆✮

❳❬✶❪ ❂ ❊❬✸❪ ✰ ❛✶✯❊❬✷❪ ✰ ❛✷✯❊❬✶❪

❳❬✷❪ ❂ ❊❬✹❪ ✰ ❛✶✯❳❬✶❪ ✰ ❛✷✯❊❬✷❪

❢♦r ✭✐ ✐♥ ✸✿◆✮ ❳❬✐❪ ❂ ❊❬✐❪ ✰ ❛✶✯❳❬✐✲✶❪✰ ❛✷✯❳❬✐✲✷❪

♣❧♦t✭❳❬ ✶✿◆ ❪✱ t②♣❡❂✧❧✧✱ ♠❛✐♥❂✧❊①❛♠♣❧❡ ♦❢ ❛ ❚✇♦ ❖r❞❡r ❆✉t♦r❡❣r❡ss✐✈❡✧✱①❧❛❜❂✧✧✱②❧❛❜❂✧✧✮

⑥

❇❡❧♦✇ ✐s ♣❧♦tt❡❞ ❛♥ ❛✉t♦r❡❣r❡ss✐✈❡ ♣r♦❝❡ss ♦❢ ♦r❞❡r t✇♦ ✇✐t❤ ❛✉t♦❝♦rr❡❧❛t✐♦♥ ❝♦❡✣❝✐❡♥ts ❛✶❂✵✳✶✷

❛♥❞ ❛✷❂✵✳✶✽ ❛♥❞ σ2
ε = 1. ❚❤❡ ♥✉♠❜❡r ♦❢ ♦❜s❡r✈❛t✐♦♥s ❜❡✐♥❣ ✷✵✵ ✭s❡❡ ✜❣✉r❡ ✷✳✸✮✳

✷✾



❋✐❣✉r❡ ✷✳✸

✷✳✻✳✹ ❆♥ ❯♣♣❡r ❖r❞❡r ❆✉t♦r❡❣r❡ss✐✈❡ Pr♦❝❡ss ❙✐♠✉❧❛t✐♦♥

❙✉♣♣♦s❡ t❤❛t ✇❡ ✇❛♥t t♦ s✐♠✉❧❛t❡ N ♦❜s❡r✈❛t✐♦♥s ♦❢ ❛ r❡❛❧ ❛✉t♦r❡❣r❡ss✐✈❡ ♣r♦❝❡ss ♦❢ ♦r❞❡r p✳ N

♠✉st ❜❡ ❛t ❧❡❛st ❡q✉❛❧ t♦ 2p✳ ■♥❞❡❡❞✱ t❤❡ p ✜rst ♦❜s❡r✈❛t✐♦♥s ✇✐❧❧ ❜❡ ❧✐♥❡❛r❧② ❝♦♠❜✐♥❡❞ ✉s✐♥❣ t❤❡

p t♦ ❝r❡❛t❡ t❤❡ p+1t❤ ♦❜s❡r✈❛t✐♦♥ Xp+1✳ ❈♦❡✣❝✐❡♥t ❛r❡ ❝❤♦s❡♥ ❢r♦♠ p r❡❛❧✐s❛t✐♦♥s ♦❢ ❛ ✉♥✐❢♦r♠

r❛♥❞♦♠ ✈❛r✐❛❜❧❡ ♦♥ t❤❡ ✐♥t❡r✈❛❧ [−1, 1] t♦ ❛ss✉r❡ t❤❡ st❛t✐♦♥❛r✐t② ♦❢ t❤❡ ♣r♦❝❡ss✳ ❛♥❞ t❤❡♥ ✐t

Xp+1✱ ✉s✐♥❣ t❤❡ s❛♠❡ ❝♦❡✣❝✐❡♥ts ✇✐❧❧ ❜❡ ❧✐♥❡❛r❧② ❝♦♠❜✐♥❡❞ ✇✐❧❧ ✇✐t❤ ✐ts p − 1 ❛♥t❡❝❡❞❡♥ts t♦

❝r❡❛t❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ♦❜s❡r✈❛t✐♦♥✳ ❆♥❞ s♦ ♦♥✱ ✇❡ r❡♣❡❛t t❤❡ s❛♠❡ ❛❧❣♦r✐t❤♠ ✉♥t✐❧ t❤❡ N ♦❜s❡r✲

✈❛t✐♦♥✳ ◆♦t✐❝❡ t❤❛t t❤❡ p ✜rst ♦❜s❡r✈❛t✐♦♥s ❛r❡ s✐♠✉❧❛t❡❞ ✉s✐♥❣ t❤❡ tr✉♥❝❛t❡❞ ♠♦✈✐♥❣ ❛✈❡r❛❣❡

❡①♣r❡ss✐♦♥✳ ❲❡ ❤❛✈❡ ✇r✐tt❡♥ ❛ ❢✉♥❝t✐♦♥ t❤❛t ✐❧❧✉str❛t❡ t❤✐s ❛❧❣♦r✐t❤♠ ✐♥ t❤❡ s♦❢t✇❛r❡ ❘ ❛s ❢♦❧✲

❧♦✇s✿

❆❘♣❁✲❢✉♥❝t✐♦♥✭ ◆❂✶✵✵✱ ♣❂✸✱❛❂❝✭✵✳✶✷✱✲✵✳✶✶✱✵✳✶✽✮✱s✐❣♠❛✷❂✶✮

④

❊ ❂ r♥♦r♠✭◆✰✷✒sqrt✭s✐❣♠❛✷✮✮

❛❂r✉♥✐❢✭♣✱✲✶✱✶✮

♠❛❁✲♠❛tr✐①✭✵✱♣✱♣✮

♠❛❬✱✶❪❁✲❛❬✶❪✯❊❬✶✿♣❪

❢♦r ✭❥ ✐♥ ✷✿♣✮

♠❛❬✱❥❪❁✲❛❬❥❪✯❝✭r❡♣✭✵✱❥✲✶✮✱❊❬✶✿✭♣✲❥✰✶✮❪✮

❳ ❁✲♠❛tr✐①✭✵✱◆✮

✸✵



❢♦r ✭✐ ✐♥ ✶✿♣✮

❳❬✐❪❁✲s✉♠✭♠❛❬✐✱❪✮

❢♦r ✭✐ ✐♥ ✭♣✰✶✮✿◆✮

❳❬✐❪ ❂s✉♠✭❛❬✶✿♣❪✯❳❬✭✐✲♣✮✿✭✐✲✶✮❪✮ ✰❊❬✐❪

♣❧♦t✭❳❬ ✶✿◆ ❪✱♠❛✐♥❂✧❊①❛♠♣❧❡ ♦❢ ❛♥ ❆✉t♦r❡❣r❡ss✐✈❡ ♦❢ ❖r❞❡r ♣✧✱ t②♣❡❂✧❧✧✱ ①❧❛❜❂✧✧✱②❧❛❜❂✧✧✮

r❡t✉r♥✭❳✮

⑥

❇❡❧♦✇ ✐s ♣❧♦tt❡❞ ❛♥ ❛✉t♦r❡❣r❡ss✐✈❡ ♣r♦❝❡ss ♦❢ ♦r❞❡r ✸ ✇✐t❤ ❛✉t♦❝♦rr❡❧❛t✐♦♥ ❝♦❡✣❝✐❡♥ts ❛✶❂✵✳✶✷✱

❛✷❂✲✵✳✶✶ ❛♥❞ ❛✸❂✵✳✶✽ ❛♥❞ σ2
ε = 1. ❚❤❡ ♥✉♠❜❡r ♦❢ ♦❜s❡r✈❛t✐♦♥s ❜❡✐♥❣ ✷✵✵ ✭s❡❡ ✜❣✉r❡ ✷✳✹✮✳

❋✐❣✉r❡ ✷✳✹

✷✳✼ Pr❡❞✐❝t✐♦♥ ✐♥ ❛♥ AR(p) ▼♦❞❡❧

❆♥ ❛✉t♦r❡❣r❡ss✐✈❡ ♣r♦❝❡ss ❡✈♦❧✈❡s ❛s ❛ ❧✐♥❡❛r r❡❣r❡ss✐♦♥ ❡q✉❛t✐♦♥ ✐♥ ✇❤✐❝❤ t❤❡ ❝✉rr❡♥t ✈❛❧✉❡

❤❡❧♣s ♣r❡❞✐❝t t❤❡ ♥❡①t ✈❛❧✉❡✳ ❘❡❝❛❧❧ t❤❛t t❤❡ ♠♦❞❡❧ ✐s ✇r✐tt❡♥ ❛s ❢♦❧❧♦✇s

Xt = a1Xt−1 + · · ·+ apXt−p + εt

❚❤❡♥ t❤❡ ♦♣t✐♠❛❧ ♣r❡❞✐❝t✐♦♥ ❛t t❤❡ t✐♠❡ T + 1 ✈✐❡✇✐♥❣ t❤❡ t✐♠❡ T ✐s

X∗
T+1 = E(XT+1/XT , XT−1, · · · )

✸✶



❙♦

X∗
T+1 = a1XT + · · ·+ apXT−p

❙✐♠✐❧❛r②✱ ✇❡ ❣❡t

XT+h = a1XT+h−1 + · · ·+ apXT+h−p + εT+h

❛♥❞ t❤❡♥ X∗
T+h = E(XT+h/XT , XT−1, · · · ) ✐s ❣✐✈❡♥ ❜②

X∗
T+h =











a1,TX
∗
T+h−1 + · · ·+ ah−1,TX

∗
T+1 + ahXT + · · ·+ apXT+h−p ✐❢ h ≤ p

a1,TX
∗
T+h−1 + · · ·+ ap,TX

∗
T+h−p ✐❢ h > p

✸✷



❈❤❛♣t❡r ✸

❘❛♥❞♦♠ ❈♦❡✣❝✐❡♥t ❆✉t♦r❡❣r❡ss✐✈❡

Pr♦❝❡ss

❆s ❧✐♥❡❛r ♠♦❞❡❧s✱ ❛✉t♦r❡❣r❡ss✐✈❡ ♣r♦❝❡ss❡s ❤❛✈❡ ❧❛r❣❡ ❛♣♣❧✐❝❛t✐♦♥s ✐♥ t✐♠❡ s❡r✐❡s ❞❛t❛ ♠♦❞❡❧✐♥❣

✐♥ s❡✈❡r❛❧ ❛r❡❛s ♦❢ t❤❡ ♣❤②s✐❝❛❧✱ ❜✐♦❧♦❣✐❝❛❧✱ ❛♥❞ ❜❡❤❛✈✐♦r❛❧ s❝✐❡♥❝❡s✳ ❍♦✇❡✈❡r✱ t❤❡r❡ ❛r❡ ✜❡❧❞s

✇❤❡r❡ t❤❡② ❤❛✈❡ ❜❡❝♦♠❡ ✐♥❛♣♣r♦♣r✐❛t❡ ❛♥❞ t❤❡♥ ❛ ❣r❡❛t ✐♥t❡r❡st ❤❛s ❜❡❡♥ ❣✐✈❡♥ t♦ t❤❡ ♥♦♥❧✐♥❡❛r

♠♦❞❡❧s ❢♦r s✉❝❤ ❛♣♣❧✐❝❛t✐♦♥s✳ ❙✐♥❝❡ t❤❡ ❧❛t❡ ✶✾✼✵s✱ t❤❡r❡ ❤❛s ❜❡❡♥ ❛♥ ❡✈❡r✲✐♥❝r❡❛s✐♥❣ ✐♥t❡r❡st

✐♥ t❤❡ ❛✉t♦r❡❣r❡ss✐✈❡ ♠♦❞❡❧ ✇✐t❤ r❛♥❞♦♠ ❝♦❡✣❝✐❡♥ts (RCA) ❜❡❝❛✉s❡ ♦❢ ✐ts ❛❜✐❧✐t② t♦ r❡♣r❡s❡♥t

