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Chapter 1

Introduction

In this work, we are going to consider the damped wave equation, which can be written as follow:

' —Au+a()g(u')=0 inQxR,
u=20 on 002 x R4,

Where, (u”,u') initial data are taken in the phase space Hg(2) x L?(Q),  is a C? bounded domain of
RY, g : R— R a C! function and a: Q — R a continuous non-negative function that satisfies for
some positive constant ag : a > ag on some non-empty open set of {2 that we are going to denote later
by w.

The term a(z)g(u’) reprents the feedback, and it is a damping in our case, the function a is what we call

the damping coefficient and it defines the region w in which the feedback is active.

The goal is to study the stability of our problem, under which conditions (on g and a) we have the
convergence of tragectories starting from (u®,u') to 0 (the unique equilibrium state of the problem).

To do so, we start by defining the energy of the system by:

E(t) :/Q(|vu|2+u’2)dx. (1.1)
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We will be studying exponential stability through exponential decay of the energy.
Dafermos [3] and Haraux [4] proved the strong stabilization in the case of an increasing g, i.e.
t_1}+moo E(t) =0, (1.2)
the proof is based on Lasalle invariance principle and we can refer to [I] for its details.
Hence, based on their work we know that the energy goes to 0 as t goes to infinity, the goal now is to

obtain more information about the type of the decay, particularly, the exponential decay.

Two methods have been developed to study exponential decay of the damped wave equation:

The method of geometric optics: based on microlocal analysis, gives necessary and sufficient conditions
on the damping domain w for exponential stability, these conditions are not explicit but they allow us to
get energy decay estimates under very general hypotheses, we are not interested in this method here as

it is more adapted to the linear problems.

The multiplier method: it is based on energy estimates and Gronwall’s inequalities, it gives explicit
sufficient geometric conditions on w, it consists on taking the main equation of the problem and multi-
plying it by different quantities called multipliers. Each one of these multipliers will play a role and they
will lead when combined in the end, to energy estimates which will prove potential exponential stability
through Gronwall’s inequalities. There exists a generalization of this method called the piecewise mul-
tiplier method which requires weaker geometrical conditions on the damping domain. In chapter 3, we

will discuss the multiplier method as well as the geometrical conditions in more details. (see [3.1)

First, we study the case of a linear damping (case g = Id) with a = 1 on , which is treated by in-
troducing a perturbed energy functional.

Then, we treat the localized linear damping case using the multiplier method (cf. [I] and [7]) in higher
dimensions and redo the proof of exponential stability in the one dimensional case with the possible
simplifications.

Next, we move to the nonlinear case with a unitary damping coefficient a = 1, exponential stability along
strong solutions has been proved by P. Martinez and J. Vancostenoble [8] using only one multiplier with
Gagliardo-Nirenberg inequality. Finally, we try to generalize their results based on the remark in [9] by
adapting their proof to a localized nonlinear damping, we try to treat the nonlinarity their way, and the

localization the way used in the linear case.
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Background Material

Theorem 2.1 Density result [2]
Let Q be a smooth bounded open subset of RN, w € WYP(Q) . Then there erists a sequence (un), of
C> () such that :

nl;rrgo l|tun — ullwip0) = 0. (2.1)

Theorem 2.2 Green’s Formula [2]
Let Q be a smooth bounded open subset of RN of boundary T and u,v : @ — R such that : u € C?()

and v € C1(Q) then we have the following Green’s Formula :

/Q(Au)vdx:/Fv(Vu).de—/QVu.Vvdx, (2.2)

where v is the unit outward normal vector for I' and dI" is the surface measure on I.

