REPUBLIQUE ALGERIENNE DEMOCRATIQUE ET POPULAIRE

/:\/\“ 8 MINISTERE DE L’ENSEIGNEMENT SUPERIEUR ET DE LA RECHERCHE SCIENTIFIQUE I F
%’8‘? v
\\yl”'j UNIVERSITE ABOU-BEKR BELKAID - TLEMCEN

THESE

Présentée a la:
FACULTE DES SCIENCES — DEPARTEMENT DE MATHEMATIQUES

Pour I’obtention du diplome de:

DOCTORAT EN SCIENCES

Spécialité: Mathématiques appliquées
Par:

M. Benchaib Abdellatif

Sur le théme

Analyse et controlabilité de certaines classes
d’équations différentielles

Soutenue publiquement le 04/07/2024 a Tlemcen devant le jury composé de :

M. BOUGUIMA Sidi  Professeur Université de Tlemcen  Président
Mohammed

M. SENOUCI Maitre de conférences A Université de Tlemcen  Directeur de thése
BREKSI Ghouti

M. BENCHOHRA Professeur Université de Sidi Bel Co-Directeur de thése
Mouftfak Abbes

Mme.BENDIMERED- Professeur Université de Sidi Bel Examinatrice
BAGHLI Selma Abbes

M. DERHAB Professeur Université de Tlemcen  Examinateur
Mohammed

M. LAZREG Jamal Professeur Université de Sidi Bel Examinateur
Eddine Abbes

Laboratoire Systemes Dynamiques et Applications
BP 119, 13000 Tlemcen - Algérie



ii

Je dédie ce modeste travail a
mon défunt pére
ma chere mere

mes enfants Yacine et Malak.



iii

Remerciements

Tout d’abord, mes remerciements s’adressent a mon directeur
de these, Dr. SENOUCI BEREKSI Ghouti pour son encourage-
ment, mes remerciements s’addressent au P BENCHOHRA
Mouffak; co-directeur de thése pour sa disponibilité et son en-
couragement prodigués tout au long de ce travail de recherche.

Je tiens ensuite a exprimer ma reconnaissance aux mem-
bres du jury. A monsieur Pr. BOUGUIMA Sidi-Mohamed m’ayant
fait I'honneur de présider ce jury, et a madame Pr. BENDIM-
RED Selma, monsieur Pr. DERHAB Mohamed, et monsieur
Pr. LAZREG Jamal Eddine qui m’ont fait 'honneur d’examiner
ce travail, j’adresse également mes remerciements a messieurs
SALIM Abdelkrim de l'université Hassiba Benbouali (Chlet),
ABBAS Said de I'université Tahar Moulay (Saida) et KRIM Salim
de I'université Djillali Liabes (Sidi Bel-Abbes).

Un grand merci a tous ceux qui n’ont pas été nominale-
ment ou formellement mentionnés dans cette page, mais qui
ont contribué directement ou indirectement a la réalisation de
cette these, je les remercie.



iv

Publications

1. A.Benchaib, A. Salim, S. Abbas and M. Benchohra, Qualitative Analysis of
Neutral Implicit Fractional ¢—Difference Equations with Delay, Differential
Equation and Application 2024, 16, 19-38.

2. A. Benchaib, A. Salim, S. Abbas and M. Benchohra, Existence and Succes-
sive Approximations for Implicit Deformable Fractional Differential Bound-
ary Value Problems, submitted.

3. A. Benchaib, A. Salim, S. Krim and M. Benchohra, Existence, Ulam Sta-
bility Results and Successive Approximations for Implicit Improved Con-
formable Fractional Differential Equations, submitted.

4. A. Benchaib, A. Salim, S. Abbas and M. Benchohra, New Stability Results
for Abstract Fractional Differential Equations with Delay and non Instanta-
neous Impulses, Mathematics 2023, 11, 3490, 1-19.



Abstract

The objective of this thesis is to present both some results on the exis-
tence, stability and controllability of the solutions of some classes of frac-
tional diferential equations with delay and impulses in finite and infinite
dimensional Banch spaces.

We shall make us the notion of the measure of noncompactness, the
semigroup theory and the fixed point approach ;in particular we use the
banach contraction priciple, Schauder fixed point theorem, Darbo fixed
point theorem, Burton Kirk fixed point theorem.

Key words: Banach space, delay, fixed point, fractional differential equa-
tions,impulses, measure of noncompactness, semigroup, Ulam stability.

AMS Subject Classification : 26A33, 34A08, 34A37, 34G20, 34G25, 34K20,
34K30.



Résumé

Cette theése vise a présenter des résultats sur 1'existence, la stabilité
et la controlabilité des solutions de certaines classes d’équations différen-
tielles fractionnaires avec retard et impulsions dans des espaces de Banach
de dimensions finies et infinies.

Nous utiliserons la théorie des semi-groupes, la mesure de la non-
compacité et I’approche du point fixe, en particulier le principe de con-
traction de Banach, le théoreme du point fixe de Schauder, le théoréme du
point fixe de Darbo et le théoréme du point fixe de Burton-Kirk.

Mots clefs: Espace de Banach, Equations différentielles fractionnaires, Im-
pulsion, mesure de noncompacité, , Point fixe, Retard, Semi-groupe, Solu-
tion, stabilité au sens de Ulam.

Classification AMS: 26A33, 34A08, 34A37, 34G20, 34G25, 34K20, 34K30.
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Introduction

Fractional calculus and fractional differential equations have been
found in several areas of engineering, mathematics, physics, and other ap-
plied sciences [4], [5], [6], [25], [26], [122], [133]. Recently, in [1], [7] [93];
the authors studied the existence of solutions of Caputo’s fractional differ-
ential equations and inclusions, a considerable attention has been given to
the existence of solutions of initial and boundary value problems for frac-
tional differential equations and inclusions with Caputo fractional deriva-
tive; [5], [7], [40] [75].

A Fractional calculus has been a captivating field of study within func-
tional space theory for a significant period, attracting scholars owing to
its diverse range of applications across various disciplines. This domain
of research focuses on employing non-integer derivatives of fractional or-
der to model and comprehend complex natural phenomena. Some of the
noteworthy areas where fractional calculus has found use include electro-
chemistry and viscoelasticity.

The application of fractional derivatives has demonstrated efficacy in
extending the fundamental laws of nature, facilitating a more comprehen-
sive and nuanced comprehension of these processes. Moreover, fractional
calculus has been vital in capturing the memory and hereditary effects that
emerge in several systems, which traditional integer-order derivatives fail
to explain.

The use of fractional derivatives has proven to be an effective way of
generalizing the fundamental laws of nature, providing a more compre-
hensive and nuanced understanding of these processes. The fractional
calculus has been instrumental in capturing the memory and hereditary
effects that arise in many systems, which traditional integer-order deriva-
tives cannot account for. For those looking to develop into the subject, we
recommend reading [2], [4], [44] [52], [66]], [73], [75], [91] and its referenced



works. Recently in [92], Khalil et al. gave a novel definition of fractional
derivative which is a natural extension to the standard first derivative.

We note allso that the Fractional calculus is a highly effective tool in
applied mathematics, offering a means to investigate a wide range of prob-
lems in various scientific and engineering fields. Remarkable breakthroughs
have been made in mathematical physics, finance, hydrology, biophysics,
thermodynamics, control theory, statistical mechanics, astrophysics, cos-
mology, and bioengineering. In recent years, there has been significant
progress in both ordinary and partial fractional differential equations. For
turther exploration, one can refer to the monographs by Abbas et al. [3],
[1], Benchohra et al. [42], Kilbas et al. [22], [133], the papers of [4, 5, 34],
and the references therein.

Concerning the stability problem Ulam initially introduced the topic of
stability in functional equations during a talk at Wisconsin University in
1940. The problem he presented was as follows: Under what conditions
does the existence of an additive mapping near an approximately additive
mapping hold? Hyers provided the first solution to Ulam’s question in
1941, specifically for the case of Banach spaces [18].

Considerable attention has been devoted to investigating Ulam-Hyers
and Ulam-Hyers-Rassias stability in various forms of functional equations,
as discussed in the monographs by [19, 20]. Ulam-Hyers stability in op-
eratorial equations and inclusions has been examined by Bota-Boriceanu
and Petrusel [13], Petru et al. [28], and Rus [31, 33]. Castro and Ramos
[14] explored Hyers-Ulam-Rassias stability for a specific class of Volterra
integral equations.

Wang et al. [39, 40] proposed Ulam stability for fractional differential
equations involving the Caputo derivative. For further historical insights
and recent developments in these stabilities, consult the monographs by
[19-21] and the papers by [21, 25, 31, 39, 40].

The study of differential equations with impulses was initially explored
by Milman and Myshkis [26]. In several fields such as physics, chemical
technology, population dynamics, and natural sciences, numerous phe-
nomena and evolutionary processes can undergo sudden changes or short-
term disturbances [24] and references therein. These brief disturbances
can be interpreted as impulses. Impulsive problems also arise in vari-
ous practical applications including communications, chemical technol-
ogy, mechanics (involving jump discontinuities in velocity), electrical en-
gineering, medicine, and biology. These perturbations can be perceived



as impulses. For instance, in the periodic treatment of certain diseases,
impulses correspond to the administration of drug treatment. In environ-
mental sciences, impulses represent seasonal changes in water levels in
artificial reservoirs. Mathematical models involving impulsive differen-
tial equations and inclusions are used to describe these situations. Several
mathematical results, such as the existence of solutions and their asymp-
totic behavior, have been obtained thus far [10, 23, 24, 36] and references
therein. In [16,29,38] the authors studied some new classes of differential
equations with not instantaneous impulses. For more recent results we
refer, for instance to the book [9] and the papers [6-8,12].

Controllability theory is critical for understanding the behavior and
dynamics of abstract control systems. The basic goal of controllability is
to find a suitable control function that will allow us to direct the system’s
state towards a desired final state. The capacity to steer the system to
an exact end state is known as exact controllability, whereas approxima-
tion controllability allows us to direct the system to an arbitrarily small
neighborhood of the final state. As a result, approximation controllabil-
ity becomes more desired and applicable to real-world systems, which
frequently display some amount of uncertainty or imprecision. Many
researchers have studied the approximate or complete controllability of
control systems throughout the years, and various papers have been pub-
lished in this field (see references [7,14,39-41,43,45,47,47,105-108] and
the references therein).

Let us now briefly describe the organization of this thesis.

We first give some general preliminaries and fixed point theorems.
In chapter 2 we first give preliminaries of the notion of g—calculus (quan-
tum calculus), the deformable fractional derivatives then we prove some
existence and Ulam stability results for the Cauchy problem of implicit
neutral fractional g—difference equation with finite delay of the form.

“Dg (u(t) = h(t,u)) = f(t,u(t), Dg(u(t) = h(t,w))); t € I:=[0,T7,
whereq € (0,1), a € (0,1], T,r >0, p €C, h: IXC = R, f: IXRxR —R
are given continuous functions, “Dy is the Caputo fractional ¢-difference
derivative of order «, and C := C([—r,0],R) is the space of continuous



functions on [—r, 0].

For any ¢ € I, we define u,; by
u(s) = u(t +s), for s € [—r,0].

In Section we consider the Cauchy problem of implicit neutral frac-
tional ¢-difference equation with infinite delay of the form.

{u(t) — o(t); t € (—o00,0],
eD2 (u(t) — h(t,ug)) = F(t, ult),c D2 (ult) — h(t,u))); t € 1,

q

where p : (—00,0] > R, h: I x B—= R, f: I xR xR — Rare continuous
functions, and B is a phase space.

For any t € I, we define u; € B by
u(s) = u(t + s); for s € (—o0,0].

In Section we study the Cauchy problem of implicit neutral fractional
g-difference equation with state-dependent delay of the form.

{U(t)=<p(t) t e [~r0],
eD2 (u(t) — hlt, wpean)) = F(E (), D(u(t) = h(t, tpun))); t € 1,

wherep €C, p: I xC =R, h: I xC—=R, f: I xR xR = Rare given
continuous functions.

In Section 2.5, we treat the last Cauchy problem of implicit neutral frac-
tional ¢-difference equation with state dependent delay of the form.

{u<t> = o(t); t € (—00,0],
D2 (u(t) — ht, wpeun)) = f(Eu(t), D(u(t) = h(t tpeun))); t € T,

where p : (—00,0] 2 R, p: IXB—->Rh:IxB—-R, f:IxRxR—=>R
are given continuous functions.
In Chapter 3 we present an existence results of the problem.

{(M)() R(C,€(0),DFE(C)), ¢ €V i=[0,a],
1£(0) + )€(=) = o,



where ©¢(() is the deformable fractional derivative starting from the ini-
tial time O of the function N of order v € (0,1), 8 : VxR xR — Ris
a continuous function 0 < @w < +oo and 1, , o are real constants where

v+ ge “ £ 0.

In Chapter 4, we present two results on existence and uniqueness of
the problem.

{%y@ = 1 (ty®).§Toy®) , t € 0,7),
y(0) =0,

where 0 < ¥ < 1, 7 is the improved Caputo-type conformable fractional
derivative of order ¢ defined in [69], [ := [0,T], f : [ x RXxR — Risa
given function such that f(¢,0,0) # O forall ¢ € I.

In chapter 5, we investigate the uniqueness and Ulam-Hyers-Rassias
stability of the following abstract impulsive fractional differential equa-
tions with finite delay of the form.

Cng ( )_ ( )+N(197X19>; ifﬁe%]?]:()7"'7w7
X() J( ()>;1f19€%]7.]:17"'7w7
X(0) = p(9); if U € [—ka, 0],
where 3 := [0, %], §J = (V,,9,], = (0,,0,11); y=1,.. ., w, CDgJ is the

fractional Caputo derivative of order ¢ € (0,1], 0 = §y < V5 < & < ¥y <

-<(5w,1§19w§5w§19w+1:/11,/€2,/<&1>0,N:%]><C—>E;j:
0,...,w, ﬁj : @a X2 —>Z7=1,...,w, p:[—ke,0] - Z are continuous
functions, Z is a Banach space, O is the infinitesimal generator of a compact
analytic semigroup of uniformly bounded linear operators {$(?); ¥ > 0}
in = and C is the Banach space defined by

C =C,, = {x:[—ke2,0] = E: continuous and there exist ¢, € (—k2,0);
7=1,...,w, suchthat x(e;) and x(g) exist with x(g,) = x(¢,) },

with the norm
Ixlle = sup [[x(¥)]=.

YE€[—k2,0]



We denote by x, the element of C defined by
xo(e) = x(U+¢€); € € [—ko, 0],

here xy(-) represents the history of the state from time ¥ — ko up to the
present time .

In section 5.5 we consider the abstract impulsive fractional differential
equations with infinite delay of the form.

“Di x(0) = ©
x(?) =R

x(¥)
where@andﬁj; J=1,...,w are as in problem ,N S, xk—=ZF; =

0,...,w, p : R_ — = are given continuous functions, and k is called a
phase space that will be specified in Section[5.4}

X(0) + R, xo); if9 €S, 7=0,...,w,
L0, x(0); if9 €S, 1=1,...,w,
p(0); if ¥ € R = (—o00,0],

The third problem is the abstract impulsive fractional differential equa-
tions with state-dependent delay and it is in section

cDgX /)\_ x () +N(19,X£(ﬂ,xﬂ)); ifves, 17=0,...,w,
X(W) =R, (0, x(¥); if9 €S, y=1,...,w,
X( ) 19) if 9 € [—,‘Q270]7

where O, N, g)andﬁj; 7= 1,...,wareasinproblernandp : 3, xC —
R; y=0,...,w,is a given continuous function.

The fourth problem is in section where we consider the abstract
impulsive fractional differential equations with state-dependent delay of
the form.

“D§ X () = OX(0) + R, Xpwx): 0 € Sy 1= 0,00,
X( ) N]( ( ))7 ifﬁeg]?]:17"'7w7
X(®) = p(9); if 9 € R_,

where O, R, o and f\l\]; J=1,...,w are as in problem li andp: 3, xk —
R; y=0,...,w,is a given continuous function.



Finally in chapter 6, we discuss the approximate controllability and
complete controllability for second-order Integro-differential equations with
state-dependent delay described in the form.

19//(§) = A(§)19(§) + K ((, ﬁp(gﬂgg), (‘I’ﬁ)(g)) + f()( T(g’ S)ﬁ(S)dS + PU(§), ifce J,
V(0)=C( € E, ¥() =o(), ifceR_,

where J = [0,T], A(s) : D(A(s)) C E — E, Y(s,s) are closed linear op-
erators on E, with dense domain D(A(c)), which is independent of ¢, and
D(A(s)) € D(Y(s,s)), the operator V¥ is defined by

(Wo)(<) = / =(c,5,9(s))ds, a >0,

the nonlinearterms=Z: J x J X EFE—- FE, K: JxBxXxE—FE, &:R_ — E,
p:J x B — (—00,00),are a given functions, the control function v is give
function in L?(.J, U) Banach space of admissible control with U as a Banach
space. P is a bounded linear operator from U into E, and (£, | - ||) is a Ba-
nach space.

We illustrate our main results with examples.



Chapter 1

Preliminaries

1.1 Introduction

In this chapter, we give some general definitions that are useful in our
thesis, we give also some fixed point theorems.

1.2 Definitions and notations

Let (C(I),] - ||~) be the Banach space of continuous functions v : I — R
with norm

[0]]oc := sup [v(£)],
tel

and let L'(I) be the space of measurable functions v : I — R which are
Lebesgue integrable with the norm

ol = / fo(t)dt.

Definition 1.2.1. [109] A function f : R — FE is called strongly measurable
if there exists a sequence of simple functions ( f,,), such that

Tim | £, () — f(5)] = 0.

Definition 1.2.2. [109] A function f : R — E is said Bochner integrable
on J if it is strongly measurable and such that

lim / Fult) — F(B)ldt =0

n—o0

8



1.2 Definitions and notations 9

for any sequence of simple functions ( f,,),.

Theorem 1.2.1. [109] A strongly measurable function f : R — E is Bochner
integrable if and only if | f| is measurable.

The reader can find the Bochner integral in many books, e.g. [109}(132].

Definition 1.2.3. [30] Amap f : I x E — E is Carathéodory if
(i) t — f(t,y) is measurable for all y € F, and
(17) y — f(t,y) is continuous for almost eacht € I.
If, in addition,
(ii1) for eachr > 0, there exists g, € L*(I,R.) such that
|f(t,y) < g.(t) forall |y| <r and almosteacht € I,

then we say that the map is L'-Carathéodory.

Definition 1.2.4. [30] Let X be a Banach space and (2x the bounded sub-
sets of X. The Kuratowski measure of noncompactness is the map i :
Qg — [0, 00| defined by

u(B) =inf{e > 0: B C U ,B; and diam(B;) < €¢}; where B C Qx,

and
diam(B;) = sup{||u — v||g : u,v € B;},
where 11 satisfies the following properties.

e u(B) = 0 if and only if B is compact (regularity).

e u(B) = u(B), invariance under closure.

p(B1 U By) = max{u(B1), 1(Bs)} (semi-additivity).

AUB = pu(A) < u(B).

(A + B) < p(A) + pu(B).
p(cB) = |c|u(B), c € R.



1.3 Fixed Point Theorems 10

¢ j(conB) = u(B).