❛ ♠✉❧t✐t✉❞❡ ♦❢ t✐♠❡ s❡r✐❡s tr❛✐ts✳ ❊❛r❧② ❝♦♥tr✐❜✉t✐♦♥s ✐♥ t❤✐s r❡s♣❡❝t ❛r❡ ❞✉❡ t♦ ✭❬✸❪✱❬✹❪✮✱ ❆♥❞❡❧

❬✶❪ ✇❤♦ ✐♥tr♦❞✉❝❡❞ t❤❡ ♠♦❞❡❧ ❢♦r p = 1 ❛♥❞ ❤✐❣❤❧✐❣❤t❡❞ t❤❡ ❞✐✛❡r❡♥t s❛♠♣❧✐♥❣ ♦❢ t❤❡ r❛♥❞♦♠

❝♦❡✣❝✐❡♥ts ♦❢ t❤❡ RCA ♠♦❞❡❧ ♦❢ ♦r❞❡r p ✐♥tr♦❞✉❝❡❞ ❜② ◆✐❝❤♦❧❧s ❛♥❞ ◗✉✐♥♥ ✭✶✾✽✷✮ ❬✶✷❪ ❢r♦♠

t❤❛t ♦❢ ▲✐✉ ❛♥❞ ❚✐❛♦ ✭✶✾✽✵✮✳

❇❡❢♦r❡ ❞❡✜♥✐♥❣ ✇❤❛t ✐s ❛ r❛♥❞♦♠ ❝♦❡✣❝✐❡♥ts ❛✉t♦r❡❣r❡ss✐✈❡ ♣r♦❝❡ss ❧❡t r❡❝❛❧❧ s♦♠❡ ✐♥t❡rs❡❝t

♥♦t✐♦♥s ❢♦r t❤❡ r❡st ♦❢ t❤❡ ❝❤❛♣t❡r✳

✸✳✶ Pr❡❧✐♠✐♥❛r② ❘❡s✉❧ts

❉❡✜♥✐t✐♦♥ ✸✳✶✳ ❬✶✹❪

●✐✈❡♥ t✇♦ ♠❛tr✐❝❡s A ❛♥❞ B ♦❢ ❞✐♠❡♥s✐♦♥s mA×nA ❛♥❞ mB ×nB r❡s♣❡❝t✐✈❡❧②✱ ♦♥❡ ♠❛② ❞❡✜♥❡

t❤❡ ❑r♦♥❡❝❦❡r ♣r♦❞✉❝t A⊗B ♦❢ B ✇✐t❤ A ❛s t❤❡ mAmB × nAnB ♠❛tr✐① ✇❤♦s❡ (i, j)t❤ ❜❧♦❝❦ ✐s

t❤❡ mB × nB ♠❛tr✐① aijB✱ ✇❤❡r❡ aij ✐s t❤❡ (i, j)t❤ ❡❧❡♠❡♥t ♦❢ A✳
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❉❡✜♥✐t✐♦♥ ✸✳✷✳

▲❡t A ❜❡ ❛♥ mA × nA ♠❛tr✐①✳ ❚❤❡♥ t❤❡ mAnA✲❝♦♠♣♦♥❡♥t ✈❡❝t♦r vecA ✐s ♦❜t❛✐♥❡❞ ❢r♦♠ A ❜②

st❛❝❦✐♥❣ t❤❡ ❝♦❧✉♠♥s ♦❢ A✱ ♦♥❡ ♦♥ t♦♣ ♦❢ t❤❡ ♦t❤❡r✱ ✐♥ ♦r❞❡r✱ ❢r♦♠ ❧❡❢t t♦ r✐❣❤t✳ vecA ❤❛s ❛s ✐ts

❡❧❡♠❡♥ts t❤❡ ❡❧❡♠❡♥ts ♦❢ A✳

❚❤❡ r❡s✉❧ts ❝♦♥t❛✐♥❡❞ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ t❤❡♦r❡♠ ❤♦❧❞ ❢♦r ❛♥② ♠❛tr✐① ♣r♦❞✉❝ts ✇❤✐❝❤ ❛r❡

❞❡✜♥❡❞✳

❚❤❡♦r❡♠ ✸✳✶✳ ✶✳ vec(ABC) = (C ′⊗))′A)vecB✳

✷✳ tr(AB) = (vec(B′))′vecA = (vecB)′vec(A′)✳

✸✳ (A⊗ B)(C ⊗D) = (AC)⊗ (BD)✳

✹✳ (A⊗ B)−1 = A−1 ⊗ B−1, (A⊗ B)′ = A′ ⊗ B′

❉❡✜♥✐t✐♦♥ ✸✳✸✳ ▲❡t A ❜❡ ❛♥ n×n s②♠♠❡tr✐❝ ♠❛tr✐①✳ ❚❤❡ n(n+1)/2✲❝♦♠♣♦♥❡♥t ✈❡❝t♦r vechA

✭t❤❡ ✧✈❡❝t♦r✲❤❛❧❢✧ ♦❢ A✮ ✐s ♦❜t❛✐♥❡❞ ❢r♦♠ A ❜② st❛❝❦✐♥❣ t❤♦s❡ ♣❛rts ♦❢ t❤❡ ❝♦❧✉♠♥s ♦❢ A✱ ♦♥ ❛♥❞

❜❡❧♦✇ t❤❡ ♠❛✐♥ ❞✐❛❣♦♥❛❧✱ ♦♥❡ ♦♥ t♦♣ ♦❢ t❤❡ ♦t❤❡r ✐♥ ♦r❞❡r ❢r♦♠ ❧❡❢t t♦ r✐❣❤t✳

❋♦r s②♠♠❡tr✐❝ ♠❛tr✐❝❡s A✱ ✐t ✐s ♣♦ss✐❜❧❡ t♦ ♦❜t❛✐♥ ❜② ❧✐♥❡❛r tr❛♥s❢♦r♠❛t✐♦♥s t❤❡ ✈❡❝t♦r

vecA ❢r♦♠ t❤❡ ✈❡❝t♦r vechA✱ ❛♥❞ ✈✐❝❡ ✈❡rs❛✱ ✇❤✐❝❤ ✐s s❤♦✇♥ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ t❤❡♦r❡♠✳

❚❤❡♦r❡♠ ✸✳✷✳ ❚❤❡r❡ ❡①✐sts ❝♦♥st❛♥t (n(n+ 1)/2)× n2 ♠❛tr✐❝❡s Kn ❛♥❞ Hn ❢♦r ✇❤✐❝❤

vechA = HnvecA

❛♥❞

vecA = K ′vechA

❢♦r ❛♥② n× n s②♠♠❡tr✐❝ ♠❛tr✐① A ❛♥❞ HnK
′
n = In(n+1)/2

✸✳✷ ❉❡✜♥✐t✐♦♥ ❛♥❞ ❙t❛t✐♦♥❛r✐t②

❉❡✜♥✐t✐♦♥ ✸✳✹✳

▲❡t (εt, t ∈ Z) ✐s ❛ ✇❤✐t❡ ♥♦✐s❡ ♣r♦❝❡ss ✇✐t❤ ♠❡❛♥ ③❡r♦ ❛♥❞ ✈❛r✐❛♥❝❡ σ2
ε ❛♥❞ b1, b2, ..., bp ❜❡ ❣✐✈❡♥

✸✹



♥✉♠❜❡rs✳ ❆ ♣r♦❝❡ss Xt, t ∈ Z) ✐s s❛✐❞ t♦ ❜❡ ♦❢ r❛♥❞♦♠ ❝♦❡✣❝✐❡♥t ❛✉t♦r❡❣r❡ss✐✈❡ ♦❢ ♦r❞❡r p ♦❢t❡♥

s❤♦rt❡♥❡❞ t♦ RCA(p) ✐❢ ✐t s❛t✐s✜❡s t❤❡ ❢♦❧❧♦✇✐♥❣ ❢♦r♠✉❧❛

X(t) = (b1Xt−1 + ...+ bpXt−p) + (a1(t)Xt−1 + · · ·+ ap(t)Xt−p) + εt ✭✸✳✶✮

✇❤❡r❡ (❛t)t∈Z = (a1(t), · · · , ap(t))t∈Z ✐s ❛ s❡q✉❡♥❝❡ ♦❢ ✐♥❞❡♣❡♥❞❡♥t ❝❡♥tr❡❞ r❛♥❞♦♠ ♣✲

✈❡❝t♦rs t❤❛t ❛r❡ ✐♥❞❡♣❡♥❞❡♥ts ❢r♦♠ εt✳

❊①❛♠♣❧❡ ✸✳✶✳ RCA(1) ▲❡t X ❜❡ ❛ ♣r♦❝❡ss ❞❡✜♥❡❞ ❜② Xt = (0.12 + ξ)Xt−1 + εt ✇❤❡r❡ ξ ✐s ❛

✉♥✐❢♦r♠ [0, 1] ❞✐str✐❜✉t❡❞ r❛♥❞♦♠ ✈❛r✐❛❜❧❡ ❛♥❞ εt ❛r❡ ✐✳✐✳❞ st❛♥❞❛r❞ ♥♦r♠❛❧ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s✳

✸✳✸ ▼❛r❦♦✈✐❛♥ ❊①♣r❡ss✐♦♥ ♦❢ ❛ RCA(p)

t❤❡ r❡❧❛t✐♦♥ ✐♥ ✭✸✳✶✮ ❝❛♥ ❜❡ ❡①♣r❡ss❡❞ ✐♥ ❛ ♠❛tr✐① ✇❛②✳ ■♥❞❡❡❞✱ ✐❢ ✇❡ ♣✉t

Yt =



















Xt

Xt−1

✳✳✳

Xt−p+1



















, ϵ =



















εt

0

✳✳✳

0



















, B =



















b1 · · · bp

1 · · · 0

✳✳✳
✳ ✳ ✳

✳✳✳

0 · · · 1



















❛♥❞ At =



















a1(t) · · · ap(t)

0 · · · 0

✳✳✳
✳ ✳ ✳

✳✳✳

0 · · · 0



















,

t❤❡♥ ✇❡ ❣❡t

Yt = (B + At)Yt−1 + ϵt. ✭✸✳✷✮

✸✳✸✳✶ ❈♦♥❞✐t✐♦♥s ❢♦r ❙t❛t✐♦♥❛r✐t②

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ✇✐❧❧ ✐♥✈❡st✐❣❛t❡ t❤❡ ❝♦♥❞✐t✐♦♥s ✉♥❞❡r ✇❤✐❝❤ ❛ r❛♥❞♦♠ ❝♦❡✣❝✐❡♥t ❛✉t♦r❡❣r❡s✲

s✐✈❡ ♣r♦❝❡ss ✐s ✇❡❛❦❧② st❛t✐♦♥❛r②✳ ❋♦r t❤✐s ♣✉r♣♦s❡ ✇❡ st❛t❡ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧ts ❢r♦♠ ❬✶❪

▲❡♠♠❛ ✸✳✸✳ ❆ t✐♠❡ s❡r✐❡s(X1, · · · , XT ) ✐s st❛t✐♦♥❛r② ✐❢ ❛♥❞ ♦♥❧② ✐❢

V ar(X1, · · · , Xp) = V ar(X2, · · · , Xp+1) ✭✸✳✸✮

✸✺



Pr♦♦❢✳ ❙✐♥❝❡ (X1, · · · , Xp) ❛♥❞ V ar(X2, · · · , Xp+1) ❤❛✈❡ t❤❡ s❛♠❡ ❧❛✇ ✭ ❞✉❡ t♦ st❛t✐♦♥❛r✐t②✮✱ ✐t ✐s

♦❜✈✐♦✉s t❤❛t V ar(X1, · · · , Xp) = V ar(X2, · · · , Xp+1)✱ ✳ ◆♦✇✱ ❙✉♣♣♦s❡ t❤❛t V ar(X1, · · · , Xp) =

V ar(X2, · · · , Xp+1)✳ ❚❤✐s ✐♠♣❧✐❡s t❤❛t ❢♦r k = p, p+ 1, · · · , T − 1✱ ✇❡ ❤❛✈❡

V ar(X1, · · · , Xk) = V ar(X2, · · · , Xk+1) ✭✸✳✹✮

■♥❞❡❡❞✱ ❧❡t p < k < T − 1 ❛♥❞ ❧❡t ♣r♦♦❢ t❤❛t ❢♦r j = 1, 2, · · · , k ✇❡ ❤❛✈❡

Cov(Xk+1, Xj+1) = V ar(Xk, Xj) ✭✸✳✺✮

❋♦r t = k + 1✱ ✇❡ ♠✉❧t✐♣❧② t❤❡ ❡①♣r❡ss✐♦♥ ✭✸✳✶✮ ❜② Xj+1✱ t❤❡♥ ❜② ❛♣♣❧②✐♥❣ t❤❡ ❡①♣❡❝t❛t✐♦♥ t♦

✐ts t✇♦ s✐❞❡s ✇❡ ❣❡t

Cov(Xk+1, Xj+1) =

p
∑

i=1

biCov(Xk+1−i, Xj+1) + E(εk+1Xj+1).