We prove using the density result in theorem hat the formula stays valid for all u € H?(§) and
v € HY(Q) and we have :

/(Au)vdx = / Yov(Vyou).vdl' — / Vu.Vudz, (2.3)
Q r Q
where 7 is the trace linear continuous function and is defined as :

v : HYQ) — LA(T)

u— you= lim u,r, (2.4)
n—oo

where (u,,) is the density sequence from (2.1))

Theorem 2.3 Fubini-Tonell:

if X andY are two open subsets of R™, R™ respectively, and if f : X XY — R is a measurable function,
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/X (/Ylf(%y)dy) dx:/y(/x|f(m,y)|dx) dyZ/Xxy\f(x,yﬂd(x,y). (2.5)

Besides if any one of the three integrals :

/x (/Y /(. y)] dy) dr,
[ ([ i) a

/X ) da)

then :

1s finite; then :

/X (/Yf(x,y) dy> dx:/y(/xf(x,y) dx) dy:/nyf(x’y) d(z,y). (2.6)

Theorem 2.4 (Rellich-Kondrachov) [2]
Suppose Q a C' bounded openset of RN (N > 1), then we have :

e if p <N then W, () C LIQ) forq € [1,p*],
e if p=N then W}(Q)C LIQ) for q € [p, +o0],
e if p>N then W, () CC(Q).

Which compact injections.

Where

Some important inequalities :

Theorem 2.5 Young’s inequality [2]

If a and b are nonnegative real numbers and p and q are real numbers greater than 1 such that 1/p+1/q =
1, then :
aP  bi

ab < — 4+ —. (2.7)
p q

Theorem 2.6 Holder’s inequality [2]
If Q is an open subset of RV, f g : Q — R such that f € LP(Q)) and g € L4(Q) where p,q € [1,+00)
such that % + % =1, then we have the Hélder’s inequality :

[ ls@glas< ([ |f<x>|pdw)’l’( / |g<x>|‘1dx>é. 23)
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Theorem 2.7 Cauchy-Schwarz inequality
Under the hypotheses of Hélder’s inequality (theorem and in the special case of p = q = 2 we obtain

the Cauchy-Schwarz inequality:

[ as < ([ 17 ar) : ([ wtopa) 29)

Theorem 2.8 Poincaré inequality [2]

Let p, so that 1 < p < oo and Q a subset with at least one bound. Then there exists a constant C(),
depending only on Q and p, so that, for every function u of the Sobolev space Wol’p(Q) of zero-trace
functions we have :

l[ullze) < CEO)IVullLr(@)- (2.10)

Theorem 2.9 Gagliardo—Nirenberg interpolation inequality [10]

Let 1 <r<p<oo,1<qg<pandm >0. Then the inequality:
lvlp< Cllvlmglolli™  for vew™inL (2.11)
holds for some constant C' > 0 and
o (1_1) (m+1_1)‘1 (2.12)
r op N r ¢

Where 0 < § <1(0 <0 <1 ifp=oc0 andmg=N) and | . ||, denotes the usual LP(2) norm and || . ||;m.q
the norm in W™1(Q)

Maximal monotone operators and some properties :
Consider the following evolutionary problem :

U'+AU =0 in R,

(2.13)
U(0) = U°.

Where A : D(A) C H — H is an operator (non necessarily linear) and H is a real Hilbert space.

Definition 2.1 Maximal monotone operator
We say that A is a mazimal monotone operator if the following two properties are satisfied :

e A is monotone :
(AU -AV,U-V),, >0, VYUYV € D(A) (2.14)
o [ + A is surjective :

Im(I+A)=H (2.15)
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Theorem 2.10 [6]

Let A be a maximal monotone operator in a Hilbert space H. Then for every U° € D(A), the problem

(2.13) has a unique solution :
UeCRH) (2.16)

Moreover, if U° € D(A), then the regularity of the solution is higher and we have :

UeWhe(R;H) (2.17)



Chapter 3

Statement of the problem

We consider the following problem, which is the nonlinear damped wave equation with Dirichlet boundary

conditions :

W —Au+a()gu)=0 inQ xR,
u=0 on 00 x Ry, (3.1)

Where, Q is a C? bounded domain of RV,
g : R — R an increasing C'* function,

a: Q — R a continuous function that satisfies :
a>0 on Q and a>ay>0 on w, (3.2)

where ag is a real constant.

Remark 3.1
When w = €, the damping is effective everywhere in Q and it’s said to be globally distributed.

When w C Q, the damping is localized in w and it’s said to be locally distributed.