B denotes the closure and con denotes the convex hull of the bounded
set B.

Lemma 1.2.1. [62] If Y is a bounded subset of a Banach space X, then for each
€ > 0, there is a sequence {yy},-, C Y such that

(YY) <2p({yrtie,) +e

Lemma 1.2.2. [110] If {yx}32, C L* is uniformly integrable, then the function
s — a({yx()}32,) is measurable and

«({f y<>d}°°) <2 [tz ) as

1.3 Fixed Point Theorems

Fixed point theory plays an important role in our existence results, there-
fore we state the following fixed point theorems.

Theorem 1.3.1 (Schauder’s fixed point theorem, [63]). Let C' be a nonempty
closed convex bounded subset of a Banach space E. Then every continuous com-
pact mapping T : C — C has a fixed point.

Theorem 1.3.2 (Burton-Kirk’s fixed point theorem [20]). Let X Banach space,
and A, B : X — X two operators. Suppose that B is a contraction and A a com-
pact operator. Then either

(1) & = AB (%) + MAz has a solution for X\ = 1, or
(i1) theset {x € X : & = AB (%) + Mz, A € (0,1)} is unbounded.

Theorem 1.3.3. (Krasnoselskii fixed point theorem) [12,(15] Let M be a closed
convex and nonempty subset of a Banach space X. Let A and B be two operators
such that

(1) Ax + By € M whenever x,y € M;
(17) A is compact and continuous;

(14i) B is a contraction mapping.



1.3 Fixed Point Theorems 11

Then there exists = € M such that z = Az + Bz.

Theorem 1.3.4 (Darbo’s fixed point theorem, [55]). Let €2 be a nonempty,
bounded, closed and convex subset of a Banach space X and let T : Q1 — Q bea
continuous mapping. Assume that there exists a constant k € [0, 1), such that,
for all subset M of €.

p(TM) < ku(M),

where 1 is the measure of non-compactenss of Kuratowski| Then, T has a fixed
point in set €.

Let B be any bounded subset of a Banach space E, the Kuratowski measure of non-
compactness of B, p(B) is defined as the infimum of those ¢ > 0 such that B can be
covered with a finite number of subsets of B having diameter less or equal to €



Chapter 2

Neutral Implicit Fractional
qg-Difference Equations with

Delay(1>

2.1 Introduction

In this chapter, we will treat the existence results and stability for four
classes of implicit neutral fractional ¢—difference equations with delay.

u(t) = p(t); t € [-1,0],
‘Dg(u(t) — h(t,ug)) = f(t,u(t),” Dg(u(t) — h(t,ur))); t € 1 :=[0,T],
(2.1)
whereg € (0,1), a € (0,1], T,r >0, p €C, h: IXC = R, f: IxRxR — R
are given continuous functions, ‘Dy is the Caputo fractional g-difference
derivative of order «, and C := C([-r,0],R) is the space of continuous
functions on [—r, 0].

For any t € I, we define u; by
u(s) = u(t + s), for s € [—r,0].

(1) [35] A. Benchaib, A. Salim, S. Abbas and M. Benchohra, Qualitative Analysis of
Neutral Implicit Fractional ¢g—Difference Equations with Delay, Differential Equation and
Application, 2024, 16, 19-38.

12



2.2 Preliminaries 13

DR (u(t) — Bt ur)) = F( () D2ult) — bt te 1, D

where p : (—00,0] > R, h: I x B—= R, f: I xR xR — R are continuous
functions, and B is a phase space.

{u<t> — o(t); t € (—o00,0],

For any t € I, we define u; € B by

u(s) = u(t + s); for s € (—o0,0].

u(t) = p(t); t € [=r,0],
Dy (u(t) = h(t, upuy)) = f(Eu(t),” Dg(u(t) — h(t, upaun))); t € 1,
(2.3)
wherep €C, p: I XC =R, h: I xC—=R, f: I xR xR —= Rare given
continuous functions.

ult) = @(t); t € (=00, 0],
Dy (ul(t) = h(t, upun)) = F(tu(t),” D (u(t) = bt upu))); t € 1
(2.4)
where ¢ : (—00,0] 2 R, p: IXB >R h:IXxB—->R, f:IXxRxR—
R are given continuous functions. Some techniques are made of a fixed
point theorem do to Krasnoselskii in Banach spaces, and the notion of the
stability of Ulam kind.

2.2 Preliminaries

Let us recall some definitions and properties of fractional ¢—calculus. For
a€R, 0<q<1weset

1—¢q
Definition 2.2.1. [96] The q analogue of the power (a — b)" is defined by

(a—0)9 =1, (a—b)"™ =T} (a — bg*); a,b €R, n € N.

In general, we define

aTo0 a’_bqk
((I—b) =a Hk:()(m);a,b,aER.
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Note that if b = 0, then a® = .

Definition 2.2.2. [96] The g-gamma function of { € R— {0, —-1,—2,...};is
defined by
(1—gY
(1—gq)t
Notice that I'j(1 + &) = [¢],I',(&).
Definition 2.2.3. [96] The ¢-derivative of order n € N of a function u :
I — R is defined by (Dju)(t) = u(t),

(Dy(e) = (D)) = "0 ¢ 20, (D) = lim(Dy)(e)

Fq(f) =

and
(Dpu)(t) = (DD u)(t); t € 1, ne{1,2,...}.

q

Set I; := {tq" : n € N} U {0}.
Definition 2.2.4. [96] The g-integral of a function v : I; — R is defined by

(Lu)(t) = /0 u(s)dys = 3 t(1 = Q) ulte”),

provided that the series converges.

Notice that (D,I,u)(t) = u(t), and if v is continuous at 0, then
u(t) = u(0) + (LgDqu)(t).
Definition 2.2.5. [9] The Riemann-Liouville fractional q-integral of order

o € Ry :=[0,00) of a function u : I — R is defined by (IJu)(t) = u(t), and

t(t — gs)@D
(I%u)(t) = /0 %u(s)dqs; tel

Lemma 2.2.1. [118] For o € Ry and X € (—1, 00), we have

T+

190t — )W _ _ A\ Ata). T.
(I2(t — a)M)(t) Fq<1+)\+&)(t )M 0<a<t<
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In particular, we have

¢ te

U0 =5 i) T a)

Definition 2.2.6. [119] The Riemann-Liouville fractional q-derivative of
order a € R, of a functionu : I — R is defined by (Dju)(t) = u(t), and

(Du)(t) = (DI I o) (0); ¢ € 1,

where [a] denotes the integer part of «.

Definition 2.2.7. [119] The Caputo fractional q-derivative of order oo € R
of a function u : I — R is defined by (°DJu)(t) = u(t), and

(“D2u)(t) = (I *Dllu)(t); t € 1.
Lemma 2.2.2. [[119] Let o € Ry.. Then the following equality holds:

o)1
(1 CDg“u) (t) =u(t) —

In particular, if « € (0,1), then
([;“ CDgu) (t) = u(t) — u(0).

From the above Lemma, and in order to define the solution for the
problem 2.1} We conclude the following Lemma

Lemma223. Leth: I xC — R, f: I xRxR — Rsuch that h(-,w) € C(I)
and f(-,u,v) € C(I), for each w € C, and u,v € R. Then the problem is
equivalent to the problem of obtaining the solutions of the integral equation

u(t) = @(t); t € [-r,0],
g(t) = f(& h(t,w) + ¢(0) = h(0,u0) + (IF9)(t), g(1)); t € 1,

and if g(-) € C(I), is the solution of this equation, then

u(t) = o(t); t € [-r,0],
u(t) = h(t,ur) + (0) — h(0,uo) + (Igg)(t); t € 1.
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From lemma we conclude the following corollary:

Corollary 2.2.1. The solutions of the problem are the fixed points of the
operator N : C([—r,T]) — C([—r,T)) defined by

{(Nu)(t) (1) t € [7,0],

(Nu)(t) = htw) + 9(0) — h(O,u) + (L)t te 1, )

where g € C(I) such that

or
g(t) = f (&, h(t, ur) + (0) = h(0,u0) + (I7g) (1), g(1)).

Lete > 0and ¢ : I — R be a continuous and positive function. We put
the following inequalities

[(Nu)(t) —u(t)| <€ tel. (2.6)
[(Nu)(t) —u(t)| < @(¢); t € 1. (2.7)
[(Nu)(t) —u(t)] < ed(t); t € 1. (2.8)

Definition 2.2.8. [6,[121] The problem is Ulam-Hyers stable if there
exists a real number ¢y > 0 such that for each ¢ > 0 and for each solution
u € C(I) of the inequality (2.6) there exists a solution v € C(I) of the

problem with
lu(t) —v(t)| < ecy; t € 1.

Definition 2.2.9. [6,121]] The problem is generalized Ulam-Hyers sta-
ble if there exists cy : C(R,,R) with c¢y(0) = 0 such that for each ¢ > 0
and for each solutionu € C(I) of the inequality (2.6) there exists a solution

v e C(I) of 2.1) with
ult) — ot)] < exle)s t€ 1.

Definition 2.2.10. [6][121] The problem is Ulam-Hyers-Rassias stable
with respect to @ if there exists a real number cy ¢ > 0 such that for each
¢ > 0 and for each solution u € C(I) of the inequality (2.8) there exists a
solutionv € C(I) of (2.1) with

ut) = v(t)] < ecna®(t); t € 1.
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Definition 2.2.11. [6|[121] The problem is generalized Ulam-Hyers-
Rassias stable with respect to ® if there exists a real number cy ¢ > 0 such

that for each solution u € C(I) of the inequality there exists a solution
v e C(I) of 2.1) with

lu(t) —o(t)] < enoe®(t); t € 1.
Remark 2.2.1. (i) Definition|[2.2.8= Definition[2.2.9,

(ii) Definition = Detinition|2.2.11
(iii) Definition[2.2.10|for ®(-) = 1 = Definition[2.2.8
One can have similar remarks for the inequalities (2.6) and (2.8).

Let (B, || - ||z) be a phase space. It is a semi-normed linear space of func-
tions mapping (—oo, 0] into R, and satisfying the following fundamental
axioms introduced by Hale and Kato [73]:

(A1) If 2 : (—00,T] — R continuous on [ and z; € B, forall t € (—o0,0],
then there are constants H, K, M > 0 such that for any ¢t € I, the
following conditions hold:

(1) z isin B;

(i2) [zl < H| zlls,

(120) ||2ells < K supgepo g [12(s)]| + M supge( oo 0 ll2l15:
)

(As For the function z(-) in (A;), 2 is a B-valued continuous function on

(A3) The space B is complete.

Example 2.2.1. Let B be the set of all functions ¢ : (—oo, 0] — R which are
continuous on [—r,0|, » > 0, with the semi-norm

Iplls = sup [[o(t)]].

te[—r,0]

Then we have H = K = M = 1. The quotient space B = B/| |z is
isometric to the space C([—r, 0], R) of all continuous functions from [—r, 0]
into R with the supremum norm, this means that functional ditferential
equations with finite delay are included in our axiomatic model.
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2.3 Existence and Stability Results with Finite De-
lay

We prove in this section some existence and Ulam stability results for the

Cauchy problem of implicit fractional ¢—difference equation with finite

delay

Let C = C([—r,T],R) denotes the Banach space of continuous func-
tions from [—r, 7] into R with the norm

[ullc =" sup Ju(t)].
te[—r,T|

We start by defining solution of the problem (2.1).

Definition 2.3.1. A solution of the problem is a function u € C' that
satisties the initial condition u(t) = ¢(t) on [~r,0], and the equation “ D{ (u(t)—
h(t, u(t)) = f(t, u, (“Dgu)(t)) on I.

We will need to introduce the following hypotheses which are assumed
there after:

(Hy) The function h satisfies the Lipschitz condition:
|h(t,u) — h(t,v)| < ¢|lu — v,
fort € I and u,v € C, where 0 < ¢ < 1.

(Hs) There exist continuous functions p,d,r : I — R, with r(¢) < 1 such
that

|f(t,u,v)| < p(t) +d(t)|u] + r(t)|v], foreacht € I and u,v € R.

Theorem 2.3.1. Suppose that the hypotheses (H,), (Hs), and the condition
Td*
2 + <1,
Dy
hold. Then the problem has at least one solution defined on [—r,T].
Proof. Consider the operators A, B : C([—r,T]) — C([—r,T]) defined by
(Au)(1) =05 # € [-r,0], 9)
(Au)(t) = ¢(0) — h(0,u0) + (Igg)(t); t € I, '
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where g € C'(I) with g(t) = f(t,u(t), g(t)), and

{(Bu)@)::w@);tE[—Tﬂﬂa (2.10)
(Bu)(t) = h(t,w); t € I.
Set alp* 4 d*

2h* + o + Ty + &'R)

(1 =701 + o)
TOéd* )
=T, + )
and let Bg = {u € C([-r,T)) : ||ullc < R} be the closed and convex ball in

C.
We shall prove in three steps that A and B satisfy the conditions of the
Theorem [1.3.3l

R > max | ¢*,
1—2¢—

Step 1. Au + Bv € Br whenever u,v € Bp.
Let u,v € Bg. Then, for each t € [—r, 0] we have
|Au(t) + Bu(t)| = ¢(t) < ¢* < R,

and for each t € I, we have

t(t — gg)a—1)
[(Au)(t)+(Bo)(¢)] < rh<t,vt>\+rso<0>|+\h<ov“0>’+/0 %

19(s)[dys,
where g € C'(I) with
g(t) = [t u(t),g(t)).

By using (H-), for each ¢ € I we have
g < p(t) + dB)[u(t)] +r(t)|g(t)]
< pr+d"R+rg(t)].

This gives
p*+d'R
< —.
g < =5—3
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Thus

20

T*(p" + d"R)

1AG) + B©)llee < [e(O)] + 200, 0)] + 10, 0) = (0, 0) + 3= p-7— 70
+ |A(t,ve) — h(t, 0)] +|A(2, 0)|
< o 4 b+ luolle + (f_‘t;:;g(ci*f)a) + @l|vele + B
< O+ + R+ (1T_a§£;;;gf)a) +oR+ 1
ca T T
< .

Hence, we get
1A(w) + B(v)[e < B.

This proves that Au + Bv € Br whenever u,v € Bp.

Step 2. A: Br — Bp is compact and continuous.

Claim 1. A is continuous.
Let {u, }nen be a sequence such that u,, — w in Bg. Then we have

(a—1)

()6 = (0] < [0 (6) = a(s)ldyss 1<
where g,,, g € C(I) such that
n(8) = St 00(0) 00,

and
g(t) = f(t,u(t), g(t)).

Since u,, - uasn — oo and f is continuous, we get
gn(t) — g(t) asn — oo, foreacht € I.

Hence

<Pt lgn — glloc = 0 as n — oo.

A (n) = Afw) o < 28

Claim 2. A(Bg) is bounded and equicontinuous.

We have A(Bg) C Bgrand By is bounded, thus A(Bg) is bounded. Next,let

)
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t1,t2 € I, such that t; <t and let u € Bg. Then, there exists g € C(/) with
g(t) = £(t,u(t), g(t)), such that

ta—9) ) — (b —gs) ]

(Au)(tr) — (Au)(t)] < / B Ty(@)

(1 — g5)@)
o Rl 0L

(s)|dgs

1

Hence

pr AR [ |(ty — gs) @D — (t; — gs) V)]
(Au)(t) = (Au)(e) < TR | o

p* + d*R /t2 |(t2 _ qs)(a71)|
L—rc J; Fq<O‘)

dys

+ dq5—>0ast1—>t2.

1

As a consequence of the above claims, the Arzeld-Ascoli theorem implies
that A : B — Bp is continuous and compact.

Step 3. B is a contraction mapping.
Let u,v € Bg. From (H,), for each t € I, we have

[(Bu)(t) = (Bv)()] < [h(t,ur) — h(t,v;)]
< (b||ut—vt||c.

Thus

1B(u) = B(0)lloo < ¢llu = vl|oo-
Hence

1B(u) = B(o)llo < ¢llu—vle,
which implies that the operator B is a contraction.

As a consequence of the three above steps, from Theorem the
operator equation (A + B)(u) = u has at least a solution.

Now, we prove a result about the generalized Ulam-Hyers-Rassias sta-
bility of the problem (2.1)

The following hypotheses will be used in the sequel.

(H3) There exist functions py, ps, p3,ps € C(I,]0,00)) with ps3(t) < 1 such
that

(L4 [ul[f(E,u, 0)] < pr()D(E) + po(t) (8 |ul + ps(t)[v],
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foreacht € I and u,v € R, and
(1 + [w = 2lle)|h(t, w) = h(t, 2)| < pa(t)®(t)[|w — e,
foreacht € I and w, z € C,
(H,) There exists A\¢ > 0 such that for each ¢ € I, we have

(120) (t) < As(t).

Set ®* = sup ®(¢) and

tel

pi =supp;(t), i € {1,2,3,4}.

tel
O]
Theorem 2.3.2. Suppose that the hypotheses (Hs), (H4) and the conditions
Tapz(b*
10 < 1, py + 2p3®* + ——— — 2p3py®" < 1, hold. Then th bl
Dy ; D3+ 2py +Fq(1+a) D3Py , ho en the problem

2.1) is generalized Ulam-Hyers-Rassias stable.
8 Y

Proof. Let N be the operator defined in (2.5). It’s clear that (H;) implies
(Hy) with ¢ = p;®*, and; (H3) implies (Hs) with p = p1®, d = p,® and
r = p3.
Let u be a solution of the inequality (2.7), and let us assume that v is a
solution of problem (2.1). Thus, we have v(t) = ¢(t); t € [-r,0], and

v(t) = h(t,v;) + ¢(0) — h(0,v0) + (I;'2)(t); t € I,

where z € C(I) such that z(t) = f(t,v(t), z(1)).
From the inequality for each t € I, we have

u(t) = h(t, ur) — ©(0) + 1(0,u0) — (I7g)(H)] < (1 P)(),

where g € C(I) such that g(t) = f(t,u(t), g(t)).
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From the hypotheses (H3) and (H,), for each t € I, we get

u(t) —v(@)] < |ult) = h(t,w) — (0) + h(0,uo) — (15'g)(t)]
+ |h(ta ut) - h(tu Ut) + |h(t7 uO) - h(t7 UO)| + (Ig(g - Z))(t)|

t(f_ gg)@-D
< o)+ e+ [ I 000+ e)Ds

q(a)
1 —I—p;
19®) (¢
Pl p3lu(t)]
As®(t) + 25D (1) + A(b%pf(t)'@(t)
— D3
{2@; + M (1 Iy +p2)} (1)
1—p3
= Cfﬁ@@(t).

Hence, we conclude the generalized Ulam-Hyers-Rassias stability of prob-

lem (2.1)).

IN

(15 ®@)(t) + 2pi®(t) +

IN

IN

O

2.4 Existence and Stability Results problem with
case of Infinite Delay

Consider the space
Q:={u:(—00,T] > R:u, € Bfort €I and u|; € C(I)}.
In the present section, we are concerned with the problem.
u(t) = ¢(1); t € (~00,0), o
‘D¢ (u(t) — h(t,u)) = f(t,u(t),” Dg(u(t) — h(t,u))); t € 1,

where p : (—00,0] > R, h: I x B— R, f: I xR xR — R are continuous
functions, and B is a phase space.