❆♥❞ ❢♦r t = k1✱ ✇❡ ♠✉❧t✐♣❧② t❤❡ ❡①♣r❡ss✐♦♥ ✭✸✳✶✮ ❜② Xj✱ ❛♥❞ ❜② ❛♣♣❧②✐♥❣ ❛❣❛✐♥ t❤❡ ❡①♣❡❝t❛t✐♦♥

t♦ ✐ts t✇♦ s✐❞❡s ✇❡ ❣❡t

Cov(Xk, Xj) =

p
∑

i=1

biCov(Xk−i, Xj) + E(εkXj)

◆♦t✐❝❡ t❤❛t ❞✉❡ t♦ t❤❡ ❢❛❝t t❤❛t εt ❛r❡ ❝❡♥t❡r❡❞ ❛♥❞ ✐♥❞❡♣❡♥❞❡♥t ♦❢ ✉❧t❡r✐♦r Xt✱ ✇❡ ❤❛✈❡

E(εk+1Xj+1) = E(εkXj) = 0✳

■♥ ❛❞❞✐t✐♦♥✱❢♦r i = 1, 2, · · · , p ❛♥❞ ❞✉❡ t♦ ✭✸✳✹✮✱ ✇❡ ❤❛✈❡ Cov(Xk+1−i, Xj+1) = Cov(Xk−i, Xj)

❙♦ ✭✸✳✺✮ ✐s ♣r♦✈❡❞ ❢♦r j < k✳ ▲❡t ♥♦✇ j = k✳ ■♥ t❤❡ s❛♠❡ ✇❛② ✇❡ ❣❡t

E(X2
k+1) =

p
∑

i=1

E(ci(k + 1)Xk+1Xk+1−i) + E(εk+1Xk+1) ✭✸✳✻✮

E(X2
k) =

p
∑

i=1

E(ci(k)XkXk−i) + E(εkXk) ✭✸✳✼✮

✇❤❡r❡ ci(t) = bi + ai(t).

❋♦r t = p+ 1, · · · , T ❛♥❞ ❢r♦♠ ✭✸✳✶✮✱ ✇❡ ❤❛✈❡ E(Xtεt) = σ2
ε
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❙♦✱ ❢♦r t = p+ 1, · · · , T ✱s = 1, 2, · · · , t− 1 ✇❡ ❤❛✈❡

E(ci(t)XtXt−s) =

p
∑

j=1

E(ci(t)cj(t))E(Xt−jXt−s)

=

p
∑

j=1

E(δij + bibj)Cov(Xt−j, Xt−s).

✇❤❡r❡ δij ❛r❡ t❤❡ ❡❧❡♠❡♥ts ♦❢ t❤❡ ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐① ♦❢ t❤❡ r❛♥❞♦♠ ✈❡❝t♦r ❝(t) = (c1(t), · · · , cp(t))

❍❡♥❝❡✱ ❢♦r i = 1, 2, · · · , p ✇❡ ❣❡t

E(ci(k + 1)Xk+1Xk+1−i) =

p
∑

j=1

E(δij + bibj)Cov(Xk+1−j, Xk+1−i).

❛♥❞

E(ci(k)XkXk−i) =

p
∑

j=1

E(δij + bibj)Cov(Xk−j, Xk−i).

◆♦✇✱ ❢♦r i = 1, 2, · · · , p ❛♥❞ j = 1, 2, · · · , p ✇❡ ❤❛✈❡ ❛❧r❡❛❞② s✉♣♣♦s❡❞ t❤❛t

Cov(Xk+1−j, Xk+1−i) = Cov(Xk−j, Xk−i).

❙♦ ✇❡ ❝❛♥ s❡❡ t❤❛t ✭✸✳✻✮ ❛♥❞ ✭✸✳✼✮ ✐♠♣❧✐❡s t❤❛t E(X2
k+1) = E(X2

k)✳ ❤❡r❡ ✇❡ r❡❝♦❣♥✐s❡ ✭✸✳✺✮ ❢♦r

j = k✳ ❍❡♥❝❡✱ t❤❡ ❢♦r♠✉❧❛ ✭✸✳✹✮ ✐s ♣r♦✈❡❞ ❛♥❞ t❤❡♥ ❜② ♣✉tt✐♥❣ k = T − 1 ✇❡ s❡❡ t❤❛t t❤❡ t✐♠❡

s❡r✐❡s (X1, · · · , XT ) ✐s st❛t✐♦♥❛r②✳

▲❡t V = V ar(X1, · · · , Xp)
′✱ W = V ar(a1(t), · · · , ap(t))′ ❛♥❞ J ❛ p × p✲♠❛tr✐① ✇✐t❤

J11 = 1 ❛♥❞ Jij = 0 ❢♦r i ̸= 1, j ̸= 1✳

▲❡♠♠❛ ✸✳✹✳ ❚❤❡ ❢♦r♠✉❧❛ ✭✸✳✸✮ ✐s ✈❡r✐✜❡❞ ✐❢ ❛♥❞ ♦♥❧② ✐❢ V s❛t✐s✜❡s

V = BV B′ + (σ2
ε + Tr(WV ))J ✭✸✳✽✮

Pr♦♦❢✳ ❧❡t t❤❡ p× p✲♠❛tr✐① Ct ❞❡✜♥❡❞ ❜② Ct = B+At ❢♦r t = p+1, · · · , T ✳ ❆❝❝♦r❞✐♥❣ t♦ ✭✸✳✷✮✱

✇❡ ❤❛✈❡

Yp+1 = Cp+1Yp + ϵp+1.

✸✼



❆♣♣❧②✐♥❣ ✈❛r✐❛♥❝❡ t♦ t❤❡ t✇♦ s✐❞❡s✱ ✇❡ ♦❜t❛✐♥

V ar(X1, · · · , Xp)
′ = BV B′ +

p
∑

i=1

p
∑

j=1

δp+1−i,p+1−jcjiJ + σ2
εJ.

■t ✐s s✉✣❝✐❡♥t ♥♦✇ t♦ s❡❡ t❤❛t

p
∑

i=1

p
∑

j=1

δp+1−i,p+1−jcji = Tr(WV )

▲❡♠♠❛ ✸✳✺✳ ■❢ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥❞✐t✐♦♥ ✐s s❛t✐s✜❡❞

zp − b1z
p−1 − b2z

p−2 − · · ·− bp ̸= 0, for|z| ≥ 1,

t❤❡♥ ■t ❡①✐sts ❛ ✉♥✐q✉❡ s♦❧✉t✐♦♥ V0 t♦ t❤❡ ❡q✉❛t✐♦♥

V = BV B′ + σ2
εJ ✭✸✳✾✮

❣✐✈❡♥ ❡①♣❧✐❝✐t❧② ❜②

V0 =
∞
∑

i=0

Bi(σ2
εJ)B

′i.

▼♦r❡♦✈❡r✱ t❤✐s s♦❧✉t✐♦♥ ✐s ❛ ♣♦s✐t✐✈❡ ❞❡✜♥✐t❡ ♠❛tr✐①✳

Pr♦♦❢✳ ❙✉♣♣♦s❡ t❤❛t ✭✸✳✸✮ ✐s s❛t✐s✜❡❞ t❤❡♥ t❤❡ ❡✐❣❡♥✈❛❧✉❡s ♦❢ t❤❡ ♠❛tr✐① B ❛r❡ ✐♥s✐❞❡ t❤❡ ✉♥✐t

❝✐r❝❧❡ ✭♥♦t✐❝❡ t❤❛t zp − b1z
p−1 − b2z

p−2 − · · ·− bp ✐s ♥♦t ❜✉t t❤❡ ❝❤❛r❛❝t❡r✐st✐❝ ♣♦❧②♥♦♠✐❛❧ ♦❢ t❤❡

♠❛tr✐① B✳

◆♦✇✱ ❧❡t✬s ✐♥tr♦❞✉❝❡ t❤❡ ♦♣❡r❛t♦r vec ✐♥ t❤❡ ❢♦r♠✉❧❛ ✭✸✳✾✮✳ ❲❡ ♦❜t❛✐♥

vec(V0) = B⊗2vec(V0) + vec(σ2
εJ)

✇❤❡r❡ B⊗2 ✐s ❛ p2×p2✲♠❛tr✐① ✇✐t❤ ❡✐❣❡♥✈❛❧✉❡s λiλj✳ λi ❛♥❞ λj ❛r❡ t❤❡ ❡✐❣❡♥✈❛❧✉❡s ♦❢ t❤❡ ♠❛tr✐①

B s❛t✐s❢②✐♥❣ |λi| < 1 ❢♦r ❛❧❧ i✳

❙♦✱ B⊗2 ❡✐❣❡♥✈❛❧✉❡s ❛r❡ ✐♥s✐❞❡ t❤❡ ✉♥✐t ❝✐r❝❧❡✳ ❚❤❡♥ Ip2−B⊗2 ❛♥❞ ❤❡♥❝❡ t❤❡ ❡q✉❛t✐♦♥ ✭✸✳✾✮ ❣♦t

✸✽



❛ s♦❧✉t✐♦♥ ❣✐✈❡♥ ❜②

vec(V0) = (Ip2 − B⊗2)−1vec(σ2
εJ).

❜② ❡①♣❛♥❞✐♥❣ t❤❡ ♠❛tr✐①✱ ✇❡ ❣❡t

vec(V0) = (Ip2 − B⊗2)−1vec(σ2
εJ)

= (I⊗2
p2 +B⊗2 +B⊗4 + · · · )vec(σ2

εJ)

= I⊗2
p2 vec(σ

2
εJ) + B⊗2vec(σ2

εJ) + B⊗4vec(σ2
εJ) + · · ·

= vec(Ipσ
2
εJI

′
p) + vec(B2σ2

εJB
′2) + vec(Bσ2

εJB
′2) + · · ·

=
∞
∑

i=0

vec(Biσ2
εJB

′i)

❈♦♥s❡q✉❡♥t❧②

V0 =
∞
∑

i=0

Bi(σ2
εJ)B

′i

▲❡♠♠❛ ✸✳✻✳ ❙✉♣♣♦s❡ t❤❛t

zp − b1z
p−1 − b2z

p−2 − · · ·− bp ̸= 0, for|z| ≥ 1.