Definition 3.1 e-neighborhood
Let O be a subset of Q, the e-neighborhood of O (denoted by N.(O) ) is defined by:

N(O) ={z € Q : dist(z,0) < e} (3.3)
Where dist(x,O) = infyco | — y|.

3.1 Geometrical conditions

We should keep in mind that the geometry of the domain €2 is very imporant in our study, thus, its size

and localization play a significant role in the stabilization and the control of the wave-like equations. In
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our case, and for the damped wave equation, what really makes a difference is the region in which the
feedback is effective, the region which we denoted w when we introduced the problem, and to be able to
prove the stability, the exponential one in particular, we need to impose some geometrical conditions on
w, previous results ([7] and [I] for instance) proved exponential energy decay in the case of w satisfying

the following condition which we will denote (GC1):

There exists an observation point zo € RV for which w contains an e-neighborhood of :

[(20) = {z € 9, (x — z0).v(z) > 0}, (3.4)

where v is the unit outward normal vector for OS2

/ Ne(T(x0)) /
) ¢ C(x,) / D

The problem here is handled by the multiplier method. But in the case where (GC1) doesn’t hold (an

example would be when a vanishes in the two neighbohoods of the two poles of a ball) we introduce a
piecewise multiplier method to treat such a case, using a weaker geometrical condition (GC2) where we
consider multiple distinct observation points 2/ € RV, j = 1,...,.J and disjoint ; of Q,j = 1,...,.J and

we define :

’yj(xj) ={z € 0Q,, (z — xj).uj(ac) > 0}, (3.5)

where v; stands for the unit outward normal vector to 0€;

The (GC?2) is defined as follows :

J J
wO N | Jmhu@~Jo) |- (3.6)
j=1 j=1
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3.2 Well-posedness

Theorem 3.1 Given ((u®,ul) € H(Q) x L*(Q), the probelm has a unique solution :
u € C(Ry, HY(Q) N CHR,, L (). (3.7)
Given (u®,ul) € (H?(2) N HE(Q)) x HF(Q), the probelm has a unique solution :
u€ W2 (Ry, L*(Q)) N Wh (R, H} (). (3.8)
We recall that the energy of the solution is given by :
E(t) = %/Q(u/2 + |Vu|?)dz, (3.9)

and it defines a natural norm on the space HE(Q) x L2(€).

proof.
We rewrite the problem as an evolutionary problem.

Define the operator :

A HF(Q) x L*(Q) — Hi(Q) x L*(Q)

(ua U) — (”U, Au — ag(v))

With domain :

D(A) = (H*(Q) N H(Q)) x HY(Q). (3.10)
u
U:
Ut
The problem becomes :
U = AU.
0 3.11
vo) = [“]. (3.1)
ul

We apply theorem we prove that —A is a maximal monotone operator on H} () x L(Q).
We prove the two points of definition of a maximal monotone operator:

e Let Uy, Us € D(—A) = D(A) and we prove that :

(=AU = (=A)Vs, Uy = U2) gy ayxr2) 2 0- (3.12)
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Uy U2
Set U1 = N U2 = 5 then

(% (%)
(=AU = (=A)Uz , Uy = U2) gy (yx 2y = (AU2 — AUL , Us = U2) g1y x12(0)
We have :

(AU = AUy, Ur = Us) g1y 120
< Vg — V1 Up — U2 >
A(u2 _ul) +a(x)(g(vl) _g(v2)) U1 — V2 HI(Q)x L2()
= (v — V1 ,U1 — U2 >Hé(Q) + (A(uz —u1) + a(z)(g(v1) — g(v2)) ,v1 — V2 )20

= /QV(vg —v1)V(u1 — ug)dx + /Q Aug —up)(v1 — ve)dx + /Q a(x)(g(v1) — g(v2))(v1 — va)dx

On another hand, using an integration by part, we obtain :

Aug —up)(vy — vo)dx = — | V(ug —up)V(vy — veo)dz.
Q Q

(3.13) with (3.14) gives :

(AT = AV Uy = U2) gy e = | al@)(aon) = g(o0) (03 = o)

And since a is non-negative, and g is increasing (which means (g(v1) — g(v2))(v1 —v2) >0 ) :

(AU = AUs | Us = U) gy ooy = [ a@)afen) = g(ua)) o = va)de = 0.
Q

Hence, A is monotone.
e Now we prove that —A + I is surjective:
x
Lety = [ % € HE(Q) x L2(2), we prove that there exists X = " oe D(A), such that :
Y2 T2

(—A+DX =Y.