Forany ¢ € I, we define u; € B by
u(s) = u(t + s); for s € (—o0,0].

Let us introduce the following hypotheses:
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(Ho1) The function h satisfies the Lipschitz condition:
’h(t7u> - h(ta U)| < §Z5||U - UHBv
fort € I and u,v € B, where 0 < ¢ < 1.
(Hp2) There exist functions pq, p2, p3, ps € C(I, R, ) with ps(t) < 1 such that
(L4 [u))[f (@t w,v)| < pr(0)P(E) + pa(t)2(2) |u] + ps(t)|v],
foreacht € [ and u,v € R, and
(L4 Jlw = z|ls)[h(t, w) — h(t, 2)| < pa(t)(t)[|w — 2|5,
foreacht € I and w, z € B,
Theorem 2.4.1. Assume that hypotheses (Hy), (H2) hold and the condition
Td*
I'y(1+a)
then the problem has at least one solution defined on (—oo, 1.

+ri+o—ort <1,

Proof. Define the operators A, B : Q@ — 2 by

(Au)(t) = 0; t € (—00,0],
{(Au> (t) = o — b0, u0) + (I2g)(1); € 1. 212
where g € C(I) with ¢(t) = f(t,u(t), g(t)), and
{(Bu)(t) = p(1); 1 € (—00,0], 2.13)
(Bu)(t) = h(t,u); t € 1.

Let v(-) : (—o0,T] — R be a function defined by,

(), te€ (—o0,0],
v(t):{ g; tel.

Then v; = ¢(t) for all t € (—o0,0]. For each w € C(I) with w(t) = 0 for
each t € (—oo, 0], we denote by w the function defined by



2.4 Existence and Stability Results problem with case of Infinite Delay 25

If u(-) satisfies,

u(t) = h(t,uy),
then, u(t) = w(t) + v(t); t € I, and then u; = W, + v, for every ¢t € I. Thus,
the function w(-) satisfies

w(t) = h(t,uy).

Let
={weQ: w(t)=0 fort € (—oo,0]},

be the Banach space with norm || - ||z, with

[wllz = sup |Jwil|s + sup w(t)]| = sup [[w(t)]], w € Co.
te(—o0,0] tel tel

Consider the operator P : Cy — C; be defined by
(Pw)(t) = h(t,u). (2.14)
Then the operators A + B and A + P have the same fixed points. Set

(1 —=7r*)[2R" + [uo|(1 + ¢)] + m

L—r*— ¢+ or — FT(?ia) 7

R >

and define the ball By = {u € Q : [jullr < R} in Q. We can prove as
in Theorem [2.4.1| that the operators P and B satisfy the conditions of the
Theorem [I.3.3 This implies that the operator A + B has at least a fixed
point which is a solution of problem (2.11).

From Theorem we can conclude the following result about the
generalized Ulam-Hyers-Rassias stability of problem (2.11).

Theorem 2.4.2. Assume that the hypotheses (Hy2) and (H,) hold. If p;®* < 1,
and

Q% JFy

Tp5®
I, +a)
then the problem has a solution and it is generalized Ulam-Hyers-Rassias
stable.

p3 + 2p @ + — 2p3py @ < 1,
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2.5 Existence and Stability Results problem with
State Dependent Delay

In this section we study the existence and stability; first for finite delay,
then for infinite delay of the two following problems.

u(t) = p(t); t € [-r,0],
Dy (u(t) = h(t, uptun)) = f(Eult), Dg(ut) — hit, upeu))); t € 1,
(2.15)
wherep €C, p: I xC =R, h: I xC—=R, f: I xR xR = Rare given
continuous functions.

ult) = @(t); t € (=00, 0],
CD?(”@) - h(t7 up(t,ut))) = f(t’ u(t)7c D?(u(t) - h(ta up(t,Ut)>>>; le I,
(2.16)
where p : (—00,0] 2 R, p: I XxB—=>Rh:IxB—-R, f:IxRxR—-R
are given continuous functions.

2.5.1 The Finite Delay Case

SetR: =R, = {p(t,u) : (t,u) € I x C(I), p(t,u) < 0}. We always assume
that p : I/ x C(I) — R is continuous and the function ¢ — u, is continuous
from R into C(I).

As in Theorems2.3.1]and 2.3.2) we conclude the following results:
Theorem 2.5.1. Assume that the hypotheses (H,) and (Hs) hold. If
Td*
=m0 ta) "
then the problem has at least one solution defined on [—r, T.

Theorem 2.5.2. Assume that the hypotheses (Hs) and (H,) hold. If pj®* < 1,
and

2 +

ok Jy*

Tp5®
Ty(1+a)
then the problem has at least a solution and it is generalized Ulam-Hyers-
Rassias stable.

Dy + 2p, 9" + 2p3p, " < 1,
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2.5.2 The Infinite Delay Case

Set R' :=R/,- = {p(t,u) : (t,u) € I x B p(t,u) < 0}. We always assume
that the functions p: I x B— Rand t € R’ — u; € B are continuous.

In the sequel we will make use of the following hypothesis:

(Cy) There exists a continuous bounded function L :R’,- — (0, 00) such
that
leells < L(8)lllls, forany ¢ € R

Also, we need the following generalization of a consequence of the phase
space axioms ([ [87], Lemma 2.1]).
Lemma 2.5.1. Ifu € Q, then

lulls = (M + L)ells + K sup lu(d)],

0€[0,max{0,t}]

where
L' = sup L(t).

terR’

As in Theorems [2.4.1]and [2.4.2, we conclude the following result:
Theorem 2.5.3. Assume that the hypotheses (C,,), (Ho1) and (Hs) hold. If

Td*

——+ "+ —rt <1,
[y(1+a) $-¢

then the problem has at least one solution defined on (—oo, T'.

Theorem 2.5.4. Assume that the hypotheses (C,), (Hoz) and (Hy) hold. If
pi®* < 1, and

I,(1+a«)
then the problem has a solution and it is generalized Ulam-Hyers-Rassias
stable.

p3 + 2py " + — 2p3py T < 1,
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2.6 Some Examples
Example 1. Consider the implicit fractional 1 —difference equations

(u(t) = h(t,w)); t €[0,1],

IS

(2.17)

1

{CD% () — h(t,us) = f(t,u(t) D
u(t) =2+t t € [-2,0],

t° _ 1
f(t,x,y) = Tr e Tl (e 7+ﬁ) #* +at* +y); t€[0,1], 2,y €R,

¢ ;1
= e+ — |t 1 —2

The hypothesis (H) is satisfied with ¢ = 2e°. Also, the hypothesis (H>) is
1
satisfied with ®(t) = t* and p(t) = d(t) = r(t) = (6_7 + ﬁ) t. A simple

computation show that all conditions of Theorems and are sat-
isfied. Hence, our problem (2.17) has at least a solution defined on [-2, 1],
and it is generalized Ulam-Hyers-Rassias stable.

Example 2. Consider now the following problem

"Dy (u(t) = h{t,u) = F(1u(0) D (t) = hitw)): € 0.1,y
u(t) =1+ t € (—00,0], '
where
f(t,x )—L<e7+i> (P +at’+y); te[0,1], r,y €R
’ 7y - 1+’$|+|y| €t+5 y7 9 ) 7y 9
and
h(t,z) = v S tel0,1], z€B
7Z - 1"‘216 € 6t+5 i 9 72 9
where

B, ={ucC((—00,0],R): lim eu(f) existsin R}.

[16]] =00
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The norm of B, is given by

[ull, = sup eu(6)].
0e(—o0,0]

Let u : (—o0, 1] — R such that u; € B, for ¢t € (—o0, 0], then

lim eu,(f) = lim " 9u(h)
6]l =00 0]l =00

=e " lim e"u(f) < oco.
(16100
Hence u; € B,. Finally we prove that
lully = K sup{lu(s)] : s € [0,2]} + M sup{lusl; : s € (=00, 0]},

where K =M =1and H = 1.
Ift+6 < 0we get

[[ue|ly = sup{[u(?)] : € (—o0,0]},
and if t + 6 > 0, then we have
[uelly = sup{Ju(s)] : s € [0, ¢]}.
Thus forall ¢t + 6 € [0, 1], we get
[ue|ly = sup{Ju(s)| : s € (—00,0]} + sup{Ju(s)] : s € [0,¢]}.
Then
lue|ly = sup{[Jus|l, : s € (=00, 0]} + sup{|u(s)| : s € [0,7]}.

(B, | - l4) is a Banach space. We conclude that 5, is a phase space. Simple
computations show that all conditions of Theorems 2.4.1and [2.4.2|are sat-
isfied.

Example 3. In this example, we consider the following problem

(u(t) = h(t, upeun)); t € [0, 1],

LI

{CD%<u<t> — Wt tpio)) = F(tu(t)c D

(2.19)
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where
t2 -7 ]‘ 2 2
f(t,ﬂl?,y)zm et o | (et +y) t €01z, R,
and
tt —7 Ly,
h(t,z) = T = oGO e +E ;te0,1], z € C([—2,0)),

where o € C(R, [0, 2]),

p(t790) =1— 0-(90(0))’ (t790> €l x C([_270]7R)'

The hypothesis (H,) is satisfied with ¢ = 2e~°. Also, the hypothesis (H>)
is satisfied with

A simple computation show that all conditions of Theorems[2.5.1jand 2.5.2
are satisfied.

Example 4. Now, we treat the following implicit fractional ; —difference
equations

{CD;%(u(t) —h(tw) = S0 u0) DY) =t w)) 1€ 0.1,
u(t) =14t t € (—o0,0],
where
ft,z,y) = L <e7 + L) (t* +at* +y); t€[0,1], 2,y € R,
1+ |z| + |y elts
and

t 7, 1
M2 = TR o)) ( s

);tE[O,l],zGB,

where 0 € C'(R, [0, 00)) and B, is the phase space defined in Example 2.
Simple computations show that from the Theorem[2.4.1} the problem
has at least one solution on [—o0, 1], and the Theorem implies the
generalized Ulam-Hyers-Rassias stability.



Chapter 3

Implicit Deformable Fractional
Differential Boundary Value
Problems'?)

3.1 Introduction

In this chapter, we will treat the existence results and the global con-
vergence of successive approximations for Implicit deformable fractional
diffferential boundary value problems .

{(@”5)( ¢) =R ((,£(0),D46(C)), ¢ €V :=[0,w], (3.1)
1£(0) + 3¢ (@) = o,

where ©£(() is the deformable fractional derivative starting from the ini-
tial time 0 of the function of order v € (0,1), X : VxR xR — R is
a continuous function 0 < @w < +o0o and 1, ), o are real constants where
1+ e R “£0.

Our main results are based on Schauder’s fixed point theorem

(2) [36] A. Benchaib, S Krim, A. Salim and M. Benchohra, Existence and Successive
Approximations for Implicit Deformable Fractional Differential Boundary Value Prob-
lems, (submitted).

31
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3.2 Preliminaries

We denote by C(V, R) the Banach spaces of all continuous functions from
V into R , with the following norms

1€]] 0o =§161g{|£(é)!}

Let F := F (V,R) be the Banach space defined by:
F ={¢ € C(V,R): D} exists and continuous on V},

with the norm

1€1] - = max {[[€]]oc; 1D7€]loc} -

Consider the space X} (0,w), (b € R, 1 < p < o0) of those complex-valued
Lebesgue measurable functions XN on [0, x] for which [[R||x» < oo, where
the norm is given by:

IR[lxp = (/O |CbN(C)!”?C> , 1<p<oobeR).

Definition 3.2.1 (The deformable fractional derivative [94}134]). Let N :
[0, +00) — R be a given function, the deformable fractional derivative of
N of order v is detined by

(@’gN) (C) = lim (1 + 5X)N (C + 57) — N(C),

e—0 g

where v+ x = 1 and v € (0, 1]. If the deformable fractional derivative of X
of order vy exists, then we simply say that X is y-differentiable.

Definition 3.2.2 (The ~-fractional integral [94]). For v € (0, 1] and a con-
tinuous function R, let

1 o—x. ¢ x,

(ThR) (¢) = —e™ c/ e "N(s)ds.
g 0

Lemma 3.2.1 ( [94]). If v,v1 € (0,1] such that v + x = 1, X and N are two

v-differentiable functions at a point ( and m,n are two given numbers, then the

deformable fractional derivative satisfies the following properties:
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* DJ(N) = xA, for any constant \;
o D (mR +nR) = mDY(X) + nDF(N);
. @g(N&) = &’D”(N) + RN, N exists;
07+ \70@};\2 j’Y+’YlN
Lemma 3.2.2 ( [94]). If v € (0, 1], Nis continuous function, then we have:
o (J5- DIM)) (¢) = R(¢) — e “R(0);
e D (J7-R) (O) = R(C).

Lemma 3.23. Let X € LY V), 0 < v < 1and,, o are real constants where
1+ e > “ % 0. Then the problem

(3.2)

{(@3@(0 ﬁ(@ ¢e V=0,
16(0) + g¢(w) =

has a unique solution defined by

¢ KHw) 1 o 6
Q) = - / 3 R(s)ds+—e / 3 R(s)ds. (3.3)
149677 m+ygen T Jo Y 0

Proof. Applying the vy-fractional integral of order 7y to both sides the
equation (Dj¢) (¢) = (C ), and by using Lemma m and if ( € V, we

get

e = Loz [°ag
€0 — £ = e /0 ¢3R(5)ds. (3.4)
Hence, we get
¢ L
g(g):g(o)e‘i‘%%e?’% /0 e7°R(s)ds. (3.5)

Thus,
—X 1 —X i XN
E(w) =&(0)er @ + ;eww/ er°N(s)ds.
0
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From the mixed boundary conditions «£(0) + j¢(w) = o, we get

1£(0) + 7 <§(O)evxw + le%w /w eﬁs&\(s)ds> = 0.
0

Y
Thus,

Hence, we obtain

=x¢ 2(Hw)  pw Y
fo) =21 /ei‘%z(s)dw—eﬂ/ 7 *R(s)ds.
1+9e7 7 yit+yge @ Jo v 0

Conversely, we can easily show by Lemma that if ¢ verifies equa-
tion then it satisfied the problem (3.2).

O]

3.3 Existence and Uniqueness of Solutions

In this section, we are concerned with the existence results of the problem
BD.
Definition 3.3.1. A solution of problem (3.1)) is a function £ € C (V) where

=X —X(¢+w) @ - 1 - ¢ -
£(¢) = ec fo _ e — / e *R(s)ds + —evxc/ e7*N(s)ds,
1+9e7 T it yge “ Jo Y 0

such that & € C(V, R), with R(¢) = R(¢,£(¢), R(Q)) and 1 + 5 =% £0.
The hypotheses:

(Hy) There exist constants w; > 0, 0 < wy < 1 such that

IN(C, &1, 31) — R(C, &, F2)| < wi]én — &of + wa| Sy — B,

for any &;,&,, 31,82 € R, and each ( € V.
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Remark 3.3.1. We note that for any £, € R, and each ( € V, hypothesis
(H,) implies that

IR(C, &, S)| < wi€] + wo ]+ N7,
where X* = sup X((,0,0).
¢€[0,=]

Now, we will give our existence result that is based on Schauder’s fixed
point theorem [71].

Theorem 3.3.1. If (H,) holds, and

(e%w — 1) L4 9(e3 7 + Dwy
<1, (3.6)

Xlo+ 77 7|(1 = wn)
then problem ({3.1)) has at least one solution on [0, w|.
Proof. Consider the operator H : C(V,R) — C(V,R), such that

¢ FCHm) pm R
(HE(() =L I / esz(s)ds—}—lewc/ 3R (s)ds,
1+ 7 yit+yger @ Jo v 0
- N R (3.7)
where R € C(V,R), with R(¢) = R(¢,£(¢), R(¢))-
Let 9 > 0 such that
. (37 = 1) i+ (e = + 1N
fotge | w1 _
J x|t + e F)(1 — wo) (3.8)

(57 = 1) o+ 5(e ™7 + Do
1 _

Xl + 767 ) (1 — wy)
Consider the ball
25 = {£ € C([0, @], R), ||{]loe < 6}

Claim 1. H is continuous.
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Let {¢,},, be a sequence such that ¢, — £ on =;. For each ¢ € V, we have

X ((+w) @ N
() — (MO < L [7eH R (5) R
e + e =] o

1 -X C XY o
+ —evc/ e ’IR,(s) — N(s)|ds,
v 0

where R, R € C(V,R) such that

Since
1€n — €]l — O0asn — o0

and N, R and &n are continuous, we deduce that
|H(E) — H(E)|lo — 0 asn — oo.
Hence, H is continuous.

Claim 2. H(Z5) C =Zs.
Let £ € =5. From Remark for each ¢ € V, we have

IR(O)] < [R(C,E(C), R(Q))]
< w1 [[€]] oo + wal R0 + N
S w15 + (UQH&\HOO + N*.

Then S R
~ w1
O
Thus,
(e < [~ / 3R (s)ds 4+ Lo ¢ / ¢3*R(s)ds
1+ it yge “ Jo i 0
w N 1 _ C R
<y ML TR+ e [ R
lL+e7 T |yt yges T Jo " 0
o (7o) e Dl + )
< - -
o+ ge 5 Xle+ e 7 (1 — wn)

<.
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Hence,
[H ()]l < 6.

Consequently, H(=;) C Es.
Claim 3. H(Z5) is equicontinuous. For 0 < (; < (; < w,and & € =5, we
get
[H(E)(C2) — H(E)(C1)]

=X(a =X (C2+w) w
el L / s)ds + —e = /
1+ e " ’w+we~w 0
e X ((14w) @
oo je / e%SN )ds — / 7R
14 9e3 " yz—l—vjeww 0
X w
<e%<2 —e%xﬁ> Q_X - / e7°N(s)ds
147657 4 yges = Jo
L = @ XsQ ¢ =G G| XY
+—len e "N(s)ds — [e vl —en } e °N(s)ds
G 0
J <1 - e%xw) (Owy + R*)

v
X X
1+ ge X<z+jev >(1—cu2)

< (e%xﬁ _ e%"@) Y _
e%XCQ <e%42 B e%ﬁ) . <6%XC1 . 6%(2) (6%41 B 1))
X(1 — w2)

—-X
~ _ J (1 - 67w> (dwy + N¥)
< <e e _e VXQ> Q_X - —~
14+9e7 7 <z + jeTw> (1 —wy)
(50)1 + N* ’ ;X@ 6%@
X(l — CUQ

<

<

5(,4)1 + N*

As (o — (¢ then [H(€)(¢1) — H(E)(¢)] — 0. We deduce that H(Z;) is
equicontinuous. Consequently, Arzeld-Ascoli theorem implies that H is
continuous and compact. Thus, by Schauder’s fixed point theorem [71],
we deduce that A has at least a fixed point which is a solution of (3.1).

]
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3.4 Successive Approximations and Uniqueness
Results

This section is devoted to giving the main result of the global convergence
of successive approximations of our problem (3.1). We will study the so-
lution in F of our problem.

Set V) = [0, \w] for any A € [0,1]. In what follows, we need the
following hypotheses:

(Hs) There exist a constant »» > 0 and a continuous function 4 : V x [0, s x
0, 2] — R, such that h((, -, -) is nondecreasing for all ( € V and
the inequality

RCE.6) — R EE) <h(CI6—&LI6 &) (39)
holds for ¢ € Vand &;,&,£1,& € R, with [€, — &| < scand €, — & <

.