■❢ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥❞✐t✐♦♥ ✐s s❛t✐s✜❡❞

1− σ−2
ε Tr(WV0) > 0,

❚❤❡♥ ✭✸✳✽✮ ❤❛s ❛ ✉♥✐q✉❡ s♦❧✉t✐♦♥ ❣✐✈❡♥ ❜②

V = (1− σ−2
ε Tr(WV0))

−1V0 ✭✸✳✶✵✮

Pr♦♦❢✳ ❆❝❝♦r❞✐♥❣ t♦ t❤❡ ❧❡♠♠❛ ✭✸✳✺✮✱ ❛ s♦❧✉t✐♦♥ ♦❢ t❤❡ ❡q✉❛t✐♦♥ ✭✸✳✽✮ ♠✉st s❛t✐s❢② t❤❡ ❢♦❧❧♦✇✐♥❣

❡q✉❛❧✐t②

V = (1 + σ−2
ε Tr(WV ))V0 ✭✸✳✶✶✮

✸✾



✇❤✐❝❤ ❤❛s t❤❡ ❢♦r♠

V = αV0 ✭✸✳✶✷✮

✇❤❡r❡ α ✐s ❛ r❡❛❧ ♥✉♠❜❡r✳ ❇② ❝♦♠❜✐♥✐♥❣ ✭✸✳✶✶✮ ❛♥❞ ✭✸✳✶✷✮✱ ✇❡ ❣❡t

α(1− σ−2
ε Tr(WV0)) = 1 ✭✸✳✶✸✮

■❢ 1− σ−2
ε Tr(WV0) = 0✱ t❤❡r❡ ✇✐❧❧ ❜❡ ♥♦ s♦❧✉t✐♦♥✳ ❊❧s❡

V = (1− σ−2
ε Tr(WV0))

−1V0 ✭✸✳✶✹✮

✐s ❛ s♦❧✉t✐♦♥ ♦❢ ✭✸✳✽✮ ✇❤♦s❡ ✉♥✐q✉❡♥❡ss ✐s ❛ss✉r❡❞ ❜② ✭✸✳✶✷✮ ❛♥❞ ✭✸✳✶✸✮✳

❍♦✇❡✈❡r✱ t❤❡ ♠❛tr✐① ❣✐✈❡♥ ✐♥ ✭✸✳✶✹✮ ✐s ❛ ♣♦s✐t✐✈❡ ❞❡✜♥✐t❡ ♦♥❡ ✐❢ 1− σ−2
ε Tr(WV0) > 0

▲❡♠♠❛s ✸✳✸ t♦ ✸✳✻ ❛❧❧♦✇ ✉s t♦ ♣r♦✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t

❚❤❡♦r❡♠ ✸✳✼✳ ❚❤❡ p✲♦r❞❡r t✐♠❡ s❡r✐❡s Xt, · · · , XN ✐s st❛t✐♦♥❛r② ✐❢ ❛♥❞ ♦♥❧② ✐❢ ❛❧❧ t❤❡ r♦♦ts

♦❢ t❤❡ ❡q✉❛t✐♦♥ zp − b1z
p−1 − b2z

p−2 − · · ·− bp ̸= 0 ❛r❡ ✐♥s✐❞❡ t❤❡ ✉♥✐t ❝✐r❝❧❡ ❛♥❞ t❤❡ ♠❛tr✐①

V ar(Xt, · · · , Xp)
′ ✐s ❣✐✈❡♥ ❜② t❤❡ ❢♦r♠✉❧❛ ✭✸✳✶✵✮

▲❡t ❆t ❜❡ t❤❡ σ✲❛❧❣❡❜r❛ ❣❡♥❡r❛t❡❞ ❜② {❛s, εs), s ≤ t}

❈♦r♦❧❧❛r② ✸✳✶✳ ■t ❡①✐sts ❛ ✉♥✐q✉❡ st❛t✐♦♥❛r② ❆t✲♠❡s✉r❛❜❧❡ s♦❧✉t✐♦♥ ❢♦r ✭✸✳✶✮ ✐❢ ❛♥❞ ♦♥❧② ✐❢ B

❤❛s ❛❧❧ ✐ts ❡✐❣❡♥✈❛❧✉❡s ✐♥ t❤❡ ✉♥✐t ❝✐r❝❧❡ ❛♥❞ ΓΛ < 1 ✇❤❡r❡ Γ = E(❛t ⊗ ❛
′
t) ❛♥❞ Λ ✐s t❤❡ ❧❛st

❝♦❧✉♠♥ ♦❢ (I − B ⊗ B)−1

◆♦t✐❝❡ t❤❛t ❢r♦♠ ❝♦r♦❧❧❛r② ✭✸✳✶✮✱ ✐t ❢♦❧❧♦✇s t❤❛t ✐❢ Σ = E(❛′t❛t)✱ t❤❡♥ ✐t ✐s ❡❛s② t♦ s❡❡

t❤❛t

vec(
∑

) = E(❛′t ⊗ ❛′t) = (E(❛t ⊗ ❛t))
′ = Γ′

✹✵



✸✳✹ P❛r❛♠❡t❡rs ❊st✐♠❛t✐♦♥

❑♥♦✇✐♥❣ t❤❛t t❤❡ ♠❛tr✐①
∑

✐s s②♠♠❡tr✐❝✱ ✐t ❢♦❧❧♦✇s t❤❛t ✐t ✐s s✉✣❝✐❡♥t t♦ ❡st✐♠❛t❡ ♦♥❧② t❤❡

υ = vech(
∑

)✳

❋✐rst ♦❢ ❛❧❧✱ ✇❡ ❛r❡ ❣♦✐♥❣ t♦ ❡st✐♠❛t❡ b1, · · · , bp✳ ❚❤❡ ♠♦❞❡❧ ✭✸✳✶ ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s

Xt = B′Yt−1 + ut ✭✸✳✶✺✮

✇❤❡r❡ B = (b1, · · · , bp) ❛♥❞ ut = ❛tYt−1 + εt✳

❲❡ ❤❛✈❡

E(ut/❆t) = E(❛t)Yt−1) + E(εt) = 0

❛♥❞

E(u2t/❆t−1) = = E((❛tYt−1)
2/❆t−1) + 2E(❛tYt−1εt/❆t−1) + E(ε2t )

= E(Y ′
t−1❛

′
t❛tYt−1/❆t−1) + E(εt)E(❛tYt−1/❆t−1) + σ2

ε

= Y ′
t−1E(❛

′
t❛t/❆t−1)Yt−1 + σ2

ε

= Y ′
t−1ΣYt−1 + σ2

ε

= (Y ′
t−1 ⊗ Y ′

t−1)vec(Σ) + σ2
ε

= (vec(Yt−1Y
′
t−1))

′K ′
pvech(Σ) + σ2

ε

❙♦

E(u2t/❆t−1) = Z ′
tυ + σ2

ε = υ′Zt + σ2
ε ✭✸✳✶✻✮

✇❤❡r❡ Zt = Kpvech(Yt−1Y
′
t−1)✳

❖❜s❡r✈✐♥❣ X0, · · · , XN ✱ ✇❡ ❣✐✈❡ t❤❡ ❧❡❛st sq✉❛r❡ ❡st✐♠❛t♦r B̂N ♦❢ B = (b1, · · · , bp)′✱ t❤❛t ♠✐♥✲

✹✶



✐♠✐s❡
N
∑

i=1

u2i ✇✐t❤ r❡s♣❡❝t t♦ B ✐♥ r❡❧❛t✐♦♥ ✭✸✳✶✺✮❜②✿

B̂N =

N
∑

i=1

Yt−1Xt

N
∑

i=1

Yt−1Y
′
t−1

✭✸✳✶✼✮

❛♥❞ ❛❝❝♦r❞✐♥❣ t♦ t❤❡ r❡❧❛t✐♦♥ ✭✸✳✶✺✮✱ ✇❡ ❣❡t ❢♦r i = 1, · · · , N

ûi = Xi−1 − B̂NYi−1

◆♦✇✱ t♦ ❡st✐♠❛t❡ δ ❛♥❞ σ2
ε ✇❡ ♠✉st ♠✐♥✐♠✐s❡ t❤❡ q✉❛♥t✐t②

N
∑

i=1

(u2i − σ2
ε − Z ′

tδ)
2 ✇✐t❤ r❡s♣❡❝t t♦

δ ❛♥❞ σ2
ε ❛♥❞ t❤❡♥ ♦❜t❛✐♥

δ̂N =

N
∑

i=1

(Zi − Z)(Zi − Z)′

N
∑

i=1

û2i (Zi − Z)

✭✸✳✶✽✮

❛♥❞

σ̂2
ε =

1

N

N
∑

i=1

u2i − δ̂NZ ✭✸✳✶✾✮

■t ✐s s❤♦✇♥ ✐♥ ❬✶✶❪ t❤❛t B̂N ❝♦♥✈❡r❣❡ ❛❧♠♦st s✉r❡ t♦ B ❛♥❞ ✐❢ E(X4
t <∞✱

√
N(B̂N − B) ⇒ N (0,Ξ)

✇✐t❤ Ξ = σ2
ε∆+∆E(Xt−1X

′
t−1δ

′Zt)∆ ✇❤❡r❡ ∆ = [E(Xt−1X
′
t−1)]

−1

❆❧s♦ ✐t s❤♦✇s t❤❛t ❜♦t❤ (δ̂ − δ) ❛♥❞ (σ̂2
ε − σ2

ε) ❝♦♥✈❡r❣❡ t♦ ③❡r♦ ❛❧♠♦st s✉r❡ ❛♥❞ ✐❢ E(X4
t < ∞✱

√
N(δ̂ − δ) ❛♥❞

√
N(σ̂2

ε − σ2
ε) ❝♦♥✈❡r❣❡ ✐♥ ♣r♦❜❛❜✐❧✐t② t♦ ③❡r♦

✹✷



✸✳✺ ❙✐♠✉❧❛t✐♦♥ ♦❢ ❘❛♥❞♦♠ ❈♦❡✣❝✐❡♥t ❆✉t♦r❡❣r❡ss✐✈❡

✸✳✺✳✶ ❆♥ ❖r❞❡r ❖♥❡ ❆✉t♦r❡❣r❡ss✐✈❡ Pr♦❝❡ss ❙✐♠✉❧❛t✐♦♥

❆ r❛♥❞♦♠ ❝♦❡✣❝✐❡♥t ❛✉t♦r❡❣r❡ss✐✈❡ ♦❢ ♦r❞❡r ♦♥❡ RCA(1) ♣r♦❝❡ss (Xt, t ∈ Z) ✐s s❛✐❞ t♦ ❜❡ ♦❢ p

♦❢t❡♥ s❤♦rt❡♥❡❞ t♦ ✐❢ ✐t s❛t✐s✜❡s t❤❡ ❢♦❧❧♦✇✐♥❣ ❢♦r♠✉❧❛

X(t) = bXt−1 + atXt−1 + εt ✭✸✳✷✵✮

✇❤❡r❡ (at)t∈Z ✐s ❛ s❡q✉❡♥❝❡ ♦❢ ✐♥❞❡♣❡♥❞❡♥t ✐❞❡♥t✐❝❛❧❧② ❞✐str✐❜✉t❡❞ ❝❡♥tr❡❞ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s ✇✐t❤

✈❛r✐❛♥❝❡ σ2
a ❛♥❞ ✇❤✐❝❤ ❛r❡ ✐♥❞❡♣❡♥❞❡♥ts ❢r♦♠ t❤❡ ✇❤✐t❡ ♥♦✐s❡ (εt) ♦❢ ✈❛r✐❛♥❝❡ σ

2
ε ❛♥❞ b ✐s ❛ ❣✐✈❡♥

♥✉♠❜❡r✳

■♥ ♦r❞❡r t♦ s✐♠✉❧❛t❡ ❛ r❛♥❞♦♠ ❛✉t♦r❡❣r❡ss✐✈❡ ♣r♦❝❡ss ♦❢ ♦r❞❡r ♦♥❡✱ ❧❡t s❡❡ t❤❛t ■t ❝❛♥ ❜❡ ✇r✐tt❡♥

❛❧s♦

X(t) = (b+ at)Xt−1 + εt = ctXt−1 + εt ✭✸✳✷✶✮

✇❤❡r❡ t❤❡ r❛♥❞♦♠ ✈❛r✐❛❜❧❡ ct ✐s ♦❢ ♠❡❛♥ b ❛♥❞ ✈❛r✐❛♥❝❡ σ2
a✳ ❙♦✱ ✇❡ ❤❛✈❡ ❝r❡❛t❡❞ ❛ ❢✉♥❝t✐♦♥ ♦♥

s♦❢t✇❛r❡ ❘ ❝❛❧❧❡❞ RCA1(N,b, sigma2, sigma2a) ✇❤♦s❡ ❛r❣✉♠❡♥ts ❛r❡ r❡s♣❡❝t✐✈❡❧② t❤❡ ♥✉♠✲