Which means:
—T2 + 21 Y1

—Axy + ag(ws) + 22 Y2

We pose v = x5, and we replace x1 by y1 + 2 in the second line, (3.18) becomes:

v o= T1—Y1,

—Av+v+ag(v) = ys+ Ay

10

(3.13)

(3.14)

(3.15)

(3.16)

(3.17)

(3.18)

(3.19)
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We start by finding z2 = v, and then x; is determined by z1 = x3 +y;. Since v € Hj (L) it satisfies then
the following system :

—Av+v+agv)=f inQ,
@) (3.20)

u=20 on 0.

where f = yo+ Ay;. The goal is to prove the existence of the solution of (3.20)) which means the existence
of 9. We are going to use a variational approach:
We multiply the first equation of (3.20) by a test function ¢ € H}(Q2), we integrate on Q and then we

integrate by part, we obtain the weak formulation of the problem:

_ _ 1
/qubdx+/QVuV¢dx+/Qag(’u)¢dz /vadx 0 Yve Hy(Q). (3.21)

Define:
G(v):/O g(s)ds (3.22)

The energy functional is given by:

J(wv) = % (/ﬂvzdm—k/QWdex) —i—/ﬂaG(v)dm—/vadx (3.23)

We prove that J has a minimum, and this minimum will be the solution of the variational formulation.

(we refer to [B] for more background material about minimization of energy functional)

First of all, we have:

J(v) > /Q Vof2dz + /Q aG(v)dz — ||l (o lo]l2(cn- (3.24)

Since g is increasing, G is non-negative.

By that and Poincaré inequality
T(v) > /Q Vul2dz — C|Vol| 2. (3.25)
where C' = C(Q)|| f||z-1() We pose ||Vv|[2(q) = X and we study the function:
r+— 2 — Cu, (3.26)

and we find that it is bounded from below, which means that .J is bounded from below and therefore the
existence of an infimum m.

By passing to the limit in (3.25)) we deduce that J is coercive.

Remark 3.2 By ’coercive’ here, we mean that lim J(v) oo = FO00.

||'L’HH6(Q)
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Now we prove that m is actually a minimum. Let (v,), C H}(Q2) be a minimizing sequence of J i.e.

limJ(v,) =m= inf J 3.27
() =m = infJ0) (3.27)

J(v) = % (/szdx—i—/Q|V7j|2dx> +/QaG(U)d:v—/vadas (3.28)

Since J is coercive (v,,), is forced to be bounded in H} (2) (if we suppose it’s not, then it has a subsequence

We recall:

also denoted by (v,), that goes to infinity in H} (), we apply J to v,, and we pass to the limit, on one
hand, the limit is m because of , on the other hand it’s infinity because of , which is absurd,
and hence (v,,), is bounded in H} ().

Due to reflexivity of H}(Q), there exists a subsequence of (v,), such that v, — v in H}(Q) where —
denotes the weak convergence.

Now since v, — v in H}(£2), we have:

/ |Vol2de < liminf/ |Vo|2dx (3.29)
Q o Ja

Remark 3.3 (3.29) is a consequence of Banach-Steinhaus theorem (see [2] for proof)

From Rellich-Kondrachov theorem (theorem [2.4):
HY(Q) C L3(Q), (3.30)

with compact injection.

Since v,, — v in Hg(£2) then it converges strongly in L?(f2), which means :

/UQd.T:lim/ |Vo|?dz (3.31)
Q mJa

And also it has a subsequence that converges to v almost everywhere in Q.