(H3) R = 0is the only function in F (Vy, [0, |) which satisfies the integral
inequality

R(O) < / " 1G(C )k (s, R(s), (DFR) (5)) ds,

with A <60 <1,

(Jeitmm)
—ﬂ(—eq(sﬁ)? if 0<s<(<m,
S

1
T X =)
L if 0<(<s<w.

L1+ @

Here G((, s) is called the Green function of the boundary value prob-

lem (3.1)).
(H4) Foreach ¢ € V, the set

{¢—R((,€1,6) : &,& € R} is equicontinuous.
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For ¢ € V, we define the successive approximations of the problem (3.1)
as follows:

=x¢
&(0) = ————,
1+ e
;XC w©
frntl0) = = [ G s, ). (0360 (5)) .
1+ ge 0

Theorem 3.4.1. Assume that the hypotheses (Hs) — (Hy) hold. Then, the suc-
cessive approximations &,;n € N are well defined and converge to the unique
solution of the problem uniformly in F .

Proof. Since the function X is continuous, then the successive approxi-
mations are well defined. Differentiating the two sides of the successive
approximations &,; n € N by using the improved deformable fractional
derivative of order v, by Lemma and Lemma we have

(®3§0) (C) = 07 C € v7

And since &, € [, then there exist two constants d;, d, > 0 such that

[€nlloe < 61 and [|Dg&nlloe < o
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Let (1,2 € V, ¢ < (o. Then,

|’£n(C2) - €n<C1)| >~

/ G(Car IR (5, Enr (5), DYEns (5)) ds

Z—I—je“/
_XC1
ot GG 6 (.20 0 s
z—l-jev
< =X _ G 0
<|(eze - >Z+;,e:<w
| [ GG (5, 60m1(5), D (s)) ds
0
[ GG N (5, 60m1(5), Dia(5)) ds
0
< =G _ G o
>~ <€ (& ) Z‘}']G_wa ‘

L s REGES) / 1G(Gar 8) — G, 5)] ds.
[0,62] 0

(<7£7$)EVX [0751} X

As (3 — (, the right hand side of the above inequality tends to zero. On
the other hand, we have

| (D0€n) (C2) — (Dgén) (G|
< R (G2, 6n-1(62), Dg€n-1(G2)) = R (C1,6n1(G1), Dg€n-1(C1))|

— 0, as (; — (o.
Thus,

| (D56n) (G2) = (Dgén) (C)] — 0, as ¢ — Ca.

As a result, the sequences {£,(¢); n € N} and {(D3&,) (¢); n € N} are
equicontinuous on V.

Let
¥ = sup {)\ € 10,1] : {£.(¢); n € N} converges uniformly on VA}.

If ¥ = 1, then we have the global convergence of successive approxima-
tions. Suppose that ¥ < 1, then the sequence {,(¢); n € N} converges
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uniformly on V. As this sequence is equicontinuous, it converges uni-
formly to a continuous function £(¢). In the case that we prove that there
exists 0 € (¢, 1] that {£,(¢); n € N} converges uniformly on Vy, this will
yield a contradiction.

Put £(¢) = £(Q) for ¢ € Vy. From (H,), there exist a constant » > 0 and
a continuous function i : V x [0, 5] x [0, ] — R, ensuring inequality
(@.16). Also, there exist § € [¢,1] and ny € N, such that for all ¢ € V, and
n,m > ng, we have

162(C) = &m(Q)] < 5,
and
(D36n) (€) = (Dg&m) (Q)] < 2.
For all ¢ € Vy, put
R™™(C) = [€(¢) — &m(Q)],

R,(¢) = sup R™™((),

n,m=>j

(DFR™™) (¢) = (D& (€) — (DF&m) (O]
and
(DIR,) (¢) = sup (DFR™™) (C),

n,m2=j

Since the sequence R,({) is non-increasing, it is convergent to a function
R(() for each ¢ € Vy. From the equi-continuity of {R,(()}, it follows that
lim R,(¢) = R(¢) uniformly on V,. Furthermore, for ( € Vyand n,m > j,
J—o0

we have

R™™(() = |€.(C) — &n(Q)]
< sup |£n(<) - §m(C)|

s€[0,(]
< [ 16N 6inr(5), (0360-0) (9)

= R(s,&m-1(5), (Dg&m-1) (s)) |ds.
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Then, by inequality (3.9), we have
R™™(() <

/Ow 1G(C,8) X [h(5,16n-1(8) = &m-1(8)|, [(Dg€n-1) (5) = (Dg&m-1) (s)]) ds
< /Ow IG(¢,s) x |h (s, R=tm=1)(g), (@33“*“”*1)) (s)) ds.
Thus,

RAQ) < [ IG(3)h s, Bya(s), (03 Ry (5) .

By the Lebesgue dominated convergence theorem we have

R(C) < /Ow G(C,8)[h (s, R(s), (D R) (s)) ds.

Then, by (H;) we get R = 0 on Vj, which yields that lim R(¢) =0

uniformly on Vy. Thus, {£,(¢)}32, is a Cauchy sequence on V. Thus,
{€,(¢)}52, is uniformly convergent on V,, which yields the contradiction.

Also, {¢,(¢)};2, converges uniformly on V to a continuous function
£.(C). We get

]—>OOZ+]€'Vw

et )
i 2~ [T GG (5. 6,), (D7) () s

:Lw— / G(C, $)h (5, £.(5), (DE.) (5)) ds,
2 _|_]e ¥ 0

for all ¢ € V. This means that &, is a solution of the problem (i3.1)).

Let us now prove the uniqueness result of the problem (3.1)). Let & and
& be two solutions of (3.1]). As above, put

9= sup {A € [0,1]; &(¢) = &(C) for ( € Vi,

and suppose that ¥ < 1. There exist a constant » > 0 and a comparison
function h : V5 x [0, 5] x [0, 2] — R, verifying inequality (3.9). We take
0 € (A, 1) such that

&1(¢) — &(Q)] < »,
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and
[(D5&1) (€) — (D&2) (O] < 5.
for ¢ € Vy. Then, for all ( € V,, we have

€1(¢) = &(O)] < /Ow [G(C,8)[IN(s, & (s), (Do) () — R(s, &a(s), (Dgé2) ()] ds
< [ 16E9Ih s 16(s) ~ &) 1036) (5) — (D) () ds.
Again, by (H;) we get & — & = 0 on V,. "/l:his gives us §; = & on Vy,

which gives a contradiction. Consequently, ¥ = 1 and the solution of the
problem (j3.1)) is unique on V.

O
3.5 Some Examples
We give now some examples that illustrate our obtained results.
Example 3.5.1. Consider the following problem:
1 1 1
(D56)(C) = + ; ; ¢ [01],
VA+ED " 30 (1412560 (3.10)
£(0) +¢(1) = 0.
Set
1 1

R((,§,9) Celo,1], &S eR.

o0 tE) T30
Forany{,g,ﬁ,ge R, and ¢ € [0, 1], we have

~ - 1 ~ 1 ~
&) X < —|¢ — S — S
Hence hypothesis (H,) is satisfied with

1 1
== -— d T
w1 an )] 30

90
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Next, the condition @) is verifies with y = % and vy = 3. Indeed,

(37 +2)n (€ +2gg
X(ze%w + (1 —wy) (e +1)(1— 3_10)
<1.

Some calculations indicate that all of the requirements of Theorem
are verified. Thus, has at least a solution.

Example 3.5.2. We consider the following problem involving the improved
Caputo-type conformable fractional derivative:
8¢t +3¢% +1

S ¢e 0.7,

(D36)(C) = T
83e¢1(1 4 [€(0)] + | (DF€)(C)] (3.11)

£(0) + &(m) = 0.

Set
1 eC 3
R(CE(C), (D)) = sSexscrl
83+ (1 + €(0)] + | (D3)(Q)]

where y = §. )
For each &1,&1,&s,& € Rand ¢ € [0, 7], we have

< 8et + 3¢ +1

R € 6) — (&8l < T2 [l — Gl + 16— &

Therefore, (H-) is veritied for all ( € [0,7], » > 0 and the comparison
function h : V x [0, 5] x [0, ] — R is defined by:

8e¢ + 3¢ +1

h<C7£17£2> = ]3e¢+1

(&1 +&).
Moreover, we have

lim (N (<27£17 52) - (Ché-lvg?)) =0.

G1—>C2

Thus, the hypothesis (H,) is verified. Consequently, Theorem means
that the successive approximations §,,; n € N, defined by
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(¢) =0, ¢ €0,

En1(Q) = — /7r G, 9)&e 35 + 1) ds
0 83esTH(1 4 |&a(s)| + [(DF&) (5)]

converges uniformly on [0, 7] to the unique solution of the problem (3.11).



Chapter 4

Implicit Improved Conformable
Fractional Differential
Equations(3>

4.1 Introduction

In this chapter, we will treat the existence, the Ulam stability, results
and successive approximations for the initial value problem with nonlin-
ear Implicit fractional differential equation involving improved Caputo-
type conformable fractional diffferentive.

CToy(t) = f (Ly(®).§Toy(®)) . t € [0.7)) @1)

y(0) =0, (4.2)

where 0 < ¥ < 1, §7; is the improved Caputo-type conformable fractional
derivative of order ¥ defined in [69]], I := [0,7%], f : I x RxR — Risa
given function such that f(¢,0,0) # 0 forall ¢ € I.

We shall make use of Schauder’s fixed point theorem and Banach’s con-
traction principle.

() [37] A. Benchaib, S. Krim, A. Salim and M. Benchohra, Existence, Ulam Stability
Results and Successive Approximations for Implicit Improved Conformable Fractional
Differential Equations, submitted.
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4.2 Preliminaries

We denote by C := C(I,R) the Banach space of all continuous functions
from I into R with the following norm

lylle = sup [y(t)].
tel

AC(I,R) is the space of absolutely continuous functions on /, and
ACHI) :={y: I —R:y € AC(I)},
where
Y= Guo), teT

Consider the space X} (0,7%), (b € R, 1 < p < o0) of those complex-valued
Lebesgue measurable functions f on [0, T for which [ f{|x» < oo, with:

T d :
Il = ([ 1er0r%) " @ <p<sben)

Definition 4.2.1 ( [92]). The conformable fractional derivative of a given
function ¢ : [0,4+00) — R of order ¥ is defined by:

To(w)0) = timg A0

e—0 g

fort > 0 and ¥ € (0,1]. If ¢ is J-ditferentiable in some (0,a), a > 0,
and tlir& T;,(¥)(t) exists, then define Ty(1)(0) = tli%}r To(¢)(t). If the con-
— —

formable fractional derivative of v of order ¥ exists, then we simply say
that ¢y is V-differentiable. It is easy to see that if v is differentiable, then

To(v)(t) = 1779 (2).

Definition 4.2.2 (The improved Caputo-type conformable fractional deriva-
tive [69]). The improved Caputo-type conformable fractional derivative of
a given function ¢ : R — R of order ¥ is defined by

T )(0) = tim | (1 — O)(w(t) — (a)) + LT DT ZU O]

e—0 g

where —oo0 < a <t < 400, a is a given number and 9 € [0, 1].
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Definition 4.2.3 (The improved Riemann-Liouville-type conformable frac-
tional derivative [69]). The improved Riemann-Liouville-type conformable
fractional derivative of a given function 1) : R — R of order v is defined

by

FET () (8) = lim | (1 — 9)p() + 9% (ttett—a)™) —v) |

e—0 £

where —0co < a < t < 400, a is a given number and ¥ € [0, 1].

Lemma 4.2.1 ([69]). If ¥ € [0,1], f and g are two V-differentiable functions at a
point t and m, n are two given numbers, then the improved conformable fractional
derivatives satisfy the following properties:

o« STo(mf +ng) =mSTo(f) +nTi,(9);

© FTo(mf +ng) = mEETo(f) +nf"To(9);

o BT5(fg) = (L= EETy(f)g+ fE-Tolg) — (1 =) fg;
o BETo(f(g(1)) = (1= 0)f(g(t)) + Of (9(t) Ta(g(t))-

Definition 4.2.4 (The v-fractional integral [69]). For ¥ € (0,1] and a con-
tinuous function f, let

=} [ Lo,

When v = 1,7 (f fo s)ds, the usual Riemann integral.

Lemma 4.2.2 ( [69]). If ¥ € [0, 1], ¢ is V-differentiable function at a point t and
¥(0) = 0, then we have:

. (Iﬁ g%(zp)) (t) = §To (Zo) (t) = (1)

o (0B To)) () = §4T5 (Tow) (1) = w(t)
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4.3 Main Results

4.3.1 Existence and uniqueness of solutions

Lemma 4.3.1. Let 0 < ¥ < 1and h : I — R be a continuous function. Then,
the problem .
0 Toy(t) = h(t), t€1:=1[0,Ty] (43)

y(0) =0, (4.4)

has a unigue solution given by:

y(ﬂZ%/ot

Proof. To obtain the integral equation (4.5), we apply the V-fractional integral
to both sides of (£.3), and by Lemma[4.2.2| we get

]_ t h 1— sﬂft'&
y(t) = —/ <S)e( S ds, (4.6)

1-9
9 Jy s

h(s) a-o?—?)
e 02 s
ol

) ds, tel. (4.5)

Now, we apply the improved Caputo-type conformable fractional derivative of
order ¥ to both sides of (1.6)), for t € I we obtain

§ Toy(t) = h(t).

Also, it is clear that y(0) = 0.
]

Definition 4.3.1. By a solution of problem (4.1)-(4.2) we mean a function
y € C(I,R) that satisties the equation (4.1)) and the condition (4.2)).

Lemma 4.3.2. Let f : I x R x R — R be a continuous function. Then, the
problem (4.1)-(4.2) is equivalent to the following integral equation:

1/t (1-9)(s® —¢%) -
y(t) = 5/ s97 e 92 f <s,y(s),oc’7:9y(s)) ds, tel.
0

In the sequel, the following hypotheses are used:

(H;) The function f : I x R x R — R is continuous.
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(H;) There exist continuous functions py, ps : I — R, such that

|f(t7ﬁl>gl) - f<t7ﬁ2762)| < pl(t)|ﬁl - 52‘ +p2(t)’61 - 62|7
fort € I and ﬁl,ﬁg,gl,gg S R, with

py =supp(t) and p; = suppo(t) < 1.
tel tel

Now we declare and demonstrate our first existence result for problem
(4.1)-(4.2) based on the Banach contraction principle [71].

Theorem 4.3.1. Assume that (H,)-(Hs) hold. If

(19—1)T}.9
Pl (1 —e )
(1 —=7)(1 —p3)

then the problem (4.1)-(4.2) has a unique solution.
Proof. Let7 :C +— C be the operator defined by

<1, (4.7)

I 1-9)(s? %)
(Tz)(t) = 5/ stz o(s)ds, tel, (4.8)
0

where p is a function satisfying the following functional equation

o(t) = [ (t,x(t), o(t)) .
According to Lemma the fixed points of 7" are solutions of problem

@.1D-¢2).

Let 21,25 € C. Fort € I, we have

(Ta)(t) — (T2) (1)) < / D1 () — oals)lds, (49)

|

where g4, 02 are the functions satisfying the following functional equa-
tions:
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By (H,), we have

= |f(tz1(t), 01(t)) — f (¢, 22(t), 02(2)) |
< pi@)|z1(t) — 22(t)| + pa(t)]o1(t) — 02()]
< piller — @alle + p3lei(t) — oa(t)].

|Q1 (t) - Qz(t)|

Then,

b1
1 —p3

l01(t) — 02(t)] < |21 — 2]lc-

Therefore, for each ¢t € I, we get

1 t 9 (s? ¢ *
(Te)(0) = @] < 5 76016 L, — s
v Jo 1—p3

1 <19—12)z19 .
— e 29 pl
< X1 — .
|: 1-9 }1]9; 1~ alle

Thus,

w-—1)1?
Pl (1 - elﬂf)
||TZE1 — T.%'QHC S "
(1 =0)(1 —p3)
Hence, by the Banach contraction principle, 7" has a unique fixed point
which is a unique solution of the problem (4.1))-(4.2).

||1‘1 - 352”0'

O
Our second existence result for (4.1)-(4.2) is based on the fixed point
theorem of Schauder [71].

Remark 4.3.1. Let us put
ki (t) = [£(£,0,0)], ka(t) = pa(t), ks(t) = pa(t).
Then, the assumption (H,) implies that
(£, 8, B)] < ka(t) + ka(1)|B] + Es (1),
fort € I and 3,3 € R. Set

k} =supki(t), ki =supks(t) and ki = sup k3(t) < 1.
tel tel tel
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Theorem 4.3.2. Assume that (H,)-(Hs) hold. If

(1971)T}9
k3 (1 —e 2 )
< 1. (4.10)

n= *
(1—k3)(1 =7)
then problem ([4.1)-(4.2) has at least one solution.

Proof. We will establish the proof in various steps.

Step 1. T'is continuous.
Let {z,} be a sequence such that z,, — z in C. For t € I, we have

9,0
4 (1719)(52 19

!@%W%ﬂﬂﬂmﬁglgﬁeﬁ|m@—mm@, (4.11)

where
ha(t) = f (L, 2n(t), ha(?)) ,
and
h(t) = f (£ x(t), h(t)) .
Since z, — z, and by (H;), we get h,(t) — h(t) as n — oo for each

tel
Then, by Lebesgue dominated convergence theorem and (H;), equation

(4.11) implies

|(Tx,)(t) — (Tx)(t)] — 0 as n — oo,

and hence
T (x,) —T(z)||c — 0asn — oo.

As a result, T is continuous.
Let the constant R > 0, such that

kin
R> —*1 (4.12)
k3 (1 —mn)

(19—1)T}9
ky|1—e o2

T =k

with

< 1.
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And, we define the following ball
Br={y€C:|yllc <R}.
Then, Bp is a convex, closed and bounded subset of C.
Step 2. T'(Br) C Bg.
Let z € Br. We show that Tz € Bg. Fort € I, we have
1 [t ~
(@0 <y [ e  (s.0(5).§ Tau(s) )| ds.
0
By Remark [4.3.1} for ¢ € I, we have

()] = I (£ 2(t), h(t))]
< k() + ka(8) 2(0)] + ka(DIR(D)]

(1-9)(s? —1?)
92

That means that
|h(t)] < kY + K3 |zlle + K3 () |h(2)].
Then,
h(y) < MERE )
1— k3

Thus, for t € [ and from (4.13), we obtain

(1971)T}9
A <1 —e 92 )
<
(Ta)(t)] < ———

<R,
which implies that || 7z||c < R. Consequently,
T(Bg) C Brg.

Step 3: T'(Bg) is equicontinuous and bounded.

53

(4.13)

By Step 2 we have T'(Bg) is bounded. Let y1,7 € I = [0,Tf],71 <

Yo, and x € Bg. Then,
[(Tx)(72) = (T)(71)]

1 [ (1-9)(s" %) 1 M (1-9)(s"—~¥)
< ‘— s te 7 h(s)ds— — s leT w7 h
v Jo v Jo

IN

A =907 —78) W=1)7f (9-1)78
2—2e 92 +e 97 —e 97|
1—-9

(s)ds
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As v, — 7, the right hand side of the above inequality tends to zero. As
a result of Step 1 to Step 3, together with the Arzela-Ascoli theorem, we
can say that 7" is continuous and completely continuous. From Schauder’s
theorem, we conclude that 7" has a fixed point wich is a solution of the

problem (4.1)-(4.2).