❜❡r ♦❢ ♦❜s❡r✈❛t✐♦♥s N ✱ t❤❡ ❣✐✈❡♥ ❝♦♥st❛♥t b✱ t❤❡ ✈❛r✐❛♥❝❡ ♦❢ t❤❡ ✇❤✐t❡ ♥♦✐s❡ ❛♥❞ ✈❛r✐❛♥❝❡ ♦❢ a✳

❚❤❡ ❢✉♥❝t✐♦♥ ✐s ✇r✐t✐♥❣ ❛s ❢♦❧❧♦✇s✿

❘❈❆✶❁✲❢✉♥❝t✐♦♥✭ ◆✱ ❜❂✵✳✽✱s✐❣♠❛✷❂✵✳✶✱s✐❣♠❛✷❛❂✵✳✶✮

④

❊ ❂ r♥♦r♠✭◆✒sqrt✭s✐❣♠❛✷✮✮

❝ ❂ r♥♦r♠✭◆✱❜✱sqrt✭s✐❣♠❛✷❛✮✮ ★ ❝❂r✉♥✐❢✭✱◆❜✲✶✱❜✰✶✮

❳ ❂ ♥✉♠❡r✐❝✭◆✮

❳❬✶❪ ❂ ❊❬✶❪

①❬✷❪❁✲✭❝❬✷❪✮✯①❬✶❪✰❡❬✷❪

❢♦r ✭✐ ✐♥ ✸✿◆✮ ❳❬✐❪ ❂ ❊❬✐❪ ✲❝❬✐❪✯❳❬✐✲✶❪

♣❧♦t✭❳❬ ✶✿◆ ❪✱ t②♣❡❂✧❧✧✱ ♠❛✐♥❂✧❊①❛♠♣❧❡ ♦❢ ❛ ❘❛♥❞♦♠ ❈♦❡✣❝✐❡♥t ❖♥❡ ❖r❞❡r ❆✉✲

t♦r❡❣r❡ss✐✈❡✧✱②❧❛❜❂✧✧✮

✹✸



⑥

❇❡❧♦✇ ✐s ♣❧♦tt❡❞ ❛ ♦♥❡ ♦r❞❡r r❛♥❞♦♠ ❝♦❡✣❝✐❡♥t ❛✉t♦r❡❣r❡ss✐✈❡ ♣r♦❝❡ss ✇✐t❤ c ❝❡♥t❡r❡❞ ❣❛✉ss✐❛♥

r❛♥❞♦♠ ✈❛r✐❛❜❧❡s r❡s♣❡❝t✐✈❡❧② [b− 1, b+1]✲✉♥✐❢♦r♠ r❛♥❞♦♠ ✈❛r✐❛❜❧❡ ✭s❡❡ ✜❣✉r❡ ✸✳✶ r❡s♣❡❝t✐✈❡❧②

✸✳✷✮✳ ❖t❤❡r ❝❤♦✐❝❡s ♦❢ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s ✇✐t❤ ♠❡❛♥ b ❛r❡ ♣♦ss✐❜❧❡✳

◆♦t✐❝❡ t❤❛t t♦ ❡♥s✉r❡ t❤❡ st❛t✐♦♥❛r✐t② ♦❢ t❤❡ s✐♠✉❧❛t❡❞ ♣r♦❝❡ss ♦♥❡ ♠❛② ❝❤♦♦s❡ b ❛♥❞ σ2
a s✉❝❤

t❤❛t b2 + σ2
a < 1✳

❋✐❣✉r❡ ✸✳✶

❋✐❣✉r❡ ✸✳✷

✹✹



✸✳✺✳✷ ❆♥ ❖r❞❡r ❚✇♦ ❆✉t♦r❡❣r❡ss✐✈❡ Pr♦❝❡ss ❙✐♠✉❧❛t✐♦♥

■♥ t❤❡ ❧✐❣❤t ♦❢ t❤❡ ♣r✐♥❝✐♣❧❡ ♦❢ s✐♠✉❧❛t✐♦♥ ❣✐✈❡♥ ✐♥ ❬✶✶❪ t❤❛t ❣❡♥❡r❛t❡ ❛ r❛♥❞♦♠ ❝♦❡✣❝✐❡♥ts

❛✉t♦r❡❣r❡ss✐✈❡ ♣r♦❝❡ss❡s✱ ✇❤❡r❡ t❤❡ t✇♦ s❡q✉❡♥❝❡s a(t) ❛♥❞ εt ❛r❡ ❣❛✉ss✐❛♥✱ ✇❡ ❢♦❧❧♦✇ t❤❡ ❝✉rr❡♥t

st❡♣s✿

✶✳ ❈❛❧❝✉❧❛t❡ t❤❡ ❡✐❣❡♥✈❛❧✉❡s λi; i = 1, · · · , p ♦❢ t❤❡ ♠❛tr✐① B ✇❤✐❝❤ ♠✉st ❜❡ ❧❡ss t❤❛♥ ♦♥❡ ✐♥

♠♦❞✉❧❡✳

✷✳ ❈❛❧❝✉❧❛t❡ t❤❡ ♣❛r❛♠❡t❡rs bi; i = 1, · · · , p ♦❢

p
∏

i=1

(1− λiz) = 1−
p

∑

i=1

biz
i

❛♥❞ t❤❡♥ ❝❛❧❝✉❧❛t❡ t❤❡ sq✉❛r❡ ♠❛tr✐① ▼ s✉❝❤ ❛s vec(M) ✐s t❤❡ ❧❛st ❝♦❧❧♦♥❡ ♦❢ (I−M⊗M)−1✳

✸✳ ❈❛❧❝✉❧❛t❡ tr(Γ∗M) ❢♦r ❛ ♣♦s✐t✐✈❡ ❞❡✜♥❡❞ ♠❛tr✐① Γ∗✳

✹✳ ❈❛❧❝✉❧❛t❡ t❤❡ ❞✐❛❣♦♥❛❧ ♣♦s✐t✐✈❡ ❧♦✇❡r tr✐❛♥❣✉❧❛r ♠❛tr✐① ▲ s✉❝❤ t❤❛t LL′ = Γ

✺✳ ●❡♥❡r❛t❡ ❛ ✈❡❝t♦r (v1, v2, · · · , vp+1)
′ ♦❢ r❛♥❞♦♠ ♥✉♠❜❡rs ♥♦r♠❛❧❧② ❞✐str✐❜✉t❡❞✳

❚❛❦✐♥❣ et = σεv1 ✇❤❡r❡ σ
2
ε = E(ϵ2t ❛♥❞ V

′
t = L(v1, v2, · · · , vp+1)

′ t♦ ✐♥s✉r❡ t❤❛t et ❛♥❞ a(t)

❛r❡ t❤❡♦r❡t✐❝❛❧❧② ✐♥❞❡♣❡♥❞❡♥ts ✇✐t❤ ③❡r♦ ♠❡❛♥s ❛♥❞ t❤❛t E(a(t)′a(t)) = LL′ = Γ.

✻✳ ❈❛❧❝✉❧❛t❡ Xt =
∑p

i=1(bi + ai(t))Xt−i ✇❤❡r❡ Xt = 0 ❢♦r t ≤ 0

✼✳ ❘❡♣❡❛t st❡♣ ✺ ❛♥❞ ✻ ❢♦r N + k t✐♠❡s ✇❤❡r❡ N ✐s t❤❡ ❧❡♥❣t❤ ♦❢ t❤❡ ❞❡s✐r❡❞ s❛♠♣❧❡ ❛♥❞

✐❣♥♦r❡ t❤❡ k ✜rst ♣r♦❞✉❝❡❞ ✈❛❧✉❡s t♦ ❡♥s✉r❡ t❤❡ st❛❜✐❧✐t② ♦❢ Xt✳

❲❡ ❣✐✈❡ ❜❡❧♦✇ ❛ ❢✉♥❝t✐♦♥ ✇❤✐❝❤ s✐♠✉❧❛t❡s ❛ t✇♦ ♦r❞❡r r❛♥❞♦♠ ❝♦❡✣❝✐❡♥t ❛✉t♦r❡❣r❡ss✐✈❡ ♣r♦✲

❝❡ss✳ ❚❤❡ ❢✉♥❝t✐♦♥ ✇❛s ♥❛♠❡❞ ❘❈❆✷✭◆✱❧❛♠♥❞❛✶✱❧❛♠❜❞❛✷✱s✐❣♠❛✷✮ ✇❤♦s❡ ❛r❣✉♠❡♥ts ❛r❡

r❡s♣❡❝t✐✈❡❧② t❤❡ ♥✉♠❜❡r ♦❢ ♦❜s❡r✈❛t✐♦♥s✱ t❤❡ t✇♦ ❡✐❣❡♥✈❛❧✉❡s ♦❢ B ❛♥❞ t❤❡ ✈❛r✐❛♥❝❡ ♦❢ t❤❡ ✇❤✐t❡

♥♦✐s❡✳ ❚❤❡ ❢✉♥❝t✐♦♥ ✐s ✇r✐t✐♥❣ ❛s ❢♦❧❧♦✇s✿

❘❈❆✷❁✲❢✉♥❝t✐♦♥✭◆❂✷✺✵✵✱❧❛♠❜❞❛✶❂✵✳✷✱❧❛♠❜❞❛✷❂✵✳✸✱s✐❣♠❛✷❂✵✳✶✮

④

❜✶❁✲❧❛♠❜❞❛✶✰❧❛♠❜❞❛✷

❜✷❁✲❧❛♠❜❞❛✶✯❧❛♠❜❞❛✷

✹✺



▼❁✲♠❛tr✐①✭❝✭✵✱❜✷✱✶✱❜✶✮✱♥r♦✇❂✷✮

❉❁✲♠❛tr✐①✭❝✭✶✱✵✱✵✱✭✲❜✷✮2✱✵✱✶✱✭✲❜✷✮✱✭✲❜✶✯❜✷✮✱✵✱✭✲❜✷✮✱✶✱✭✲❜✷✯❜✶✮✱✲✶✱✲❜✶✱✲❜✶✱✶✲❜✶2✮✱♥r♦✇❂✹✮

❙❁✲s♦❧✈❡✭❉✮

❱❁✲♠❛tr✐①✭❙❬✱✹❪✱♥r♦✇❂✷✮

❏❂♠❛tr✐①✭❝✭✶✱✵✱✵✱✶✮✱♥r♦✇❂✷✮

❚❁✲❨ ✪✯✪ ❱

❝❁✲s✉♠✭❞✐❛❣✭❚✮✮

r❂✵✳✾

❑❁✲❨✯✭r✴❝✮

▲❁✲❝❤♦❧✭❑✮

❳❁✲r❡♣✭✵✱◆✮

✈❁✲r♥♦r♠✭✸✮

❳❬✶❪❁✲✈❬✶❪✯sqrt✭s✐❣♠❛✷✮

✈❁✲r♥♦r♠✭✸✮

❆❁✲▲✪✯✪ ✈❬✷✿✸❪

❳❬✷❪❁✲✭❜✶✰❆❬✶❪✮✯❳❬✶❪✰sqrt✭s✐❣♠❛✷✮✯✈❬✶❪

❢♦r✭✐ ✐♥ ✸✿◆✮

④

✈❁✲r♥♦r♠✭✸✮

❆❂▲✪✯✪ ✈❬✷✿✸❪

❳❬✐❪❂✭❜✶✰❆❬✶❪✮✯❳❬✐✲✶❪✰✭❜✷✰❆❬✷❪✮✯❳❬✐✲✷❪✰sqrt✭s✐❣♠❛✷✮✯✈❬✶❪

⑥

♣❧♦t✭❳✱t②♣❡❂✧❧✧✱♠❛✐♥❂✧❊①❛♠♣❧❡ ♦❢ ❛ ❘❛♥❞♦♠ ❈♦❡✣❝✐❡♥t ❆✉t♦r❡❣r❡ss✐✈❡ Pr♦❝❡ss

♦❢ ❖r❞❡r ❚✇♦✧✮

⑥

❇❡❧♦✇ ✐s ♣❧♦tt❡❞ ❛ r❛♥❞♦♠ ❝♦❡✣❝✐❡♥t ❛✉t♦r❡❣r❡ss✐✈❡ ♣r♦❝❡ss ♦❢ ♦r❞❡r t✇♦ ✭s❡❡ ✜❣✉r❡ ✸✳✸✮✳