Then, Fatou’s lemma and the continuity of G give:

/aG(v)d:c:/hminfaG(Un)d:CSliminf/ aG(v)dx (3.32)
Q Q

Q n n

On another hand, since v, — v in H}(Q2) and f € H~ () then:

/Q fuda = lim /Q fonda (3.33)

(3.29)), (3.31) (3.33) and (3.32)) imply:

m = 1irlln J(vp) = lirlln <; (/ﬂ vidr + /Q |VU,L|2dx> —|—/QaG(vn)dx —/vanda:> > J(v) (3.34)
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On another hand:

= inf J()<J 3.35
m=_inf J() <) (335)

From (3.34) and (3.35)) we obtain that J(v) = m Which proves the existence of the solution of (3.20]) and
hence, the existence of x1 and x5, which means that —A + I is surjective.

Finally, —A is a maximal monotone operator and theorem [3.1] is proved.

3.3 Some stability tools

Definition 3.2 Strong stability
(13.1) is said to be strongly stable if

E(t)—0 as t — 40 (3.36)

Definition 3.3 Exponential stability
(13.1) is said to be exponentially stable if there exists two constants v,C > 0 such that:

E(t) < CE(0)e " Vt>0. (3.37)

Definition 3.4 Uniform exponential stability

(13.1)) is said to be uniformly exponentially stable if there exists two constants v,C > 0 such that:
E(t) < CE(0)e " Vt>0. (3.38)

Where C is independent of initial data u° and u'

Theorem 3.2 Gronwall [1]

Let E [0,400) — [0,+00) be a non-increasing function satisfying; for some T > 0, the linear Gronwall

inequality :
+oo
/ E(s)ds <TE(t), Yt>0. (3.39)
t
Then, E satisfies
E(t) < E(0)e!~T, ¥ >0. (3.40)
Proof.
Define :
+oo
£(t) = / E(s)ds, Vt>0. (3.41)
t

f as defined above satisfies :
Tf'(t)+ f(t) <0 ¥ ¢>0. (3.42)
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Which gives after variables separation and integration :

+oo
F(t) exp (;) < (0) = /0 E(s)ds < TE(0) ¥t > 0.

Hence, we have :
+o0 .
E(s)ds <TE(0)e"T Vt>0.
t

And since E is nonnegative and nonincreasing we get :

t—T

t +oo
TE(t) < / E(s)ds < E(s)ds <TE(0)e” T Vit>0.
t—T

t=T

14

(3.43)

(3.44)

(3.45)
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Case of the linear damped wave

equation

4.1 Case of a globally distributed damping with unitary damp-

ing coefficient

The problem becomes :

' —Au+u' =0 in Q xR,

u=0 on 02 x Ry,

4.1.1 An equivalent norm

We consider the following quantity :

E.(t)=E()+ e/ﬂuu’dx.

We are going to prove that E(t) is an equivalent norm to the natural norm on H}(Q) x L?(Q), i.e.

1
B(t) = 5(1Vullfe + |lf32) + ¢ [ wide
< E(t) + €||ul|p2||u/||z2  (Cauchy-Schwarz inequality),
< E(@) + eC(Q)||Vul|p2||v/]| 2 (Poincaré inequality),
1 1
< E(t) +eC(Q) (2|Vu||2L2 + 2|1/||2L2) (Young inequality) ,
1 2 Ly 1 s 1 "2
< SlIVullze + Sllwllze + SeCNVulz + SeC@Q)[w]Ize,
1
< 3 (1+c0() (IVull3a +11132).

15
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Hence,

E.(t) < (14 eC(Q)E(L). (4.8)

N

That’s one inequality, and for the other we have :

Blt) 2 IVl + |1 2) = [ i (19)
> E(t) — €||ul|zz||v]||z2  (Cauchy-Schwarz inequality), (4.10)
> E(t) — eC(Q)||Vul||r2||u'||r2 (Poincaré inequality), (4.11)
> B(t) ~ cC(@) (5 Va3 + 5|u|132) (Young inequality), (4.12)
> LIVl + 51 — 3eC@IValfa — 2@l (113)
EA(1) > 51— C(Q)E(®) (4.14)

We can see clearly that (1 — eC(Q)) > 0 for € small enough. Hence, the equivalence between the two

norms with € < 1/C(Q).

4.1.2 Exponential stability

We start by proving the following inequality :
Eé(t) < _CEe(t)7 (415)

where C' is a constant to be defined later on.