O

4.3.2 Ulam-Hyers-Rassias stability

Considering now the Ulam stability for problem (4.1)-(4.2). Let z € C,
e>0and v: I+ [0,00) be a continuous function. For ¢t € I, we have the
following inequality:

§Tay(®) = 1 (£, §Toy®) | < ev(t), (4.14)

Definition 4.3.2 ( [5]). Problem (4.1)-(4.2)) is Ulam-Hyers-Rassias (U-H-R)
stable with respect to v if there exists a real number a;, > 0 such that for
each ¢ > 0 and for each solution = € C of inequality there exists a

solutiony € C of (4.1)-(4.2)) with
lz(t) —y(t)| < eagv(t), tel,

Remark 4.3.2. A function x € C is a solution of inequality if and
only if there exist o € C such that

1 |o(t)] <ev(t), tel,

2. CTor(t) = f (t,x@),gm(t)) +o(t).

Theorem 4.3.3. Assume that in addition to (H,)-(Hs), the following hypothesis
hold.

(Hs3) There exist a nondecreasing function v(-) € C and k, > 0, such that for
t € I, we have
Zyv(t) < kyo(t),

(Hy) There exist continuous functions g, ki, ko, ks + I — R, such that for
t € I, we have

+ ks (t)[B,
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and N -
ki (t) + ka(2)

) < q(t)v(t).

fort € Iand 3,3 € R.

Then, problem ([4.1))-(4.2) is U-H-R stable.

Set ¢* = supq(t).
tel

Proof. Let z € C be a solution if inequality (4.14), and assume that y is
the unique solution of the problem

SToy(t) = f <t,y(t),g7~79y(t)> tel

By Lemma we obtain

bogl e’ o5 .
)= [ R (). §Tu() s if et
0

Since z is a solution of the inequality (4.14), by Remark fort € I, we
have

§Tor(t) = £ (1.2(0).§Tox(0) +0(1). (®.15)
Clearly, the solution of is given by

t 1—9)(s¥ =Y ~
() = %/0 91,007t <f (s,x(s),ocﬁl’(S)) +0(3)> ds, if tel.

For eacht € I, we have

1 (1=9)(s? %)
o)~ (0] < 5 [ 5

t
0
S

f (s:2(5).§ Toa(s))

(1-9)(s? %)

— 1 (5w §Ta0t) s+ 5 [ 72 = oo

0

By the hypothesis (H4), for t € I, we have

|f (t (), ()] < ha(8) + ka(t) + Es(t) [ £ (2, 2(1), Alt)]
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which implies that
ey (t) + Kao(t)
t,z(t), h(t))] < L2
7 0 ate) o) < 2P
Then, for each t € I, we have

- tl%l(t) %2(75) 9—1 a=9)(s?—1%)
w(t t)| < eryv(t) + = M S S S o2
o0 Z ol = et 15/0 1 — ks(t)

(1971)T}9
2" (1 —e )

1—v

ds

<o(t) | ery +

Then,
[2(t) —y(t)] < agvev(t),

(071)T}9
2" (1 e )
€(1—-9) '
Hence, problem (4.1))-(4.2)) is U-H-R stable.

where

Afy = Ky +

4.3.3 Successive approximations and uniqueness results

This section is devoted to giving the main result of the global convergence
of successive approximations of our problem (4.1])-(4.2).

Set I, := [0, \Ty] for any A € [0, 1]. In what follows, we need the follow-
ing hypotheses.

(Hs) There exist a constant >« > 0 and a continuous function ¥ : I x [0, 5] x
0, 2] — R4, such that U(¢, -, -) is nondecreasing for all ¢ € I and the
inequality

|f(t, B1, B1) — f(t, B, B2)| < W (¢, |51 — Bal, |1 — Bal) (4.16)
holds for ¢ € I and /817 /BQa Bla 62 € Ra with |51 _BQ| < » and |Bl_62| <

.
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(Hg) R = 0 is the only function in C(I¢, [0, »|) which satisfies the integral
inequality

1 ng 1— 59 ¢V ~
R(t) < / 1w (5, Rs), (SToR) () ) ds,
0

with A < ¢ < 1.

We define the successive approximations of the problem (4.1))-(4.2) as fol-
lows:
Yo (t) =0, te I ,

1 [P 5y =06 o
Yns1(t) = 3 s' e 92 f (s,yn(s),o ’ﬁgyn(s)> ds, tel.
0

Theorem 4.3.4. Assume that the hypotheses (H,)-(Hs), (Hs) and (Hg) hold.
Then, the successive approximations y,; n € N are well defined and converge to

the unique solution of the problem (4.1)-(4.2)) uniformly on 1.

Proof. From (H,), the successive approximations are well defined. Dif-
ferentiating the two sides of the successive approximations y,; n € N by
using the improved Caputo conformable fractional derivative of order ¥,

by Lemma we have
(007:9y0> (t) = 07 te ]7

((?%ynﬂ) t) =f (t,yn(t),gﬁgyn(t)>, rel

And since y € C, then there exist two constants 0, 45 > 0 such that

lynlle < 01 and || Toynlle < b
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Letyi,72 € I = [0,7%], 71 < 2. Then,

[Yn(72) = Yn(71)|
L [7 4 0=96"—8) -
<|5 [T (50§ T (9) s
0
L [y a=96"=D) -
5 [T (59§ T (9) s
0
1M o] a=96"=8) -9 Y )
A e Y £ (5 901(), 6 Topa(s) ) | ds
0
L[, 0=96"=8) -
+g [T f(s,yn,1<s>,€7:9yn,1<s>) ds
71
1 n (1 9)(sY —¥) (1=9)(sY=~¥)
<= sup f(t,y, =z \/ 2 —e 2 ds
T U (1y,2)erx[0,51] %0, 52
n 1 F(t ’/ <1 19)<s2 -73) J
— sup Y, 2 s.
U (t,y,2)€1x[0,61]x0, 52]
Thus,
Yn(72) — Yn (1)
1 1=9(Y —¥) @-1)7¢ @-1)73
S |f(t,y,2>|{2_2€ e ? o —e ]
=V (ty,2)€Ix[0,61]%[0,62]

As 71 — 7, the right hand side of the above inequality tends to zero. As
a result, the sequence {y,(t); n € N} is equicontinuous on I.

Let
T 1= sup {)\ € [0,1]; {yn(t); n € N} converges uniformly on I,\}.

If 7 = 1, then we have the global convergence of successive approxima-
tions. Suppose that 7 < 1, then the sequence {y,(t); n € N} converges
uniformly on I,. As this sequence is equicontinuous, it converges uni-
formly to a continuous function §(t). In the case that we prove that there
exists £ € (7,1] that {y,(t); n € N} converges uniformly on I, this will
yield a contradiction.
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Put y(t) = y(¢t) for t € I.. From (Hj;), there exist a constant » > 0 and
a continuous function ¥ : [ x [0, 5] x [0,3] — R, ensuring inequality
(@.16). Also, there exist £ € [r,1] and ny € N, such that for all ¢ € I, and
n, m > ng, we have

Y (t) — ym ()| < 5,
and
(570wa) 0 = (§Towm) ()] < 5=
Forallt € I, put
RO () = yn(t) — ym(1)],
Ry(t) = sup RO™(8),
n,m>k
(STarem) (6) = | (§Ton) ) = (§Towm ) ()]

and

(7o) (0= sup (731 1),

n,m>k

Since the sequence Rj(t) is non-increasing, it is convergent to a function
R(t) for each t € I;. From the equi-continuity of { Ry(¢)}, it follows that
klim Ri(t) = R(t) uniformly on I;. Furthermore, for ¢t € I and n,m > k,
—00

we have

RM™(4) = [yn(t) — ym (1)

< sup [yn(s) = ym(s)|
s€[0,t]

1Y o, a-oe-) 3
< 5/0 379 16 92 f(S,ynfl(S%OC%ynil(s))
= 1 (1), T (5)) [
1[5, neae’o) ~
< BA sV 1e 92 f <S7yn—1(3)7007:99n—1<8)>
-/ (S»ym—l(s),%ym_l(s)>

ds.
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Then, by equality (4.16), we have
RM™™) ()

T $9-1 7“ DICET CF CF
e F 0 (5,91 (8) = )] [STow 1 (5) = § o1 (5)) ) ds
0

§Ty o) (sP P -
/ 819_16(179)1(972”\1/ (S, R(n_l’m_l)(s), (g’%R(n—l,m—l)> (S)) ds.
0

VAN
S|~ Bl

IA

Thus,

1 &r (171”(5197{19) -
Ri(t) < 5/ 97l W (s, Ri—1(s), (g%Rk_1> (s)) ds.
0

By the Lebesgue dominated convergence theorem we have

1 fT 1— sV 9 ~
R() < 5 / P (5 R(s), (§ToR) () ds.
0

Then, by (H;) and (Hs) we get R = 0 on I, which yields that klim Ri(t) =0
uniformly on I;. Thus, {yx(t)};2, is a Cauchy sequence on I;. Conse-

quently, {yx(¢)}7, is uniformly convergent on /¢, which yields the contra-
diction.

Also, {yi(t)}32, converges uniformly on I to a continuous function
y«(t). By the Lebesgue dominated convergence theorem, we get

a=9)(s? =) (5 940y -
i [ 57te  (5,05(5),§ Toe(s) ) s

k—o0 ’(9

] a- 9)(s¥ —?9)

= 5/ sl f <s,y*(s),g7~;y*(s)> ds,
0
for all t € I. This means that y, is a solution of the problem (4.1)-(4.2]).
Let us now prove the uniqueness result of the problem (4.1)-(4.2). Let
y1 and y, be two solutions of (£.1)-(4.2). As above, put
Ti=sup{A € [0,1]; y1(t) = yo(t) for t € I},

and suppose that 7 < 1. There exist a constant > > 0 and a comparison
function ¥ : I; x [0, 2] x [0, ] — R, verifying inequality (4.16). We take
¢ € (A, 1) such that

91(8) = y2(B)] <
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and

(§7om) ) = (§Tow) (8] < 5=

tort € I. Then, for all t € I, we have

Ty (1=9)(s¥ —1¥) 19)(5 —¢9) -
(O —mo <5 [ (5.30(5).§ Towo(s))

—f<5,y1( ),07:9y1 )‘ds
< %/ET} -1, A0l (s, ols) ~ ()l ‘gﬁgyo(s) - gﬁyl(s)b .
0

Again, by (H,) and (Hg) we get y; — y2 = 0 on I¢. This gives us y; = y» on
I¢, which gives a contradiction. Consequently, 7 = 1 and the solution of

the problem (4.1)-(4.2) is unique on I.

]

4.4 Examples

Example 4.4.1. We consider the following problem involving the improved
Caputo-type conformable fractional derivative:

sin(t) + 2+ 1

7; x(t) = 163et+5(1 4 |2(t)| + ‘OC'E$(75)D’

t €[0,1],
(4.17)

Set
sin(t) +t2+1

1a(t)) = - :
: 163e5(1 + [z (t)| + |§ T12(t)])

where ) = 5. )
For each (1, 31, B2, B2 € Rand t € [0,1], we have
- sin(t) +¢* +1
_ <\ 7 T

‘f(uﬁhﬁZ) f(uﬁhﬁZ)‘ — 163et+5

Therefore, (H,) is verified with

Uﬁl — Bi| + 182 — Bz” .

sin(t) + >+ 1

pilt) = palt) =
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and
3

Also, fort € I we have

. Ww-1)1?
P\tme ™) 6

(1—9)(1—p;)  163e> -3
~ 0.000214482979914345
< 1.

Then, the condition is satisfied. Hence, as all conditions of Theorem
[4.3.1) are met, the problem admit a unique solution.

Example 4.4.2. Consider the following problem:

§Toa(t) = f(t,x(t),§Tra(t), tel=][0,3],
(4.18)

where . ] 2
X X
t T) = 1
S8 = oy rame M T T T
fort € [0,3],z,z € Rand ¥ = 1.
All conditions of Theorem[4.3.2 are satisfied with

1

D =po(t) = ————

pi(t) =p() = 5500
* ook 1
pl_p2_144/

and

9-1)1T?
k3| 1—e o2

T =) —0)

4 — 4o 1201
129
~ 0.00932400803327006

< 1.
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Then, it follows that the problem admit at least one solution. Also,
the hypothesis (Hs) and (H,) are satistied with

~ ~ ~ 1
flt) = kalt) = ho(0) = 15 s
1

Hence, Theorem [4.3.3 implies that problem is U-H-R stable.

Example 4.4.3. We consider the following problem involving the improved
Caputo-type conformable fractional derivative:

. Set 4+ 2t3 + 1
CTia(t) = - , telo,
s T3e (1 + |z(t)] + [§ Tz (t)]) (4.19)
z(0) =0
oet St 4+ 243 + 1
5 + 213 +
t,x(t ,C 1z = ‘ = ?
f(t,2(),0 Ty (1)) 3et (1 + |a(t)] + [§ Tra(t)])
where ¢ = 1

3

For each f31, 1, B2, 3. € R and t € [0, 7], we have

- 5 Sel + 2% + 1
76,81, o) — (8, B, )| < 22

Therefore, (H,) and (Hs) are verified for all t € [0, 7], > > 0 and the com-
parison function ¥ : I x [0, »] x [0, 5] — R, is defined by:

Uﬁl — 1| + B2 — BQH .

Set +2t3 + 1
73€t+1

Consequently, Theorem means that the successive approximations
yn, n € N, defined by

U(t, By, B2) = (B1 + Ba).

yO(t) =0, te [Oa 71—]’

t <s_§eﬁ(5%_t%)> (5e® + 253 + 1)
yn+1(lf):3/ = ds, tel0,m].
0 7351+ [yn(s)] + |§ Tryn(s)])

converges uniformly on [0, ] to the unique solution of the problem (4.19).




Chapter 5

Abstract Fractional Differential
Equations with Delay and non

Instantaneous Impulses(4>

5.1 Introduction

In this chapter, in the first section we will treat the uniqueness and
ulam-hayers-rassias stability of abstract fractional differential equations
with finite delay , with infinite delay, with state-dependent delay and in
the second section we will treat the existence of mild solutions for a class
of impulsive fractional equations with infinite delay.

CDgx V) = Ox (V) + R(J, xy); f V€T, y=0,...,w,
X(¥) =R, (0, x()); if 9 €S, y=1,...,w, (5.1)
X (V) = p(0); if ¥ € [—ro, 0],

where g = [0,91], S, == (0,,8)), S = (0, 1); = 1,...,w, °D§ is the

fractional Caputo derivative of orderC €(0,1, 0= <t <5 <<

(4) [38] A. Benchaib, A. Salim, S. Abbas and M. Benchohra, New Stability Results for
Abstract Fractional Differential Equations with Delay and non Instantaneous Impulses.
Mathematics 2023, 11, 3490.

64
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'<6w_1gﬁw§5w§6w+1:/ﬁ]1,/€2,/ﬁ]1>0,Nl%jXC%E;j:
0,...,w, ﬁj : §J X2 —>Z7=1,...,w, p:[—ke,0] - Z are continuous
functions, Z is a Banach space, O is the infinitesimal generator of a compact
analytic semigroup of uniformly bounded linear operators {$(?); v > 0}
in = and C is the Banach space defined by

C =Cy, = {x :[—k2,0] = Z: continuous and there exist ¢, € (—k2,0);
7=1,...,w, suchthat x(e;) and x(g}) exist with x(g,) = x(¢,) },

with the norm

Ixlle = sup[Ix()]l=-
YE€[—k2,0]

We denote by yy the element of C defined by
xo(€) = x(V+¢); € € [k, 0],

here xy(-) represents the history of the state from time ¥ — k2 up to the
present time 9.

In section we consider the following abstract impulsive fractional
differential equations with infinite delay of the form:

CDC X(V) = Ox(9) + R, xy); if 9 €Sy, y=0,...,w,
x(9 ) N0, x(9); if9 e, y=1,...,w, (5.2)
X(¥0) = p(¥); if ¥ € R := (—00,0],

where © and ﬁj; J=1,...,w are as in problem 1) N:Q, xk =5 y=
0,...,w, p : R — E are given continuous functions, and k is called a
phase space that will be specified in Section 5.4,

The third problem is the abstract impulsive fractional differential equa-
tions with state-dependent delay of the form

CD(CS-]X V) = Ox (V) + RV, Xpe)); V€S, 7=0,...,w
) =N, (0, x(0)); fY eSS, g=1,...,w, (5.3)
) = p(0); if U € [—k, 0],

where O, X, © and QJ; J=1,...,ware as in problem 1) andp: 3, xC —
R; y=0,...,w,is a given continuous function.
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The fourth problem is in section where we consider the following
abstract impulsive fractional differential equations with state-dependent
delay of the form:

“D§ X(9) = OX(9) + R(Y, Xpon): 0 € Sy ) =0, 0,
X(0) =R, (0, x(9)); if 9 €Sy, p=1,...,w, (5.4)
() = p(0); if 9 € R_,

where O, X, o and ﬁj; J = 1,...,w are as in problem 1) and p : &, X
k= R; g=0,...,w, is a given continuous function. Let us define some
definitions and notations.

5.2 Preliminaries

Let S = [0, /{1]' k1 > 0, denote L(S) the space of Bochner-integrable func-
tions y : & — = with the norm

K1
Il = / 1x(9) =40,

where || - ||z denotes a norm on =.

As usual, by AC(3) we denote the space of absolutely continuous func-
tions from < into =, and C := C(S) is the Banach space of all continuous
functions from < into = with the norm ||.||., defined by

[X([oo = sup [[x(?)|l=-
IES
Consider the Banach space

PC :{X : [_KJQ;I{I] — = X|[—5270] =, X|§] = N]v J= ]-a cee, W, X|%J7 J= 1a s
is continuous and there exist x(d,), x(d,), x(¢;) and x(9;)

o~

with x(57) = R,(d,, x(6,)) and x(¥;) = R,(9,, x(9,))},

with the norm
Ixllpc = sup |Ix(V)]=

de[—ka,K1]
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Let ¢ > 0, for x € L*(S), the expression

9
(I0W) = — / (0 — &)y (e)de,

is called the left-sided mixed Riemann-Liouville integral of order ¢, where
I'(-) is the (Euler’s) Gamma function defined by I'(¢) = [~ 0*'e ?dv; ¢ >
0.

In particular,
9
(I3x)(0) = x(9), (I;x)(0) = / x(g)de; for almostall ¥ € 3.
0
For instance, I§y exists for all ¢ € (0,00), when y € L'(3). Note also that

when y € C(S), then (I$x) € C(S).

Definition 5.2.1 ( [6,122]). Let ¢ € (0,1] and x € AC(S). The Caputo
fractional-order derivative of order ( of x is given by

Y
“D{) = (3 G)0) = =gy [ 0= ox(eda

Example 5.2.1. Letw € (—1,0) U (0,00) and ¢ € (0, 1], then

i Y=<
cp¢ - - for almost all ¥ € .
0F(1+w) Tt w—0) or almost a €S

Let a; € [0, k1], S1 = (a1, k1], ¢ > 0. For y € LY(S,), the expression

IR .
1500) = 55 / =X

is called the left-sided mixed Riemann-Liouville integral of order ¢ of .