✹✻



❋✐❣✉r❡ ✸✳✸

✸✳✻ Pr❡❞✐❝t✐♦♥ ✐♥ RCA(p) ▼♦❞❡❧

❆❝❝♦r❞✐♥❣ t♦ ✐ts ❞❡✜♥✐t✐♦♥ ✭✸✳✶✮ ✐t s❡❡♠s t❤❛t t❤❡ ❜❡st ♣r❡❞✐❝t♦r ✐♥ t❤❡ s❡♥s❡ ♦❢ ❧❡❛st sq✉❛r❡s ❢♦r

❛ r❛♥❞♦♠ ❝♦❡✣❝✐❡♥t ❛✉t♦r❡❣r❡ss✐✈❡ ♣r♦❝❡ss (Xt) ❦♥♦✇✐♥❣ Xt−1, Xt−2, · · · ✐s X̂t = E(Xt/❆t−1) =

B′Yt−1✳ ❍♦✇❡✈❡r✱ t❤✐s ♣r❡❞✐❝t♦r ✐s ❧✐♥❡❛r ❛♥❞ ❝❛♥♥♦t ♠❛t❝❤ ✇✐t❤ t❤❡ ♥♦♥❧✐♥❡❛r ♥❛t✉r❡ ♦❢ ✭✸✳✶✮

✇❤✐❝❤ ❞♦❡s ♥♦t ❛❧❧♦✇ t♦ t❤❡ ♣r♦❝❡ss (Xt) t♦ ❜❡ ♥♦r♠❛❧ ♦r ❡✈❡♥ t♦ ❜❡ ♥❡❛r✳ ❙✐♥❝❡ E(X2
t /❆t−1) =

(B′Yt−1)
2 + σ2

ε + δ′Zt✱ t❤❡ ♥❛t✉r❛❧ ♣r❡❞✐❝t♦r ♦❢ (Xt) ❦♥♦✇✐♥❣ Xt−1, Xt−2, · · · ✐s

X∗
t = sgn(B′Yt−1)((B

′Yt−1)
2 + σ2

ε + δ′Zt)
1

2

✇❤❡r❡ sgn(x) =











1 ✐❢ x ≥ 0

−1 ✐❢ x < 0

✹✼



❈❤❛♣t❡r ✹

❈♦♠♣❛r✐s♦♥ ❛♥❞ ❆♣♣❧✐❝❛t✐♦♥

❆❝❝♦r❞✐♥❣ t♦ t❤❡ s✐♠✉❧❛t✐♦♥s ❛❜♦✈❡ ♦♥❡ ❝❛♥ s❡❡ t❤❛t t❤❡r❡ ✐s ❛ ❝❡rt❛✐♥ s✐♠✐❧❛r✐t② ❜❡t✇❡❡♥ ❛ RCA

♠♦❞❡❧ ❛♥❞ ❛♥ AR ♦♥❡✳ ■♥❞❡❡❞✱ ❛ RCA ♠♦❞❡❧ ❝❛♥ ❜❡ s❡❡♥ ❛s ❛♥ AR ♠♦❞❡❧ t♦ ✇❤♦♠ ✐s ❛❞❞❡❞ ❛

r❛♥❞♦♠ ♣❡rt✉r❜❛t✐♦♥ t♦ ✐ts ❝♦❡✣❝✐❡♥ts✳ ❚♦ ✐❧❧✉str❛t❡ s✉❝❤ s✐♠✐❧❛r✐t② ✇❡ ❤❛✈❡ ❝r❡❛t❡ ❛ ❢✉♥❝t✐♦♥

t❤❛t s✐♠✉❧❛t❡ ❛♥❞ ♣❧♦t ❛♥ ❛✉t♦r❡❣r❡ss✐✈❡ ♣r♦❝❡ss ♦❢ ♦r❞❡r ♦♥❡ ✭✐♥ r❡❞✮ ❛♥❞ ❛♥ r❛♥❞♦♠ ❝♦❡✣❝✐❡♥t

❛✉t♦r❡❣r❡ss✐✈❡ ♣r♦❝❡ss ♦❢ ♦r❞❡r ♦♥❡ ✭✐♥ ❜❧✉❡✮ ✇❤❡r❡ t❤❡ s❛♠❡ ❛✉t♦❝♦rr❡❧❛t✐♦♥ ❝♦❡✣❝✐❡♥t ✐♥ t❤❡

✜rst ✇❛s ♣❡rt✉r❜❡❞ ❜② ❛ ♥♦r♠❛❧ ✭ r❡s♣❡❝t✐✈❡❧② ❛ ✉♥✐❢♦r♠✮ r❛♥❞♦♠ ✈❛r✐❛❜❧❡ ✭ s❡❡ ✜❣✉r❡ ✹✳✶ ❛♥❞

✜❣✉r❡ ✹✳✷ r❡s♣❡❝t✐✈❡❧②✮✳

❋✐❣✉r❡ ✹✳✶

✹✽



❋✐❣✉r❡ ✹✳✷

❚❤❡ ❢✉♥❝t✐♦♥ t❤❛t ❣✐✈❡s t❤❡ ❛❜♦✈❡ ♣❧♦t ✐s ❣✐✈❡♥ ❜②✿

❘❈❆✶✈s❆❘✶❁✲❢✉♥❝t✐♦♥✭◆❂✶✷✵✵✱❜❂✵✳✾✱s✐❣♠❛✷❂✵✳✶✱s✐❣♠❛✷❛❂✵✳✶✮

④

❡❁✲r♥♦r♠✭◆✱✵✱sqrt✭s✐❣♠❛✷✮✮

❳ ❂ ♥✉♠❡r✐❝✭◆✮

❳❬✶❪ ❂ ❡❬✶❪

❢♦r ✭✐ ✐♥ ✷✿◆✮ ❳❬✐❪ ❂ ❡❬✐❪ ✰ ❜✯❳❬✐✲✶❪

①❁✲r❡♣✭✵✱◆✮

❛❁✲r♥♦r♠✭✶✷✵✵✱✵✱s✐❣♠❛✷❛✮ ★❛❁✲r✉♥✐❢✭✲✶✱✶✮

①❬✶❪❁✲❡❬✶❪

①❬✷❪❁✲✭❛❬✷❪✮✯①❬✶❪✰❡❬✷❪

❢♦r✭ ✐ ✐♥ ✸✿✶✷✵✵✮

①❬✐❪❁✲✭❜✰❛❬✐❪✮✯①❬✐✲✶❪✰❡❬✐❪

♣❧♦t✭①✒ ♠❛✐♥❂✧✧✱②❧❛❜❂✧✧✱❝♦❧❂✧❜❧✉❡✧✱t②♣❡❂✧❧✧✮

❧✐♥❡s✭❳✱ ❝♦❧❂✧r❡❞✧✮

❧❡❣❡♥❞✭① ❂ ✧t♦♣r✐❣❤t✧✱❧❡❣❡♥❞ ❂ ❝✭✧❘❈❆✭✶✮✧✱ ✧❆❘✭✶✮✧✮✱❧t② ❂ ❝✭✶✱ ✶✮✱

❝♦❧❂❝✭✧❜❧✉❡✧✱✧r❡❞✧✮✱❧✇❞ ❂ ✷✮

⑥

❋r♦♠ ❋✐❣✉r❡ ✹✳✶✱ ✐t ❝❛♥ ❜❡ s❡❡♥ t❤❛t t❤❡r❡ ✐s ♥♦ s✐❣♥✐✜❝❛♥t ✢✉❝t✉❛t✐♦♥ t❤r♦✉❣❤♦✉t t❤❡

✹✾



s❡r✐❡s ♦❢ t❤❡ AR(1) ♣r♦❝❡ss✳ ❚❤❡ ♣r♦❝❡ss s❡❡♠s t♦ ❤❛✈❡ ♥♦ s②st❡♠❛t✐❝ ❝❤❛♥❣❡ ✐♥ t❤❡ ♠❡❛♥ ❛♥❞

✈❛r✐❛♥❝❡✳

❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ t❤❡ ♠❛①✐♠❛❧ ❜❡❤❛✈✐♦r ♦❢ ARC(1) ✐♥ ❋✐❣✉r❡ ✹✳✷✱ ✭✸✳✸✮ ✐s s✐❣♥✐✜❝❛♥t❧② ❞✐✛❡r❡♥t

❢r♦♠ AR(1)✳ ■t ✐s ❝❧❡❛r t❤❛t t❤❡ ❛❞❞✐t✐✈❡ r❛♥❞♦♠ ♣❡rt✉r❜❛t✐♦♥ ❝❛✉s❡❞ s♦♠❡ ❛♠♣❧✐t✉❞❡ ❥✉♠♣s

✐♥ t❤❡ s❡r✐❡s✳

✹✳✵✳✶ ❆♣♣❧✐❝❛t✐♦♥ t♦ ❙✐♠✉❧❛t❡❞ ❉❛t❛

❋✐rst ♦❢ ❛❧❧✱ ✇❡ s✐♠✉❧❛t❡N ♦❜s❡r✈❛t✐♦♥s ♦❢ ❛♥ ♦r❞❡r ♦♥❡ r❛♥❞♦♠ ❝♦❡✣❝✐❡♥t ❛✉t♦r❡❣r❡ss✐✈❡ ♣r♦❝❡ss

✇✐t❤ ♣❛r❛♠❡t❡rs b = 0.9✱ σ2
ε = 1 ❛♥❞ σ2

a = 0.25✿

❘❈❆✶✭◆❂✻✵✵✱❜❂✵✳✾✱s✐❣♠❛✷❂✶✱s✐❣♠❛✷❛❂✵✳✶✮

❘❡❝❛❧❧ t❤❛t t❤❡s❡ ♣❛r❛♠❡t❡rs ❡st✐♠❛t♦rs ❛r❡ r❡s♣❡❝t✐✈❡❧② ❣✐✈❡♥ ❜② ❬♠❡♠♦✐r❡ ♠❛st❡r ♣✷✽✱✷✾❪✿

b̂ =

N
∑

i=1

XiXi−1

N
∑

i=1

X2
i−1

,

σ̂ε
2 =

1

N

N
∑

i=1

(Xi − b̂Xi−1)
2 − σ̂a

2 1

N

N
∑

i=1

X2
i−1

❛♥❞

σ̂a
2 =

N
∑

i=1

X2
i−1(Xi − b̂Xi−1)

2 −
N
∑

i=1

σ̂ε
2X2

i−1

N
∑

i=1

X4
i−1

❚❤❡♥ ✇❡ ✇r✐t❡ ❛ ❢✉♥❝t✐♦♥ t❤❛t ❤❛s ❛s ♦✉t♣✉t ✐♥ t❤❡ s♦❢t✇❛r❡ ❘ t❤❡ ❡st✐♠❛t✐♦♥s ♦❢ t❤♦s❡