Definition 5.2.2. [6,|122] For y € L1(§1) where % X is Bochner integrable

on @1, the Caputo fractional order derivative of order ¢ of x is defined by
the expression
o d
(DL ) (0) = (12 25x) ().
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Definition 5.2.3 ( [133]). A function x : [—ks, k1| — = is said to be a mild
solution of if x satisfies

(X(9) = 0) + [ (9 — )¢90 — e)R(e, xo)de; if ¥ € [0,9,],

X(9) = Fc(0 = 6,8, (6, x(4,))
+f5 U —e) 90 —e)R(e, xo)de; IfVES,, 3=1,...,w,

x(¥) = NJ(197X(19)); ifd € §j, g=1,...,w,

X(0) = p(v); if ¥ € [—Hy, 0],

\

where
o0 1 1
9) = n)dn, n)dn, “1eF () >0,

3.(0) / u MHWn)dn, H9) = ¢ / ), o) = T )
and

> r

7o) = =31y HE D gy € (0.00)
1=0 ’

ti¢ is a probability density function on (0,00), thatis [ uc(n)dn = 1.
Remark 5.2.1. We can deduce that for s € [0, 1], we have

> * _ I'(1+ )
® dn = / O F e (n)dn = THroa
/Onuc(n)n o ¢(n)dn = T T o)
Lemma 5.2.1 ( [133]). For any ¥ > 0, the operators §. () and $.(0) have the
following properties:
(a) For 9 >0, §¢ and § are linear and bounded operators, ie., for any x € =,
I5c)xll= < Allle, 19Xl < o]
¢ Xz > Xz, ¢ X:_F(C)X:
(b) {Sc(9); ¥ >0} and {H(V); ¥ > 0} are strongly continuous.

(c) Forevery ¥ > 0, §c(V) and $H¢ (V) are also compact operators.
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Z:8—

Now, we consider the Ulam stability for (5.1). Letv > 0, Y > 0 and
[0, 00) be a continuous function. Let

(x(9) - — Jo @0 = &) h (0 — (e, xe)de|= < v; if D € (0,4,

I (9) — S (9 — @)&(5], X(5,)
— fﬁ(ﬁ — )0 (0 —e)N(e, xo)dellz < vy fVES, 1=1,...,w,

LIX(@) = R0, x ()= < o5 i9 €T, y=1,...,w.

(5.5)

([[x(0) - — [y (9 =) THc (0 — e)N(e, x)dell= < Z(9); i 0 € [0,94],

IX(®) — (W - 6»&](6], X(5,)
- f;j(,ﬂ o €)C_1“7)<(19 o S)N(€7X€)dEHE S Z<Q9)7 1f 19 € %]7 J= 17 )

—R,W, x|z <Y VeSS, 1=1,...,w.

=
=
Z)

(5.6)

([x(®) - — [y (9 = ) TIHc(0 — N (e, x.)del|l= < wZ(); if 9 € [0,04],

I (9) — Fe(9 — @)&(63, X(5,)
- fﬁ(ﬁ — )0 (0 — e)N(g, xo)dellz < vZ(W); f VES, y=1,...,w,

LX) — R0, x(9) ||z SvY; if9€G), j=1,....w

(.7)

Definition 5.2.4. [8,[121,[122] Problem (5.1) is Ulam-Hyers stable if there
exists a real number c, &> 0 such that for each v > 0 and for each solution

X

if

v

€ PC of the 1nequal1t1es (2.6) there exists a mild solution » € PC of

problem (5.1) with

IX(9) — (0)]lz < veyg; P €S

Definition 5.2.5. [8,121] Problem is generalized Ulam-Hyers stable

there exists 1, : C([0,00),[0,00)) with n, (0) = 0 such that for each
> 0 and for each solution x € PC of the inequalities (5.5) there exists a

mild solution » € PC of problem (5.1) with

[x(9) — »()]]z < WN,QJ(U); VSIS
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Definition 5.2.6. [8,121]] Problem is Ulam-Hyers-Rassias stable with
respect to (Z,)) if there exists a real number ¢y, z > U such that for each

v > 0 and for each solution x € PC' of the inequalities there exists a
mild solution s € PC of problem with

IX(0) = 30|z < vegg s(V+Z2(9)); V€S

Definition 5.2.7. [8,121] Problem is generalized Ulam-Hyers-Rassias
stable with respect to (Z,)) if there exists a real number Chg, z > 0 such
that for each solution x € PC of the inequalities (5.6) there exists a mild
solution s € PC' of problem with

IX(0) = 32(0)]|z < eyg, z(¥+ 2(9)); D €3

Remark 5.2.2. It is clear that: (i) Definition [2.2.8 = Deﬁn1t1on 9, (ii)
Definition [2.2.10 = Definition [2.2.11 (iii) Definition[2.2.1(} for Z(- y =
1 = Definition[2.2.8

Remark 5.2.3. A function x € PC is a solution of the inequalities (5.6) if
and only if there exist a function G € PC and a sequence {G,}j_1...; C 2
(which depend on x) such that

(@) 1G]z < Z2(0) and [|G)ll= < V3 y=1,..., 0

(17) the function xy € PC satisfies

X(9) = G(9) + F(9 — )8 (8, X(4,))
+f5 — &) (0 — )R(
X(9) = G, +R,(9,x(¥)); if0eT, j=1,...,w

g, Xe)de; If Ve, g=1,...,w,

Lemma 5.2.2 ( [131]). Suppose B > 0, a(¥) is a nonnegative function locally
integrable on 0 < ¥ < T (some T < +o0) and ﬁ(ﬁ) is a nonnegative, nonde-
creasing continuous function defined on 0 < ¥ < T, N(¥) < A (constant), and
suppose x (V) is nonnegative and locally integrable on 0 < ) < T with

~

9
\(9) < a(9) + R(9) / (0 — 6)" "\ (5)ds

0

X(0) = G) + Fe(D)p(0) + [ (9 — )1 H(9 — e)R(e, xo)de; if 0 € [0,91],
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on this interval. Then

f: BOLG ) syo1aesy| s, 0< 9 <7

X(9) < a(9) + / o

5.3 Uniqueness and Ulam stabilities results with
finite delay

In this section, we discuss the uniqueness of mild solutions and we present
conditions for the Ulam stability for the problem (5.1)).

Theorem 5.3.1. Assume that the following hypotheses hold:
(Hy) The semigroup $)(19) is compact for ¥ > 0,

(Hy) Foreach 9 € 3,5 3=0,...,w, the function R(¥,-) : = — = is continuous
and for each » € C, the function X(-, ») : S, — = is measurable,

(Hs3) There exists a constant ly > 0 such that
IR, x) =R, Xz < iellx —Xlle, foreach ¥ € )3 =0, w,
and each x,x € C,
(Hy) There exist constants 0 < l§] <1;9=1,...,w,such that

IR, (9, %) = R,(@, %)= < I Ix = Xll=,

foreach ¥ € §],andeach LXEZ 1=1,...,w.

If
AlNlilC
0= Alg + <1, 5.8
T >
where lg = ax Iy, then the problem has a unique mild solution on
[—Iig, Iil].

Furthermore, if the following hypothesis
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(Hs) There exists wz > 0 such that for each ¥ € 3, we have

r

J

[Z (1 _(AAzg):r(@Q (0 =)' 2(e)| de S wzZ(0); y=0,...,w,

holds, then the problem is generalized Ulam-Hyers-Rassias stable.
Proof. Consider the operator f : PC' — PC defined by

(Fx)(0) = 0) + [ (9 — &) 9c(0 — )R(e, x(e))de; if 0 € [0,91],
(FX)(0) = Fe(0 — 6,8, (8, x(8,))
—i—f5 £)s™ 9.0 —e)R(e, x(e))de; if VEST,, 1=1,...,w,

(FX)(®) = R,(0,x(¥): if9 €S, 1=1,...,w,

L(FX)(0) = p(0); if ¥ € [—ko,0],
Clearly, the fixed points of the operator / are solution of the problem (5.1).

Let v, > € PC, then, for each ¢ € &, we have

(1(FX)@) = (Fo) )|z < || f; (0 — )5 (9 — €)
X [N(e, xc) — N(e, %8)]d5||5; if ¥ € [0,v],

I(F )W) = (F3) (9|2 < 1§e(¥ — 8,)(R,(8,, X(8,)) — Ry(8,, 52(8,)) 1=

+|| f5 (0 =) 19:(0 — 6,)[R(e, xe) — (e, 5e)]de|z; f V€T, 7=1,...,w,

LX) (@) — (F5) (@)1= = [R,(0, x(9)) — R,(3, 5(9)) |3 if 9 €T, =1,



5.3 Uniqueness and Ulam stabilities results with finite delay

Thus, we get

([(Fx)@) = (F3) )= < Jy (9 = &) ][99 — &) (xz — 22) [lede;

Alpr1¢
= T©

[(FX)0 = (F )0z < K[| (9 = 6,)(x () — »(0))||l=
+ fs — &) |9 (0 — ) (xe — #)llede

(Al+ﬁ%;>Wfﬁﬂmﬁﬁﬁegwj:L“q%

”X %HPC) if ¥ € [ 0,9 ]7

X)) = (F ) @)= < lglix = slpeiif 9 €Sy, y =1, w

Hence
1F (x) = F (9)|lpe < lx — #|lpe-

73

By the condition (5.8)), we conclude that / is a contraction. As a conse-
quence of the Banach fixed point theorem, we deduce that / has a unique

tixed point s which is the unique mild solution of . Then we have

(

#(¥) = —|—f0 — )79 (U — €)X (e, 22 )de; if O € [0,94],

<>z$¢ﬁ—6ﬁ<%%@m
—i—f5 — &) 19:(0 —e)N(g, 5 )de; f VES, 1=1,...,w,

#(V) = NJw, »(¥)); if ¥ € §], 1=1 ..., w,

#(¥9) = p(v); if ¥ € [—ka,0].

\

Let x € PC be a solution of the inequality (5.6). By Remark (ii) and

(Hs) for each ¥ € &, we get

([Ix(¥) — — [0 = &)1 5 (9 — )R (e, X )de =
< zw); if 9e [0,191],

o~

Ix(9) = (¥ = 6,)R, (6 fa — &) 0 (0 — )R (e, x:)de;
<ZW); Ve, 1=1,...,w,

L Ix(@) = R, (0, x(0)|= < V; if9 €Sy, y=1,...,w
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Thus,

(IX(0) = ()= < Z@0) + || [ (9 — &) (0 — )
X [R(eg, xc) — N(e, 5.)]del|z; if ¥ € [0,04],
IX(0) = 32(9) |2 < Z(0) + AR, (8, X(8,)) — Ry(8,, 5(8,) =

+ [0 =) 90 — ©) (e, xo) — R(e, 22.))||=de;
if 0eQ,1=1,...,w,

X (@) = ()= <V + IR, (0, x(9) = R,(&, (0)) |l=3 i D € Sy, g =1, .

Hence
([x(@) = 5= < Z0) + [5 (9 — ) I[19c(0 = &) (xe — 52.) ede
< Z(0) + Al“ fo )7 Yxe — selede; if ¥ € [0,91] x [0,b],
IX(?) = 2(D)]|z < Z(F) + Algl[x () — ()=
FA(ZCN) f6 — &) Yxe — sec|lede; i VES, 1=1,...,w,
LX) = 29[z < Y+ lIx(0) = %(9)]=; if 0 € §g, 7=1. . w

For each ¥ € [0,v,], we have

Al [V
o / (9 — ) xe — 2. ede.

We consider the function ¢ defined by
o(V) = sup{|x(e) = #(e)[| : —ha < e <V} I €3

Let 0* € [—ka, Y] be such that o(¥) = ||[x(0*) — s(9*)||=. If ¥* € [k, 0],
then o(¥) = 0. Now, if ¥* € S, then by the previous inequality, we have for
¥ € &, we have

Ix(0) = (D)= < Z2(9) +

Aly

o(¥) < Z(9) + i)

/0 (0 — ) Lo(V)de.
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From Lemmal5.2.2| we have

o(¥) < +/0
< <1+wg>zw3_

= C1,N,NJ,ZZ(19)~
Since for every ¢ € [0,91], |[xvllc < o(?), then we get

X(@) = ()= < ¢, 55,2 + Z2(0)).

Now, foreach v € S, y=1,...,w, we have

IX(0) = »(@D)]|= < Z(0) + Alg|Ix (V) = #(9)|}=

Z(ﬁl —)UE(e)| de,

1

Aly /19 .
+ — 9 — )¢ - — 2. ||cde.
Then, we obtain
1
— =< Z
(@) = #0) e < 7= 5-2(9)

Al v _
AL [, 9 e e

o)

(1 +wz)Z(9)

Again, from Lemma we have

1
— = <
X))l < g (
1
<
- 11— Al&
= 02,&&],22(19)‘
Hence, foreach v € 3, y=1,...,w, we get

IX(0) = (D)= < 5,2 + Z(9)).

o0

2 (1— AAZZAN () (0 —2) " 2(e)

1=1

d€>

Now, foreach v € S, y=1,...,w, we have

Ix(9) = 2(9)]l= <V + Igllx () = 2(3)]|=.
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This gives,

() = Dz € T2 = s 2
Thus, for each ¢ € §J, 7=1,...,w, we get

IX(0) = 2(I)llz < ¢555,2(Y + Z(9)).
Setcyg, z = K Cing, 2 Hence, for each ¥ € &, we obtain

[x(9) = 2(D)|pc < eyg, 2V + 2(9)).

Consequently, problem (5.1) is generalized Ulam-Hyers-Rassias stable.

5.4 The phase space k

The notation of the phase space k plays an important role in the study of
both qualitative and quantitative theory for functional differential equa-
tions. A usual choice is a semi-normed space satisfying suitable axioms,
which was introduced by Hale and Kato [73]. More precisely, k will de-
note the vector space of functions defined from R_ into = endowed with a
semi norm denoted || - ||x and such that the following axioms hold.

e (A) If¢: (—o0,b) — =, is continuous on [0,b] and &, € k, then for
Y € [0, b) the following conditions hold

- (@) & ek
= ()|l < AW)sup{|€(0)|: 0 <6 < I} + A()|[&ollk,

— () [€()] < H|[Eolle ~
where H > 0 is a constant, A : [0,b) — [0, +00),
A : [0, +00) — [0, +00) with A continuous and A locally bounded
and H, A and A are independent of £(.).

* (Ay) For the function ¢ in (A4;), the function ¥ — &y is a k-valued
continuous function on [0, b].

* (A3) The space k is complete.
Denote A, = sup{A(9) : ¥ € [0,b]} and A, = sup{A(¥) : ¥ € [0,8]}.
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Remark 5.4.1. 1. [(iii)] is equivalent to |p(0)| < H||p||x for every p € k.

2. Since ||-||x is a semi norm, two elements g, ¢ € k can verify || p—|jx =
0 without necessarily ¢(n) = 1(n) for alln < 0.

3. From the equivalence of in the first remark, we can see that for all
0,1 € k such that ||p—1||x = 0, we necessarily have that p(0) = 1(0).

Example 5.4.1 ( [90]). Let:
BC' the space of bounded continuous functions defined from R_ to Z;

BUC' the space of bounded uniformly continuous functions defined from
R_to=;

C> ={p e BC :lim,,_ p(n) existin =} ;
C? :={p € BC :lim,,_ p(n) = 0}, endowed with the uniform norm

ol = sup{|p(n)| : n < 0}.

We have that the spaces BUC, C* and C"° satisfy conditions (A;) — (A3).
However, BC satisties (A1), (A3) but (Asy) is not satistied.

Example 5.4.2 ([90]). The spaces Cg, UCq, Cg° and CY.

LetX be a positive continuous function on (—oo, 0]. We define:

Cq = {p eC(R_,Z): % is bounded onR,} ;
Cg = {p € Cq:lim, % = O} , endowed with the uniform norm
Il =sup{'f(”>' < o}.
()

Then we have that the spaces C and (Y satisfy conditions (A;) — (A3). We

consider the following condition on the function N.

g1) Forall ky > 0, supycge, sup4 20t . o0 < p< —9 ¢ < 0.
0<9<k1 R(n) n

They satisty conditions (A,) and (As) if (ﬁl) holds.
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Example 5.4.3 ([90]). The space C,. For any real constant o, we define the
functional space C, by

C,:= {p € C(R_,Z): lim e?p(n) exists in E}

n——00
endowed with the following norm

loll = sup{e®|p(n)] - n < 0}.

Then C, satisties axioms (A;) — (As).

5.5 Uniqueness and Ulam stabilities results with
infinite delay

In this section, we present conditions for the Ulam stability of problem
(5.2). Consider the space

Q:={x:(-00,k] = Z: xy €kford e R_ and x|s € PC}.
Theorem 5.5.1. Assume that (H,), (Hy4) and the following hypotheses hold:

(Hg) Foreachv € Sy 9=0,...,w, the function X(1),-) : = — E is continuous
and for each » € k, the function N(-, ») : §, — = is measurable,

(Hy) There exists a constant I, > 0 such that

IR, x) =R, V) |lz < Lllx—X||x, for each ¥ € S5 =0, ..., w,and each x, Y € k.

If
P
AAlNlil < 1)
()
then the problem has a unique mild solution on (—oo, k1]. Furthermore,

if the hypothesis (Hs) holds, then the problem is generalized Ulam-Hyers-
Rassias stable.

0= Alg + (5.9)
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Proof. Consider the operator /' : 2 — ) defined by,
((F'x)(9) = )t [0 — ) (9 — R(e, x())de; if D € [0,0,],

(F) () = §c(9 — 8,)8,(8,, x(6,))
—i—f5 — &)1 (9 —e)N(e, x(e))de; f VES, y=1,...,w,

(F) ) = R,(0, x(0)); if 0 €Sy, 9=1,...,w,

L(F'X)(0) = p(0); if ¥ € R_,

Clearly, the fixed points of the operator /' are mild solutions of the prob-
lem (5.2). Consider the function s(:) : (—oc0, 1] — = defined by,

x(V) =0; if J e,

%) = p(¥); ifYeR_.
Then s = p. For each 7 € C(J) with 7(0) = 0, we denote by 7 the function
defined by

7)) =71) ifv e
7(9) =0, if Y € &
If x(-) satisfies

(

x(V) = )+ Jy (9= )T 0c(9 — £)N(e, x(2))de; if 0 € [0, 4],

X(W) = Fe(0 = 6,)R,(8,, x(3,))
+f5 — )0 (9 —e)N(g, x(e))de; f VES, y=1,...,w,

X(@W) =R, (0, x(9); if 9 €Sy, y=1,...,w,

(X(V) = p(V); if ¥ €R_,
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we decompose x(¥) as x (V) = 7(¥) + »(¥); ¥ € I, witch implies xy =
Ts + 29; ¥ € ¥ and the function 7 satisfies 7, = 0 and for ¥ € I, we get

;

7(9) = )+ fo — &)1 (9 — e)N(e, 7o + 5. )de; if 9 € [0,94],

(9 )234(19—5)8 (8,75, + 5,
(¥ —

+f5 U —e)sl9, EN(e,Te +2.)de; if 9 €3, y=1,...,w,

(1) INJ(ﬁ,?ﬁvL%ﬁ); if ¥ §J, 7=1,...,w

\

Set
Co={r € PC: 7(0) =0},

and let || - ||, be the seminorm in C; defined by

I7lla = lI7oll + sup [ = sup |7 (I)[; T € Co.

€3

C) is a Banach space with norm || - ||,. Let the operator P : Cy — Cj be
defined by
((Pw)(¥) = W =)0 (0 — e)N(e, Te + 32)ds; i 0 € [0,94],

(Pw)(¥) = Fe(W—0 )ﬁ (8,75, + 75,)
—I—f5 V=) '9:(0 —e)N(e, T + 52 )de; fVES, 7=1,...,w,

~

|(Pw)(@) = R,(9,7g +39): if 9 € G, y=1,...,w

Obviously the operator /' has a fixed point is equivalent to P has one.
We shall use the Banach contraction principle to prove that P has a fixed
point. Indeed, consider 7, 7* € Cj. Then, for each ¥ € I, we get

1P(7) = P(r)la < 17 = 7" la-

By the condition (5.9), we conclude that P is a contraction. As a conse-
quence of Banach fixed point theorem, we deduce that P has a unique
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fixed point 7*. Then we have
(

() = Fe(9)p(0) + foﬂ(ﬁ — &)1 (9 — e)N(e, 7o + 5 )de; if 9 € [0,14],

~

7 (0) = Fe(¥ — 6J)NJ(5J7T§J + 5,)
+ [ (0 =) (0 — (e, 7r 4 2 )des i DEST, j=1,...,w,

) =R,(0, 7 4 355); ifV €S, y=1,...,w.

\

Let 7 € Cy be a solution of the inequality (5.6). Thus, by (H;) and Lemma
and as in the proof of Theorem we can show that; for each
ESEN

||T<197 g) - T*(ﬁv S)HE < ngﬁwz(y + 2(197 5))7

for some c > 0, which gives that the problem is generalized

RR),Z
Ulam-Hyers-Rassias stable.

5.6 Uniqueness and Ulam stabilities results with
state-dependent delay

In this section, we present (without proof) uniqueness and Ulam stability

results for problems (5.3) and (5.4).

Set
R = {p(0,x): (0,x) €S, xD, p(0,x) <0, 7=0,...,w},

where D € {C,k}. We always assume thatp: 3, x D = R; y=0,...,wis
continuous and the function 6 — ;4 is continuous from R into D.

Theorem 5.6.1. Assume that (Hy), (Hs), (Hy) and the following hypothesis
hold:

(Hg) There exists a constant Ii; > 0 such that

IR, Xpw.x0)) — R, Xp ) 12 < WlIXp0x0) — Xpwzeylle

foreach v € 3,5 9=0,...,w,and each x,Y € C.
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If

Alg/ﬂ)lc
(¢

then the problem has a unique mild solution on |— ks, k1). Furthermore, if the

hypothesis (Hs) holds, then the problem is generalized Ulam-Hyers-Rassias

stable.

Theorem 5.6.2. Assume that (Hy), (H,), (Hg) and the following hypothesis
hold:

(Hg) There exists a constant Ii{ > 0 such that

"= Alﬁ +

<1, (5.10)

IR, X)) — RO, Xpox) )12 < BellXo,x0) = Xpwzy) i
foreach v € 3,; )=0,...,w,and each x,X € k.

If

AAlgllﬁlC < 17
I'(¢)

then the problem has a unigue mild solution on (—oo, ry]. Furthermore,

if the hypothesis (Hs) holds, then the problem is generalized Ulam-Hyers-
Rassias stable.

0" = Alg + (5.11)

5.7 Examples

As applications of our results, we present two examples.

Example 5.7.1. Consider the functional abstract fractional differential equa-

tions with not instantaneous impulses of the form
D 4A0,6) = G2 (9,€) +1(0,A(09 — 1,€); 9 €[0,1]U(2,3], £€[o,],

A0, €) = R(0,A(9,€)); v

[

1,2], £ e 0,m,
A©,0) = AW, m) =0; ¥ e [0,1]U(2,3],
AW, €) = (0, €); vel-10],  £el0q],
(5.12)
where Dgﬂ9 = 8‘9—;4 is the Caputo fractional partial derivative of order ¢ €

(0, 1] with respect to ). It is defined by the expression

c 1 v 0
Dg,ﬁ)‘(ﬁag) = m/ﬂ (19—{5) C@)\(é?,f)d&‘,
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C:=Cy, 1:([0,1]U(2,3]) xC—RandR: (1,2] x R — R are given by

1

1W, AP —1,€)) = (14 110€?)(1 + AW — 1,)|)

;9 €[0,1]U(2,3], € € ]0,7],

R(0,\(0,6)) = Tloemln(l L9 IN0,6))); 9 € (1,2, € € [0,7],

and p : [—1,0] x [0, 7] — R is a continuous function.

Let = = L*([0,7],R) and define © : D(©) C = — Z by O1 = 7" with
domain

D(©) = {r € = : 7, 7’ are absolutely continuous, 7"’ € =, 7(0) = 7(7) = 0}.
It is well known that © is the infinitesimal generator of an analytic semi-

group on = (see [115]). Then

[e.9]

@T:—ZZQ < T,e,>e,;T € D(O),

1=1
where
(€)= \ﬁsmus); cefn 1=1,23, ...
™
The semigroup $(¥); ¥ > 0 is given by

o0
H)T = Ze_’%9 <T,e,>€,; TEEZ.
1=1

Hence the assumptions (H,) and (H,) are satistied.

_ ForE €0l stx(0E) =M 9 €03 K00 =06 D
—1,0],
OX(0)(€) = Z—Qw,@; 90,1023,
R(D, x(9))(E) = I, A(0,€)); ¥ € [0,1]U (23],
and

~ -~

R(0, x(9))(§) = R, A(0,€)); ¥ € (1,2].

Consequently, employing the given definitions of p, O, R, and N, the sys-
tem can be equivalently expressed as the functional abstract problem
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(©.1).

Foreach \,\,€ C, ¥ € [0,1] U (2,3] and ¢ € [0, 1], we have

R, A)(E) — R, T < 117 A0,6) ~ X0, 6)],

then, we obtain

— 1 —
R, A) — RN ||z < —|A = Alle.
IR, A) = R@. D)= < 74— N

Also, foreach A\, \, € Z, ¥ € (1,2] and ¢ € [0, 71|, we can easily get

N ~ 1 _
N - = < —||A = Az
IR0, ) = R, D= < 7= IA - Xz

Thus, (H;) and (H,) are verified with Iy = lg = 1. We shall show that

111°

condition (5.8) holds with r, = 3 and A = 1. Indeed, for each ¢ € (0,1] we
get

AZNI{1<

I'(¢)
1 3¢
ST

7

111
< 1.

{ = Alg-l-

Therefore, we guarantee the existence of a distinct mild solution defined
on the interval [—1, 3] for the given problem (2.17). In conclusion, the con-
dition (Hj) is fulfilled by Z(v) = 1 and

o0 1 .
2= L g

1=1

Consequently, Theorem implies that the problem is generalized
Ulam-Hyers-Rassias stable.
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Example 5.7.2. Consider now the functional abstract fractional differential
equations with state-dependent delay and not instantaneous impulses of
the form

H(0, A0 = a(M©,€)),€)); 9 €[0,1]U(2,3], € €0,7],
A, ) = R0, A(9,6)); Ve (1,2], f e [0,7], (5.13)
A, 0) = AW, ) = 0; U E [0 11U (2,3],
)‘(797 5) = p(’ﬁ, §), ( 70]7 § € [07 ﬂ-]’
where Dgﬂ9 = 88—1; is the Caputo fractional partial derivative of order ¢ €

(0, 1] with respect to 9, 0 € C(R,[0,00)), 3 : ([0,1] U (2,3]) x k — R and

N:(1,2] x R — R are given by

30, M0=00.).9) = T T s agan ? € U@l €€ b

arctan(¥? + [A(¥, €)|)
1+ 110e?+¢

and p : (—00,0] x [0,7] — R is a continuous function, we choose k = k,
the phase space defined by

R(W, (¥, €)) = ;9 e (1,2), € €0,

k, :={p € C((—0,0],Z): lim e”p(n) exists in =}
nN——00

endowed with the norm

lpll = sup{e|p(n)| - 7 < 0}
Let = = L?*([0,7],R) and © is the operator defined in the Example 1. For
§ € [0,7], set x(9)(§) = AW, &) ¥ € [0,3], o)) = p(@,&); V€
(—OO, 0]7
82
OX)(E) = 55 0,9 D€ DU (3
R, x (0 = o (M9, ))))(€) = A0, A0 = a(A(¥,€)),€)); 0 €[0,1]U(2,3],

and R R

R, x(0))(§) = R(J,A(0,€)); 0 e (1,2].
Thus, under the above definitions of p, ©, X and ﬁ, the system can
be represented by the functional abstract problem (5.4). We can see that all
hypotheses of Theorem are fulfilled. Consequently, problem (5.13)
has a unique mild solution defined on (—oc, 3|. Moreover, problem (5.13)
is generalized Ulam-Hyers-Rassias stable.




Chapter 6

Controllability Results for
Second-Order Integro-differential
Equations with State-Dependent
Delay

6.1 Introduction

In this chapter, we discuss the approximate controllability and com-
plete controllability for second-order Integro-differential equations with
state-dependent delay described by

{ 9"(s) = A(S)V() + K (5, V.00, (PO)(<)) + J5 T(s,8)9(s)ds + Puls), if s € J,
V(0)=( € E, J()=2(s), ifceR_,

(6.1)
where J = [0,7], A(s) : D(A(s)) C E — E, T(s,s) are closed linear op-

erators on F, with dense domain D(A(<)), which is independent of ¢, and
D(A(s)) € D(Y(s,s)), the operator U is defined by

(Wo)(<) = / =(c,5,9(s))ds, a >0,

the nonlinearterms=Z: J x J X EFE - E, K: JxBxFE —FE, ®:R_ — FE,
p:J x B — (—o00,00),are a given functions, the control function v is give

86
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function in L?(.J, U) Banach space of admissible control with U as a Banach
space. P is a bounded linear operator from U into E, and (£, | - ||) is a Ba-
nach space.

6.2 Preliminaries

In this section, we will go through the essential concepts, notations, and
mathematical tools that will be utilized throughout the article. This covers
definitions, fixed point theorems, and significant results that form the ba-
sis of our study.

Let C(J, E) be the Banach space of continuous functions y mapping J
into F.
Next, we consider the second-order integro-differential systems

2(s) = A()z(s) + / Y(e,P)e(r)dr, 0<<<T,
2(0)=0, 2(0)=z€kE,

6.2)

This problem was discussed in [65]. We denote A = Dz = {(,s) : 0 < s <
¢ < T}. We now introduce some conditions fulfilling the operator :

(B1) Foreach0 < s < ¢ < T, Y(s,s) : D(A(s)) — E is a bounded linear
operator, for every z € D(A), Y(-,-)z is continuous and

I7(s, 9)zll < bllzllpay,
for b > 0 which is a constant independent of (s,¢) € A.
(B2) There exists Ly > 0 such that
1T (2, 8) 2 = T (s, 8) 2]l < Ly |2 = <ul |2l ipcay,
forallz€ D(A),0<s<¢q <e<T.

(B3) There exists b; > 0 such that

S
/ S(s,8)Y(s,0)zds|| < bi||z]|, forall z € D(A).
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Under these conditions, it has been established that there exists a resolvent
operator (Q(s, s))s>, associated with the systems (6.2). From now on, we
are going to consider that such a resolvent operator exists, and we adopt
its properties as a definition.

Definition 6.2.1 ( [65]). A family of bounded linear operators (Q(s, s))>s
on E is said to be a resolvent operator for the systems if it satisfies:

(a) The map Q : A — L(F) is strongly continuous, Q(s, )z is continu-
ously differentiable for all z € E, Q(s,s) = 0, a% (s, S)|<:s = [ and
% Q(Q 5)‘ =—1I.

S§=¢

(b) Assumex € D(A). The function Q(-, s)x is a solution for the systems
(6) and (7). This means that

82 S
5 Qs = A0 s)a + [ V(c.r)Q(r, s)adr
forall0 < s<¢<T.
It follows from condition (a) that there are constants Mg > 0 and MNQ >
0 such that

D) .
ool < Mo |20t <o o€

Moreover, the linear operator
S
G(s,m)z = / T(s,s)Q(s,T)xds,x € D(A),0 <7 <¢<T,

can be extended to . Portraying this expansion by the similar notation
G(s,7),G: A — L(F) is strongly continuous, and it is verified that

S
s, 7)x = S(s,7) +/ S(s,s)G(s,T)xds, forall x € E.
It follows from this property that Q(-) is uniformly Lipschitz continuous,
that is, there exists a constant Lo > 0 such that
|1Q(c + h,7) — Q(s,7)|| < Lglh|, forallg, ¢+ h, 7 € [0,T].

We assume that the state space (B, || - ||z) is a seminormed linear space
of functions mapping (—oo, 0] into R, and satisfying the following funda-
mental axioms which were introduced by Hale and Kato in [73].
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(A1) If y € C and yy € B, then for every ¢ € J, the following conditions
hold:

(i) y. € B,
i) There exists a positive constant H such that |y(s)| < H ||y.|| s,
p B

(i7) There exist two functions L(-) and M (-) : Ry — R;independent
of y with L continuous and bounded and M locally bounded
such that:

lvellg < L(s) sup{ly(s)] : 0 < s <t} + M (<) [|yoll5 -

AQ For the function y in Al , Y. is a B - valued continuous function on
y S
R™.

(A3) The space B is complete.

Denote
L, =sup{L(s) : s € J},
M, =sup{M(s) :c € J},
and
N = max{L,, M.,}.
We define the space

Co={pcCR,E): li}r_n ¢(7) existin E},

endowed with the norm

[¢lle = sup{[o()] : T < 0}
Then, the axioms (A;) — (A3) are satisfied in the space Cj. So in all what
follows, we consider the phase space B = Cj, and let

ch*(f,E):{y: T 5By €B, y|Jec<J,E>},

such that

1yl = Sup {ly (Il -
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6.3 Existence of mild solutions

In this part, we prove the existence of mild solutions system of the prob-
lem:

{ V(<) = AV(s) + K (S, Vp(e 0y, (WI)(<)) + [ T(s,5)0(s)ds, if ¢ € J,

V(0)=C € E, V()=d(), ifceR_.
(6.3)
In [120], the authors have investigated the existence of mild solution of
system (6.3) and they used the Leray-Schauder’s alternative theorem and
Krasnoselskii’s theorem. So we will weaken the conditions (in particular
the compactness property) by using Darbo fixed point theorem.

Definition 6.3.1. A function ¥ € X is called a mild solution of problem
(6.3), if it satisfies
—O2ERO (6, 0)G0 + Jy Qs, 8)K(s, V(s 0, (TI)(s))ds; ifs € J,
0(<) = +=0
P(s); ifc e R_.
The following assumption will be needed throughout the paper:

(C1) K : Jx BxE — Eis a Carathéodory function and there exist
positive constants ¢, & and continuous nondecreasing functions
i, % o J — (0, 4+00) such that:

1K, 01, 92)|] < &ic (101 ]18) + &k ([192]]),  for vy € B, ¥, € E.

And there exists a positive constant /i, such that for any bounded set
B C E,and B, € B and each ¢ € R, we have

pK(s, Bg, W(B(9)))) < lep(B).

(C2) The function = : D= x F — FE is continuous and there exists =, > 0,
such that
12(s,5,%1) — 2(s, 5, 02)|| < Z, || — 2],

for each (¢, s) € D=z and vy, 0, € E, where

Sgp{||5(<7 5,0)[[} = E* < o0,
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(C3) Assume that (B1)—(B3) hold, and there exist My, Mg >1land p >0,
such that
19(<, $)llv(m) < Mge™,

and

< Mze*“g.
T(E)

99(s, s)
0s

(Ch) Set R (p~) = {p(s,¢) : (s,p) € J x B,p(s,¢) < 0}. We assume that
p : J x B — Ris continuous. Moreover we assume the following
assumption and hypothesis:

e (Hg) The function ¢ — ®. is continuous from R (p~)into B and
there exists a continuous and bounded function L® : R (p~) — (0, 00)
such that

2]l < LP(<)|®[ls, foreveryc e R (p7).

Remark 6.3.1. The condition (Hgs), is frequently verified by continuous
and bounded functions. For more details, see for instance [90].

Lemma 6.3.1 ( [88]). Ify : (—o0,+00) — E is a function such that y, = @,
then
1Ysllp < (M + L) ||+ sup{|y(0)] ; 6 € [0, max{0,5}]}, s € R (p”) U,

where L® = sup cr(,—) L (<)

Theorem 6.3.1. Assume that the conditions (C'1) — (C3) and (C) are satisfied.
Then, the system has at least one mild solution.

Proof. Firstly we define on X measures of non compactness by

pc(S) = wo(S) + sup {e ™ u(S(6))},

with 7 > 1, 3(s) = 4Mglks, S(s) = {v(s) € E; v € S}, and w” (v, ¢) de-
notes the modulus of continuity of the function v on the interval [T, 71,
namely,

&
~
—~
<
[
~—
Il

sup{|le " v(k1) — e "v(ke)| ; K1, k2 € [-T,T], with |k1 — ka| <€},
wl'(S,e) = sup{w?(v,¢e); v e S},
wo(S) = limo{w’(S,¢€)}.
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Notice that if the set S is equicontinuous, then wy (S) = 0.
Now, transform the problem (6.3) into a fixed point problem and define
the operator ©, : X — X by:

s=0

019(s) = + foc (s, $)K(s, 0 p(s,0,), (¥V)(5))ds; if ¢ € J, (6.4)

O(q), ifc e R_.

Let z(-) : (—o0,T] — E be the function defined by:

09(s,5)2(0)
Os
z(s) = s=0

(I)(§), if§€R_.

+ Q(ga())CO? 1f§ S J7

Then, zo = ®, and for each w € X, with w(0) = 0, we denote by w the
function
{ w(s), if¢eRT,

0, if¢eR_.
If ¥ satisfies (6.4), we can decompose it as ¥(s) = w(s) + z(s), which im-

plies ¥, = w, + z., and the function w(-) satisfies
S
w(s) = / Q(S, $)K(8, Wp(swytas) T Tp(svstas): P(w +x)(s))ds; if ¢ € J.
0

Set
Q={weX : w() =0}

Let the operator ©; : Q — Q defined by
_ S
O1w(c) = / (S, $)K(8s Wo(swats) T Tp(swstas) Y(w + )(8))ds, if ¢ € J.
0

The operator O, has a fixed point is equivalent to say that él has one, so

it turns to prove that él has a fixed point. We shall check that operator él
satisfies all conditions of Darbo’s theorem.
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LetIly = {U) cQ: HwHQ < (9’}, with
Mo (&b (mp) + S ()T < ¢,

such that 7, 7" are constants, they will be specific later.
The set 11y is bounded, closed and convex. We have divided the proof into
four steps.