♣❛r❛♠❡t❡rs ✉s✐♥❣ t❤❡ ❧❡❛st sq✉❛r❡ ♠❡t❤♦❞✿

❘❈❆✶❡s✐♠❛t✐♦♥❁✲❢✉♥❝t✐♦♥✭①✮

④

♥❁✲❧❡♥❣t❤✭①✮

▼❈❊❁✲r❡♣✭✵✱♥✮

❤❛t❜❁✲s✉♠✭①❬✷✿♥❪✯①❬✶✿✭♥✲✶✮❪✮✴s✉♠✭✭①❬✶✿✭♥✲✶✮❪✮2✮

✺✵



▼❈❊❁✲①❬✷✿♥❪✲❤❛t❜✯①❬✶✿✭♥✲✶✮❪ ❤❛ts✐❣♠❛✷❛❁✲s✉♠✭✭▼❈❊2✮✯✭✭①❬✶✿✭♥✲✶✮❪✮2✲♠❡❛♥✭✭①❬✶✿✭♥✲

✶✮❪✮2✮✮✮✴s✉♠✭✭✭①❬✶✿✭♥✲✶✮❪✮2✲♠❡❛♥✭✭①❬✶✿✭♥✲✶✮❪✮4✮

❤❛ts✐❣♠❛✷❁✲♠❡❛♥✭▼❈❊2✮✲❤❛ts✐❣♠❛✷❛✯♠❡❛♥✭✭①❬✶✿✭♥✲✶✮❪✮2✮

r❡t✉r♥✭❧✐st✭✧❤❛t❜✧❂❤❛t❜✱✧❤❛ts✐❣♠❛✷❛✧❂❤❛ts✐❣♠❛✷❛✱✧❤❛ts✐❣♠❛✷✧❂❤❛ts✐❣♠❛✷✮✮

⑥

✇❡ ❣❡t ❢♦r ✐♥st❛♥❝❡

❘❈❆✶❡st✐♠❛t✐♦♥✭❘❈❆✶✭✻✵✵✱✵✳✸✱✶✱✵✳✷✺✮✮

✩ ❤❛t❜ ★ b̂

✵✳✸✵✵✵✼✷✸

✩ ❤❛ts✐❣♠❛✷❛ ★ σ̂ε
2

✵✳✸✻✵✵✼✻✹

✩ ❤❛ts✐❣♠❛✷ ★ σ̂a
2

✵✳✽✷✷✺✺✻

◆♦✇✱ ✇❡ ❣✐✈❡ ❛ ❢✉♥❝t✐♦♥ t❤❛t t❛❦❡s t❤❡ m ✜rst ♦❜s❡r✈❛t✐♦♥s✱ ♠♦❞❡❧s t❤❡♠ ✇✐t❤ ❜♦t❤ r❛♥❞♦♠

❝♦❡✣❝✐❡♥t ❛✉t♦r❡❣r❡ss✐✈❡ ♣r♦❝❡ss ♦❢ ♦r❞❡r ♦♥❡ RCA(1) ❛♥❞ ♦r❞✐♥❛r② ❛✉t♦r❡❣r❡ss✐✈❡ ♣r♦❝❡ss ♦❢

♦r❞❡r ♦♥❡ AR(1) ❛♥❞ ❝❛❧❝✉❧❛t❡s t❤❡✐r r❡s♣❡❝t✐✈❡ q✉❛❞r❛t✐❝ ❡rr♦rs ✇❤❡♥ ♣r❡❞✐❝t✐♥❣ t❤❡ ❧❛st N−M

♦❜s❡r✈❛t✐♦♥s ✉s✐♥❣ t❤❡ ❜♦t❤ RCA(1) ❛♥❞ AR(1) ♠♦❞❡❧s✴ ❚❤❡ ❢✉♥❝t✐♦♥ ✐s ❣✐✈❡♥ ❜②✿

❘❈❆✶✈s❆❘✶Pr❡❞✐❝t✐♦♥❁✲❢✉♥❝t✐♦♥✭①✱♥❂✻✵✵✱♠❂✷✵✵✮

④

♥❁✲❧❡♥❣t❤✭①✮

✐❢ ✭♥❁♠✮

st♦♣✭✧♥ ♠✉st ❜❡ ❣r❡❛t❡r t❤❛♥ ♠✧✮

❡❧s❡

▼❈❊❁✲r❡♣✭✵✱♠✮

❤❛t❜❁✲s✉♠✭①❬✷✿♠❪✯①❬✶✿✭♠✲✶✮❪✮✴s✉♠✭✭①❬✶✿✭♠✲✶✮❪✮✂✷✮

▼❈❊❁✲①❬✷✿♠❪✲❤❛t❜✯①❬✶✿✭♠✲✶✮❪

❤❛ts✐❣♠❛✷❛❁✲s✉♠✭✭▼❈❊✂✷✮✯✭✭①❬✶✿✭♠✲✶✮❪✮✂✷✲♠❡❛♥✭✭①❬✶✿✭♠✲✶✮❪✮✂✷✮✮✮✴s✉♠✭✭✭①❬✶✿✭♠✲✶✮❪✮✂✷✲

♠❡❛♥✭✭①❬✶✿✭♠✲✶✮❪✮✂✷✮✮✂✷✮

❤❛ts✐❣♠❛✷❁✲♠❡❛♥✭▼❈❊✂✷✮✲❤❛ts✐❣♠❛✷❛✯♠❡❛♥✭✭①❬✶✿✭♠✲✶✮❪✮✂✷✮

❤❛t①✶❁✲r❡♣✭✵✱♥✮

✺✶



❢♦r✭✐ ✐♥ ✶✿✭♥✲♠✲✶✮✮

❤❛t①✶❬✐❪❂①❬✐❪

❢♦r✭✐ ✐♥ ✭♥✲♠✮✿♥✮

❤❛t①✶❬✐❪❂s✐❣♥✭❤❛t❜✯①❬✐✲✶❪✮✯sqrt✭✭❤❛t❜✯①❬✐✲✶❪✮✂✷✰❤❛ts✐❣♠❛✷✰❤❛ts✐❣♠❛✷❛✯✭①❬✐✲✶❪✂✷✮✮

◗❘✶❁✲sqrt✭s✉♠✭✭❤❛t①✶✲①✮✂✷✮✮

❡❁✲r♥♦r♠✭♥✱✵✱✭✶✴♠✮✯s✉♠✭▼❈❊✂✷✮✮

❤❛t①✷❁✲r❡♣✭✵✱♥✮

❢♦r✭✐ ✐♥ ✶✿✭♥✲♠✲✶✮✮

❤❛t①✷❬✐❪❂①❬✐❪

❢♦r✭✐ ✐♥ ✭♥✲♠✮✿♥✮

❤❛t①✷❬✐❪❂❤❛t❜✯①❬✐✲✶❪✰❡❬✐❪

◗❘✷❁✲sqrt✭s✉♠✭✭❤❛t①✷✲①✮✂✷✮✮

r❡t✉r♥✭❧✐st✭✧❘❈❆✶✲q✉❛❞r❛t✐❝✲❡rr♦r✧❂◗❘✶✱✧❆❘✶✲q✉❛❞r❛t✐❝✲❡rr♦r✧❂◗❘✷✮✮

⑥

❘❈❆✶✈s❆❘Pr❡❞✐❝t✐♦♥✭❘❈❆✶✭✮✮

❲❡ ❣❡t

✩ ❘❈❆✶✲q✉❛❞r❛t✐❝✲❡rr♦r

✺✳✾✼✼✻✹

✩ ❆❘✶✲q✉❛❞r❛t✐❝✲❡rr♦r

✺✳✾✽✵✻✹✼

❲❡ r❡♠❛r❦ t❤❛t t❤❡ q✉❛❞r❛t✐❝ ❡rr♦r ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ RCA(1) ♠♦❞❡❧ ✐s ❧❡ss t❤❛♥ t❤❡

q✉❛❞r❛t✐❝ ❡rr♦r ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ AR(1) ♠♦❞❡❧✳ ❲✐t❤✐♥ t❤❡ s❛♠❡ ❢✉♥❝t✐♦♥ ✇❡ ❝❛♥ ♣❧♦t

t❤❡ ♣r❡❞✐❝t❡❞ ❢✉t✉r❡ ✈❛❧✉❡s✳

◆♦t✐❝❡ t❤❛t t❤❡ ♠♦❞❡❧ ✐s ❜❡tt❡r ♣r❡❞✐❝t❡❞ ❜② t❤❡ r❛♥❞♦♠ ❝♦❡✣❝✐❡♥t ❛✉t♦r❡❣r❡ss✐✈❡ ♠♦❞❡❧ t❤❛♥

t❤❡ ♦r❞✐♥❛r② ♦♥❡ ✭s❡❡ ✜❣✉r❡ ✹✳✸ ❜❡❧♦✇✮✿

✺✷



❋✐❣✉r❡ ✹✳✸

✹✳✵✳✷ ❆♣♣❧✐❝❛t✐♦♥ t♦ ❘❡❛❧✐st✐❝ ❉❛t❛

❚❤❡ ❙♦✉t❤❡r♥ ❖s❝✐❧❧❛t✐♦♥ ■♥❞❡① ✭❙❖■✮ ✐s ❛ ♠❡❛s✉r❡ ♦❢ t❤❡ ✐♥t❡♥s✐t② ♦r str❡♥❣t❤ ♦❢ t❤❡ ❲❛❧❦❡r

❈✐r❝✉❧❛t✐♦♥✳ ■t ✐s ♦♥❡ ♦❢ t❤❡ ❦❡② ❛t♠♦s♣❤❡r✐❝ ✐♥❞✐❝❡s ❢♦r ❣❛✉❣✐♥❣ t❤❡ str❡♥❣t❤ ♦❢ ❊❧ ◆✐ñ♦ ❛♥❞

▲❛ ◆✐ñ❛ ❡✈❡♥ts ❛♥❞ t❤❡✐r ♣♦t❡♥t✐❛❧ ✐♠♣❛❝ts ♦♥ t❤❡ ❆✉str❛❧✐❛♥ r❡❣✐♦♥✳ ❲❤❡r❡ ❊❧ ◆✐ñ♦ ❛♥❞ ▲❛

◆✐ñ❛ ❡✈❡♥ts ❛r❡ ❛ ♥❛t✉r❛❧ ♣❛rt ♦❢ t❤❡ ❣❧♦❜❛❧ ❝❧✐♠❛t❡ s②st❡♠✳ ❚❤❡② ♦❝❝✉r ✇❤❡♥ t❤❡ P❛❝✐✜❝

❖❝❡❛♥ ❛♥❞ t❤❡ ❛t♠♦s♣❤❡r❡ ❛❜♦✈❡ ✐t ❝❤❛♥❣❡ ❢r♦♠ t❤❡✐r ♥❡✉tr❛❧ ✭✬♥♦r♠❛❧✬✮ st❛t❡ ❢♦r s❡✈❡r❛❧

s❡❛s♦♥s✳ ❊❧ ◆✐ñ♦ ❡✈❡♥ts ❛r❡ ❛ss♦❝✐❛t❡❞ ✇✐t❤ ❛ ✇❛r♠✐♥❣ ♦❢ t❤❡ ❝❡♥tr❛❧ ❛♥❞ ❡❛st❡r♥ tr♦♣✐❝❛❧

P❛❝✐✜❝✱ ✇❤✐❧❡ ▲❛ ◆✐ñ❛ ❡✈❡♥ts ❛r❡ t❤❡ r❡✈❡rs❡✱ ✇✐t❤ ❛ s✉st❛✐♥❡❞ ❝♦♦❧✐♥❣ ♦❢ t❤❡s❡ s❛♠❡ ❛r❡❛s ✭s❡❡

http : //www.bom.gov.au/climate/enso/history/ln− 2010− 12/SOI − what.shtml✮✳

❚❤❡ ❙♦✉t❤❡r♥ ❖s❝✐❧❧❛t✐♦♥ ■♥❞❡① ✐s ❞❡✜♥❡❞ ❛s t❤❡ st❛♥❞❛r❞✐③❡❞ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ ❜❛r♦♠❡tr✐❝

r❡❛❞✐♥❣s ❛t ❉❛r✇✐♥✱ ❆✉str❛❧✐❛ ❛♥❞ ❚❛❤✐t✐✳ ❲❡ ❤❛✈❡ ❝❤♦s❡♥ t❤❡ ✐♥❞❡① t❤r♦✉❣❤ t❤❡ ♠♦♥t❤ ♦❢