Step 1: él(Hgl) C Hg/.
Forw € Ily, ¢ € J and by (C1) — (C3), we have

5= Hw"(svwsﬂs) 5T Hmp(s,wsﬂs) B
< L(S)sup ()] + (M($) + £7) @]z + L) sup la(6)]
0,s

0,s

| Wo(swatas) + L p(svatas)

< L0+ (M. + L) 2|5
+ L. (Mol| @0 + MollGoll) HI1 @l

< L0 + | M, + L + L. (Mg||®o|| + Mo Gl H| || @5

= n&’a
and
10w + 2)(s)]| < aZe, (0 + Mo|®oll + Mol |Goll) + a=* = 7",
Then,
181w (<)l < Mg [vr(m5)&1 + V3 (T)E | T.
Thus,

1©1wllo < 0.
Therefore él(H(;/) C Iy, implies that él(Hgl) is bounded.

Step 2: O, is continuous.

Let {wn},,cy be a sequence such that w,, — w* in IIy. At the first, we
study the convergence of the sequences (w”, .. ,s€ J. Ifse Jis
p(swi) ) en

such that p (s, ws) > 0, then we have

*
Wp(s,wz)

[ wpi s T [Wh s = Whsiot)

< Llwm — 'l + [y —w

m *
swp) 5 < Wptswn) = Whiswr)

B

*
p(s,wy)

B?
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which proves that wj, . H(s.we) I B, asm — oo, for every s € J such
that p (s, ws) > 0. Similarly, if p (s, w,) < 0, we get

[ty = Whtsaon s = 1 ®pisagy = Potsauon |l 5 = 0

which also shows that wzzwm) — w;(&ws) in B, as m — oo, for every s € J
such that p (s, ws) < 0. Then for ¢ € J, we have

1B10™)(6) = Bru ) < Mo | 1E(S, Wy + ey Hw” +2)(5)
— K(s, (Wp(ewp) T Tp(swstas) )y H(w” + 2)(s))]|ds.
Since = and K are continuous, we obtain that
=0, s, (W™ +2)(s)) = Z(s, 8, (W +2)(s)), as m — 400,
and
12, s, (w™ +z)(s)) = E(s, 5, (w* + z)(s)) || < =L, Jw™(s) —w(s)]].

By the Lebesgue dominated convergence theorem, we have

<

/Oc =, s, (w4 z)(s))ds —— =(s, 5, (w* + z)(s))ds.

m—r+00 0
Then, by (C1), we get

K(s,wyy L p(s,wm+as)s V(w™+z)(s)) —— K(s, (w) +xp(8,w;‘+xs))7 W (w*+x)(s)).

plswr) o plsw})
By Lebesgue dominated convergence theorem, we obtain

1(©1w™)(s) — (O1w*)(S)|| = 0, as m — +oc.
Thus, C:)1 is continuous.

Step 3: (:51 is puo-contraction.
Let II be a bounded equicontinuous subset of Iy, w € II, and k1, k3 € J,
with ko > k1, we have
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Hélw(m) - élw(mg)

< / 192, )IHIK(s, Wots w-ta0) + Totswy ), U(w + 2)(5))]| ds

K1

+/0 1Q(kz2, 5) — Qrsa, )| [ K(5, Wos,wtan) T Totsawstan), Tlw +2)(s))|| ds

< [wkm;/)aw,%mw@] (Mgmz—mu | 1atkas) - 0t >uds)

By the strong continuity of Q(-), we get

Hél’w(lil) - élw(ﬁg)H — 0, as kK1 — Ka.

Thus O, (II) is equicontinuous, then wy (él(H)> =0.

Now, for w € II, and for any g > 0, there exist a sequence {w"}3°, C II
such that for ¢ € J. We have

B < 1( { [ Q66 ey + sy, W o)) we 11} )
<2 ({ [ QUGS sty + gy W )5 w0 n})

S
< / IMoleu({T1(s)})ds + o
0
S
S/ €4TMQle674TMQl;CS4MQl’CM(H(S>)dS+Q
0

S
§/ 4Mole™elxs gup e~4mMelks | (T1(s))ds + o
0

$€[0,9]

S [ pATMolxs !
< pe (M) / < ) ds + o
0 T

e47’MQl;gt

< pe(Il) + o.
T

Since o is arbitrary, we get

e4TMQlICt

1(©:(I)(5)) < pic(10).



6.4 Controllability results 96

Thus,
pe@() < e (i),

As a consequence of Theorem we deduce that ©; has at least one
fixed point w*. Then ¥* = w* + z is a fixed point of the operator ©,, which
is a mild solution of problem (6.3).

O

6.4 Controllability results

6.4.1 Complete controllability

Definition 6.4.1. The system is said to be exactly controllable on the
interval J, if for every function ® € B and (,, v € E, there is some control
u € L*(J,E) such that the mild solution v of this problem satisfies the
terminal condition v(T') = 0.

We will need to introduce the following hypotheses:

(C4) (i) The linear operator W : L?*(J,U) — X, defined by

Wu = /T (T, s)Pu(s)ds,

has a pseudo-inverse operator W !, which takes values in L*(.J, U)\ Ker(WW),

(77) There exist positive constants m;, ms, such that
1P|l < my and |WH| < ma.

(1) There exist ¢, > 0, mp > 0, such that for any bounded sets
M1 C E, M2 C U,

W(WTDM)(S) < qui(My),  p((PMy)(s)) < mppu(Ma(s)).

(C5) There exists a positive constant p, such that ¢} < p, with

o = Mo | Vx ()& + V()& 4+ mims <P+ Mg ||| + Mol|Col|

b Mauh(n)é + Mgw,%m*)gz)] |
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o= Lop+ | M.+ L® + L. (M| ®o|| + Mo||Coll) H | |95,

and -
7= aZ;, (p+ Mol| o + Mo||Goll) + aZ*.

Theorem 6.4.1. Suppose that the hypotheses (C'1) — (C5) and (Cp) are valid.
Then the problem is exactly controllable.

Proof. Since the calculating techniques were covered in-depth in the pre-
vious proofs, the steps of the proof won’t be described in detail. We define
in X measures of noncompactness as in Section 4, but we change X by s,
such that

%(§) = 4MQ (l}c + mp(MQl;CT)qw) S.

Now, using (C4) we define the control:

ugls) = W (m  29(1.900)

- Q(Ta O)CO

5=0
T
- / QT s)K(s, Vp(s0.); (W)(S))d8> :
0
We shall show that when using the control u(-), the operator 5 : X — X
defined by:

09(s, s)®(0)

T30(<) = ——5_

+ O, 006 + / T O(c, $)K (5, Doy (U0)(5))ds

s=0

S
+/ (s, s)Puy(s)ds; if ¢ € J,
0

has fixed point, this fixed point is a mild solution of system (6.1), and this
implies that the system is controllable.

If ¥ is a fixed point of Y%, then similar transformation to that in the
Proof of Theorem give the following decomposition ¥(¢) = y(s) +
z(s), which implies ¥, = y. + ..

Let the operator T3 : 2 — Q) defined by

T39(s) = /< A(s, $)K(5,Vp(s,0,), (¥V)(5))ds + /< Q(s, s)Puy(s)ds; if ¢ € J.
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It thus becomes necessary to demonstrate that T3 has a fixed point since
the operator T4 having a fixed point is similar to saying that T3 has one.
We will make sure operator T4 satisfies all of the conditions of Darbo’s
theorem.

Let B, = B(0,p) ={y € Q : |ly|la < p}, then the set B, is closed, bounded
and convex.

Step1: T3(B,) C B,.
For¢ € Jand y € B,, we have

) < [ 10 K5 Dy (B0 s+ [ 100, 5) Pl s
< Mo (wkOp)G + V(T
i (p-+ Dol ol + Mollall + Movk(r)s + Motk (7)) ).

Thus, we deduce from (C5) that YT3(B,) C B, and T3(B,) is bounded.

Step 2: T3 is continuous.
Let {y, }nen be a sequence such that y,, — y, in B,.
Since K, Z, P are continuous, and by the Lebegue dominated convergence
theorem, we have

<

/ (s, 8)Puy, 12(s)ds —— [ Q(s, 8)Puy, +z(s)ds.
0

n—-+00 0
Then, similar to Step 2 in Proof of Theorem we get
|(T5yn)(s) — (T3ys)(s)|| — 0, as n — +o0.

Consequently, T3 is continuous.

Step 3: T3 is pc-contraction operator.
Let II be a bounded equicontinuous subset of B, y € II, and ky,ky € J,
with k9 > k1, we have
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15" Q2. )Py, sa(s)ds — [ QU, 5) Pty 4a(s)ds||

IA

/HQ(@,S)II\IPuyn+x(8)||dS+/ 1Q(ra, 8) = Qlrir, 8)| [|Puy, 12 ()| ds

K1 0

< mums (p+ Molloll + MollGoll + Motk ()61 + Mo (7))

X (MQ‘HQ — K1 +/ |Q (K2, s) — Q(K1, s)| ds) — 0.
0

K1—K2
Thus {Y3(II)} is equicontinuous, then wy (T3(II)) = 0. Now for any ¢ > 0

there exist a sequence {y; }7>, C 11, such that for ¢ € .J, we get

p(Ca(ID(6)) < 4 [ Malle + mn(MoleT)ayJn({11(5)})ds + o

67%(()
< - pe (D) + o.

Therefore,
1
pe(Ts(I)) < ;MC(H)-
We come to the conclusion that T3 has at least one fixed point y* according
to Darbo’s fixed point theorem. Consequently, ¥* = y* + z is a fixed point
of the operator Y%, implies that the system is exactly controllable.

]

6.4.2 Approximate Controllability

Definition 6.4.2. For (®,()) € B x E, system is said to be approxi-
mately controllable on the interval J = [0,T] if R(T, ®, (y) is dense in E,

Le. R(Ta (I)a CO) = E/ where R(Ta (137 CO) = {ZL‘(T, (I)a CO) U), U’() S L2(‘]7 U)}
As mentioned in Section 1, we shall study the approximate controlla-
bility by using a so-called resolvent operator condition. For this purpose,

we introduce the following controllability operator I'} : E — FE and resol-
vent operator W (\,I'l) : E — E defined by

T
FOT:/ Q(T, s)PP*Q*(T,s)ds, W (A\TL) = (M +TF)",
0
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where P* and Q* denote the adjoints of the operators P and Q respec-
tively, It is straightforward to see that the operator I'} is a linear bounded
operator. So we assume that the operator W (X, I'}) satisfies

(Co) AW (A, TT) — 0as A — 07 in the strong operator topology.

From [54], hypothesis (Cy) is equivalent to the fact that the linear con-
trol system corresponding to system is approximately controllable on
[0,71.

Theorem 6.4.2. The following statements are equivalent:

(i) The linear control system corresponding to system is approximately
controllable on [0, T].

(13) IfW*Q*(s,s)z=0forall s, ¢ € [0,T], with s <, then z = 0.
(1ii) The condition (Cy) holds.

The proof of this theorem is similar to that of ( [33], Theorem 2) and
([54], Theorem 4.4.17), so we omit it here. Right now, we can demonstrate
that the system is approximately controllable.

For any given 6 € E, A € (0,1], we take the control function u*(s) as

follows:
uMs) = PO (T, s)W (A TF) A(6", <),

where

99(s, s)®(0)

T _ T
A@T, ) = 0T+ =2

—9(s, O)Cg—/og Q(s, )K(s, Vp(s,0,), (WI)(s))ds.

s=0

Theorem 6.4.3. Assume that the hypotheses (C0) — (C3) and (Cy) are satis-
fied, in addition, the function f is uniformly bounded. Then, equation is
approximately controllable on [0, T).

Proof. We can observe that system (6.1) has at least one mild solution p*,
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based on Theorem Then, we have

09(T, s)®(0)

PAT) = ———

+ Q(T7 O)CO

s=0

+ /0 (Q(T, S)IC(S, ﬁp(s,ﬁs)a (\1119)(8)) + PU(S)) ds

09(T, s)®(0)
0s

FOT0G+ [ (AT K 5Dy (V0)(9) s

+ /T Q(T,s) (P*Q*(T, s)W (A, I{) A", T)) ds
= 6"+ (LgW (A TF) — DA™, T)
="+ MW (A7) A6, T).

Furthermore, we infer from the uniform boundedness of (-, -, -) that there
exists My > 0, such that

T
4\m@ﬁ%m,@wme@STw&ﬁ

Therefore, the sequence {IC(S, UATERY (\1119’\)(3))}A is bounded in L?(J, E),
(w9 (s5)) }

then there exists a subsequence still indicated by { s, p 5,0) R
that weakly converge to the limit K(s) in L%(J, E). Then, we have

T ~
A‘W@ﬂ%mmwm@»—uawygﬁﬁ

Thus,
09(T, s)®(0)
Js

- Q(T, O)Co}

|
{+/OT (Q(T, $)K(8,9p(5,0,), (¥9)(5))) ds] ‘
r 09T, 5)2(0) ‘

N
[ /OT QT 5) (K (s, Uygs,0.0, (WI)(5)) = K(s)) ds]
|

—@ﬂm@

— 0.
A—0

. HW (A T7) /OT T, s)/%(s)ds]
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Thus, p*(s) — 07 holds, and consequently system is approximately
controllable on J.

]

6.5 An Example

Consider the following class of partial integro-differential system:

( o2¢tea) . O°C(s @ : 9*((s
g L P60 [Py,
e el + ol s + @), @)l
d
Tl 83((c+7)2+2+1) T
_ e / cos(<) In(1 + =) (1 +¢(s, 2))
332(c+1)°  Jo 177(1 4 262 + s2)eds
+L(s,z), if¢ €I and = € (0,7),

ds + 7 (t)C(s, )

((s,0) =(¢(s,1) =0, forsel,

LD = ¢ (), C(s,7) = D(s,z), ifccR_ and = € (0,7),

\ =0

(6.5)
where I = [0,1],0: J xR =R, £:10,1] x [0, 7] — [0, 7].
Let

M= L2(0,7) = {u (0,7) — R / lu(z)2de < oo} ,

be the Hilbert space with the scalar product (u,v) = [ u dz,

and the norm p
Hqu—(/ (e \dx) .

Let the phase space B be BUC (R™,H), the space of bounded uniformly
continuous functions endowed w1th the following norm:

[l = sup ||¢( )z, € B.

—oo<T<

It is well known that B satisfies the axioms (A;) and (A;) with K = 1 and
L(s) = M(s) = 1, (see [90]). We define the operator A induced on # as



6.5 An Example 103

follows:
Az=2", and D(A) = {z € H*(0,7) : 2(0) = z(x) = 0}.

Then A is the infinitesimal generator of a cosine function of operators
(Co(s)).cr on H associated with sine function (Sy(<)) .. Additionally, A
has discrete spectrum which consists of eigenvalues —n? for n € N, with
corresponding eigenvectors

The set {w, : n € N} is an orthonormal basis of H. Applying this idea, we
can write

o
Az = Z —n? (z,wy) Wy,
n=1

for 2 € D (A),(Co(s)).cp is given by

o0

Co(s)z = ZCOS(TK) (z,wp)w,, <ER,

n=1

and the sine function is given by

. sin(ng)
So(s)z = ; . (z,wp) wy,, < €R.

It is immediate from these representations that ||Cy(<)|| < 1 and that Sy(s)
is compact for all ¢ € R. We define A(¢)z = Az + o(s)z on D(A). Clearly,
A(s) is a closed linear operator. Therefore, A(c) generates (S5(s, s))( s)ea
such that S(s, s) is compact and self-adjoint for all (¢, s) € A = {(¢,s) : 0 <
s < ¢ < 1}, (see [65]).

We define the operators A(s, s) : D(A) C H — H as follows:

A(s,s)z =T(c— s)Az, for0<s<c¢<1, z€ D(A).

The assumption (C4) holds under more suitable conditions on the opera-
tor B. Furthermore, it is not difficult to see that conditions (B1) — (B3) are
fulfilled, which in turn implies that there exists a resolvent operator and
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it's a compact operator. More details about these facts can be seen from
the monograph [65]78,115].

Now let P : U — H be defined by Pu(s)(x) = L(s,z), z € [0,7],u € U,
where L : [0, 1] x [0, 7] — # is linear continuous and for ® € BUC (R~, H),
we put p(t, ®)(¢) = o(t,((t + 7,2)), such that (Cy) hold, and let t — ®, be
continuous on R (p~).

We put ((¢)(z) = ((s, z), for ¢ € [0, 1], and define

e 01(s 4+ (s, ¢(s + T, x)), )| 12

K(s, 01, 72)(x) :/_Oo 83((t+7)2+2c+1) o
1= e~ 167 n cos(<)V2(<)(x)
332 (c + 1)° ewt

and
ds.

R e

These definitions allow us to depict the system (6.5) in the abstract form
(6.1).

Now, for ¢ € [0, 1], we have
1— 6—167r

sy (LT Ialle) + cos©)e™ (la(s)l).

”’C(§, 1) %2(§>)H <

So, Yi+1(s) =t +1i; i = 0,1 are continuous nondecreasing functions, and
we have

167 . -3
(1o g, LB,

17
And for any bounded set II C H, and IL; € B, we get
X(E(s, e, W(II(6)))) < (& + &) x(ID).

Now, about =, we obtain

& =

- - In(2)
= — = <

Now, similar reasoning as in [124], if the corresponding linear system is
approximately controllable, then from Theorem we obtain

| 261 — 5|2

-1

A\ ()\] + /01 Q(1,5)L(s, 2)L(s, )" Q (1, 3)ds> — 0.

A—01
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And for p3 = ||5¢1||p, ps = ||222]|2, for all 3¢y € B, 30 € H, we get

1
3323

Thus, all the assumptions of Theorem are fulfilled. Consequently, the
problem (6.5) is approximately controllable on [0, 1].

1K(, 301, 222(+))[]2 < (L—e) (1= (1+m)7") (14 ps+pa).

Remark 6.5.1. We can take the same example but we change the operator
A(t) by another operator such that (S(s, s))(,s)ea Will be not compact. On
the other hand, from [102] the operator W given by

Wu = /1 Q(1, s)Pu(s)ds,

is a bounded linear operator but not necessarily one-to-one. Let
KerW = {u € L*([0,1],U), Wu = 0}

be the null space of W and [Ker W|* be its orthogonal complement in
L*([0,1],U). Let W : [Ker W]* — Range(W) be the restriction of W to

[Ker W1+, W is necessarily one-to-one operator. The inverse mapping the-
orem says that W1 is bounded since [KerW]* and Range (W) are Banach
spaces. So that W~ is bounded and takes values in L*([0,1],U)\ Ker W,
hypothesis (C4) is satistied. Then, all the assumptions given in Theorem
(6.4.1) are verified. Therefore, the problem is exactly controllable on
[0, 1].



Chapter 7

Conclusion and Perspective

In this thesis, we have presented some results on the existence, Ulam
stability and controllability of solutions of some classes of fractional dif-
ferential equations with delay in finite and infinite dimensional Banach
spaces. Some equations are subject to impulses which are instantaneous
as well as noninstantaneous.The delay may be bounded or unbounded or
depending on the state. The presented results are based on the semigroup
theory, the notion of measure of noncompactness, Picard process and the
tixed point approach. In particular we have used the Banach contraction
principle, Schauder’s theorem, Burton-Kirk’s theorem and Darbo’s fixed
point theorem.

It would be interesting, for a future research, to look for the complete
controllability and approximate controllability of such problems in the
case of nondensely defined linear operators.
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