❏❛♥✉❛r② ❢r♦♠ ✶✾✺✶ t♦ ✷✵✷✷✳ ❙♦✱ ✇❡ ❤❛✈❡ n = 72 ♦❜s❡r✈❛t✐♦♥s✳ ❲❡ ✉s❡❞ m = 50 ♦❜s❡r✈❛t✐♦♥s

t♦ ❜❡ ♠♦❞❡❧❡❞ ❝♦♥s❡❝✉t✐✈❡❧② ❜② ❛♥ AR(1) ❛♥❞ ❛ RCA(1) ❛♥❞ t❤❡♥ ♠❛❦❡ ♣r❡❞✐❝t✐♦♥s ❛❜♦✉t

t❤❡ r❡♠✐♥❞❡❞ ✷✷ ♦❜s❡r✈❛t✐♦♥ ❢♦r ❜♦t❤ ♠♦❞❡❧s ❛♥❞ ❝♦♠♣❛r❡ t❤❡✐r q✉❛❞r❛t✐❝ ❡rr♦rs✳ ❉❛t❛ ✇❛s

r❡❣✐st❡r❡❞ ✐♥ ❛♥ ❡①❝❡❧ ✜❧❡ ♥❛♠❡❞ s♦✐❥❛♥✈✐❡r ♦❢ ❡①t❡♥s✐♦♥ ✧✳❝s✈✧ s❡♣❛r❛t♦r ✧❀✧ ✭ ❞❛t❛ ❛r❡ ❣✐✈❡♥

✐♥ ❛♣♣❡♥❞✐① ❆✮✳ ❚❤❡ ✜❧❡ ✇❛s ✐♠♣♦rt❡❞ t♦ t❤❡ ❝♦♥s♦❧❡ ❘ ✉s✐♥❣ t❤❡ ❝♦♠♠❛♥❞✿

s♦✐❁✲r❡❛❞✳❝s✈✷✭✧s♦✐❥❛♥✈✐❡r✳❝s✈✧✮

✺✸



❛♥❞ t❤❡ ♦❜❥❡❝t s♦✐ ✇❛s ❛tt❛❝❤❡❞✿

❛tt❛❝❤✭s♦✐✮

❛♥❞ t❛r❣❡t ❞❛t❛ ✇❡r❡ str✉❝t✉r❡❞ ✐♥ ❘ ❛s ❢♦❧❧♦✇s✿

❞❛t❛❁✲❛s✳❞♦✉❜❧❡✭❞❛t❛✮.

❚❤❡♥ ✇❡ ❛♣♣❧✐❡❞ t❤❡ ❢✉♥❝t✐♦♥ ❘❈❆✶✈s❆❘✶Pr❡❞✐❝t✐♦♥ t♦ t❤❡ ❛r❣✉♠❡♥t ❞❛t❛✳

❲❡ ❣❡t

✩ ❘❈❆✶✲q✉❛❞r❛t✐❝✲❡rr♦r

✶✽✳✶✻✻✵✼

✩ ❆❘✶✲q✉❛❞r❛t✐❝✲❡rr♦r

✷✽✳✾✸✼✼✹

❲❡ r❡♠❛r❦ t❤❛t t❤❡ q✉❛❞r❛t✐❝ ❡rr♦r ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ ❘❈❆✭✶✮ ♠♦❞❡❧ ✐s ❧❡ss t❤❛♥ t❤❡

q✉❛❞r❛t✐❝ ❡rr♦r ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ ❆❘✭✶✮ ♠♦❞❡❧✳

❘❡♠❛r❦ ✹✳✶✳ ❋♦r ❜♦t❤ s✐♠✉❧❛t❡❞ ❞❛t❛ ❛♥❞ r❡❛❧✐st✐❝ ♦♥❡ t❤❡ q✉❛❞r❛t✐❝ ❡rr♦r ✇❤❡♥ ♠♦❞❡❧✐♥❣ ❛♥❞

♣r❡❞✐❝t✐♥❣ ✉s✐♥❣ ❛ r❛♥❞♦♠ ❝♦❡✣❝✐❡♥ts ❛✉t♦r❡❣r❡ss✐✈❡ ♠♦❞❡❧ ✐s ❧❡ss t❤❛♥ t❤❡ q✉❛❞r❛t✐❝ ❡rr♦r ✇❤❡♥

♠♦❞❡❧✐♥❣ ❛♥❞ ♣r❡❞✐❝t✐♥❣ ✉s✐♥❣ ❛ ❞❡t❡r♠✐♥✐st✐❝ ❝♦❡✣❝✐❡♥ts ❛✉t♦r❡❣r❡ss✐✈❡ ♠♦❞❡❧ ❛♥❞ t❤❡♥ ✐t ✐s

♠♦r❡ ❝♦♥✈❡♥✐❡♥t t♦ ♣r❡❞✐❝t t❤❡ ❢✉t✉r❡ ✉s✐♥❣ RCA ♠♦❞❡❧ r❛t❤❡r t❤❛♥ AR ♦♥❡s ✭s❡❡ ✜❣✉r❡ ✹✳✹

❛♥❞ ✜❣✉r❡ ✹✳✺ ✮✳

✺✹



❋✐❣✉r❡ ✹✳✹

❋✐❣✉r❡ ✹✳✺

✺✺



❈♦♥❝❧✉s✐♦♥ ❛♥❞ P❡rs♣❡❝t✐✈❡s

❚❤❡ ❛✉t♦r❡❣r❡ss✐✈❡ ♠♦❞❡❧ AR ✐s ❛ t♦♦❧ ✉s❡❞ ✐♥ t✐♠❡ s❡r✐❡s ❛♥❛❧②s✐s t♦ ❞❡s❝r✐❜❡ ❛♥❞ ♠♦❞❡❧ t✐♠❡

s❡r✐❡s ❞❛t❛✳ ■ts ♠❛✐♥ str✉❝t✉r❡ ✐s ❛ ❧✐♥❡❛r ❡q✉❛t✐♦♥ ✉s✐♥❣ t❤❡ ♣r❡✈✐♦✉s ✈❛❧✉❡s t♦ ❝♦♠♣✉t❡ t❤❡

♥❡①t t✐♠❡ st❡♣❀ ✐✳❡✳✱ t❤❡ s❤♦rt t✐♠❡ r❡❧❛t✐♦♥s❤✐♣ ✐s t❤❡ ❝♦r❡ ❝♦♠♣♦♥❡♥t ♦❢ t❤❡ ❛✉t♦r❡❣r❡ss✐✈❡

♠♦❞❡❧✳ ❚❤❡r❡❢♦r❡✱ s❤♦rt✲t❡r♠ ❡✛❡❝ts ❝❛♥ ❜❡ ♠♦❞❡❧❡❞ ✐♥ ❛♥ ❡❛s② ✇❛②✱ ❜✉t t❤❡ ❣❧♦❜❛❧ str✉❝t✉r❡ ♦❢

t❤❡ ♠♦❞❡❧ ✐s ♥♦t ♦❜✈✐♦✉s✳ ■♥ ❛❞❞✐t✐♦♥✱ ❝❧❛ss✐❝❛❧ ❛✉t♦r❡❣r❡ss✐✈❡ ♠♦❞❡❧ ✐s ♥♦t ❛❧✇❛②s s✉✐t❛❜❧❡ ❢♦r

♠♦❞❡❧✐♥❣ ❛❧❧ t❡♠♣♦r❛❧ ❞❛t❛✱ ❡s♣❡❝✐❛❧❧② ✐♥ ❝❡rt❛✐♥ ✜❡❧❞s s✉❝❤ ❛s ❝❧✐♠❛t♦❧♦❣② ❛♥❞ ❜✐♦❧♦❣②✱ ✇❤❡r❡

t❤❡r❡ ❛r❡ ❞✐st✉r❜❛♥❝❡s r❛♥❞♦♠✱ ❛s ✇❡❧❧ ❛s ✐♥ ✜♥❛♥❝❡ ✇❤❡r❡ t❤❡ ♣r❡s❡♥❝❡ ♦❢ ❤❡t❡r♦s❝❡❞❛st✐❝✐t②

❛♥❞ t❤❡♥ t❤❡ ♥❡❝❡ss✐t② ♦❢ t❤❡ ❡♠❡r❣❡♥❝❡ ♦❢ ♦t❤❡r ❢♦r♠s ♦❢ ♠♦❞❡❧s s✉❝❤ ❛s r❛♥❞♦♠ ❝♦❡✣❝✐❡♥ts

❛✉t♦r❡❣r❡ss✐✈❡ ♠♦❞❡❧s RCA✳

■♥ t❤✐s ✇♦r❦✱ ✇❡ ♣r❡s❡♥t❡❞ s♦♠❡ ♣r♦❜❛❜✐❧✐st✐❝ ♣r♦♣❡rt✐❡s ♦❢ ❝❧❛ss✐❝❛❧ ❛✉t♦r❡❣r❡ss✐✈❡ ♣r♦❝❡ss ❛s

✇❡❧❧ ❛s t❤♦s❡ ✇✐t❤ r❛♥❞♦♠ ❝♦❡✣❝✐❡♥t✳ ❆❝❝♦r❞✐♥❣ t♦ t❤❡ ♣r♦♣♦s❡❞ ♠♦❞❡❧ ❛♥❞ t❤❡ ❝♦♥❞✐t✐♦♥s

✐♠♣♦s❡❞ ♦♥ t❤❡ ❝♦❡✣❝✐❡♥ts ♦❢ t❤❡ ♠♦❞❡❧✱ ✇❡ ❤❛✈❡ ♠❛❞❡ s♦♠❡ st❛t✐st✐❝❛❧ ✐♥❢❡r❡♥❝❡ ✐♥ t❤❡s❡
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ABSTRACT 

Abstract 

In this thesis, we provide a comparative study where an autoregressive process with a 

random coefficient of order p, RCAR(p) is compared to an autoregressive process with a 

deterministic coefficient of order p, AR(p) knowing that RCAR models are obtained by 

introducing random coefficients to an AR(1). For that and after checking conditions of 

stationarity for both of them, we have conducted corresponding simulations which afterward 

and when applied to real data allow us to make a comparison between them in terms of 

prediction.  

Résumé 

Dans cette thèse nous proposons une étude comparative où un processus autorégressif 

à coefficient aléatoire d'ordre p, RCAR(p) est comparé à un processus autorégressif à 

coefficient déterministe d'ordre p, AR(p) sachant que les modèles RCAR sont obtenus en 

introduisant des coefficients aléatoires à ceux AR. Pour cela et après vérification des 

conditions de stationnarité pour l'un et l'autre, nous avons procédé à des simulations 

correspondantes qui par la suite et lors de l'application à des données réelles nous permettent 

de faire une comparaison entre elles en termes de prévision. 

 

 ملخص

َقدو في ْرِ الأطسٔحت دزاست يقازَتيت حيث تتى يقازَت  بيٍ عًهيت الاَحداز انراتي  ذاث يعايم عشٕائي بعًهيت 

ث عشٕائيت ج الأٔل  عٍ طسيق إدخال يعايلاذانعهى أَّ  يتى انحصٕل عهى انًُٕالاَحداز انراتي ذاث انًعايم انقطعي يع 

انًقازَت ٔبعد انتحقق يٍ شسٔط انثباث نكهيًٓا ، قًُا بئجساء عًهياث يحاكاة يٍ أجم استبياٌ ْرِ ج انثاَي ٔذإنى  انًُٕ

 .عُد تطبيقٓا عهى بياَاث ٔاقعيت تسًح نُا بئجساء يقازَت بيُٓا يٍ حيث انتُبؤٍ يًا ٔبانُسبت نهُٕعي