We have :
E'(t) = / Vu'Vu d:17+/ u'u' . (4.16)
Q Q

We multiply the first equation of (4.1) by u; and we intergrate, we obtain :

/ u'u'dr — / Auu'dz + / u*dz = 0. (4.17)
Q Q Q
An integration by part and using the fact that u € HE (), we obtain :
/ u'u'dr — / Vu'Vu dr = —/ u?dz. (4.18)
Q Q Q

Combining (4.16) and (4.18)), we obtain :

E't)= f/ u%dx
Q
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On another hand we have :
/ / d /
E/(t)=FE'(t)+ e—(/ uu'dx).
dt* Jq
Starting by the term 4 ( [, uu'dz) :

dt
d l 2 "
— ([ wu'dx) = [ v*dx+ | wu'dx.
dt"Jo Q Q

We multiply the first equation of (4.1) by v and we intergrate, we obtain :

/u”udm—/ Auudm+/ w'udx = 0.
Q Q Q

An integration by part and using the fact that u € HE(Q), we obtain :

/u”ud:v:—/ \Vu|2dx—/u’udx.
Q Q Q

Going back to (4.20) and using the results we just proved, we obtain :

i(/ uu’dm)z/u'%x—&——/ \Vu\Qd:v—/u’ud:v.
dt”Jo Q Q Q

Going back to (4.19) now :

E/(t)=FE'(t)+ e% (/Q uu’dx) ,

= —/ u'%ia:—&—e/ u’de—e/ |Vu|2dx—e/ v'udz,
Q ) Q )

IN

IN

IN

(e~ 1) [ uldo—c [ [TuPdot 5|Vullfs + e
Q Q 2 2

2
< (e—l—i—eC(Q) >/u'2dx—6/ |Vul|?dz,
2 Q 2 Ja
2
< —min (1 —e— 60(;2) ,;) E(¢),

/ 2 , C(
Ee(t)g—mmm (1—6—6 5 ,2> E(t).

Hence,

With € = C(e) = min (1 —e— CW° 5)

—/u'Qdm+e/u’2dx—e/ |Vul2dz + e||u||g2|[u']| 12,
Q Q Q

—/u'Qda:—&—e/u’zdx—e/ |Vul?dz 4+ eC(Q)||Vul|p2|[v/]| L2,
Q Q Q
Cc(?

11122,

17

(4.19)

(4.20)

(4.21)

(4.22)

(4.23)

(4.24)
(4.25)

(4.26)

(4.27)
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This estimate is valid when choosing € small enough such that :

0 2
16(1+C(2)> >0 (4.28)
which means :
<2 __ (4.29)
€<y ) .
Combinining this estimate with the previous estimate of ¢ we obtain :
. 2 1
6<mm<2—|—C(Q)2’C’(Q)>_€O (4.30)
We choose € €]0, €g[, for example € = ¢ Then,
E/(t) < —CE(t) (4.31)
By Gronwall’s lemma applied to (4.31)) we obtain :
E.(t) < E.(0)exp(—Ct) (4.32)
And then using the equivalence between F(t) and E.(t) we obtain :
1 1
5(1 —eC(Q)E(t) < E.(t) < 5(1 +eC(Q))E(0) exp(—Ct) (4.33)
Hence,
1+eC(QY)
< — = — .
E(t) < T eC’(Q)E(O) exp(—C't) (4.34)

Which proves the exponential decay of the energy of the solutions of (4.1).

4.2 Case of a locally distributed damping

v —Au+ta()’ =0 nQ xR
u=20 on 90 x Ry (4.35)
u(0) = u°, v/ (0) = ul
4.2.1 Case of one observation point

Theorem 4.1 Suppose that the geometrical condition (GC1) holds, then the energy E of a solution u of
[.35) with (u®,u') € HE(Q) x L?(Q) satisfies the following estimate :

T T
/t E(s)dsgClE(t)—l—Cg/t (/Q |p(.,u')\2+/|u'|2)ds £>0, (4.36)
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where Cy, Cy are positive constants.

Proof.

We are going to prove the theorem for (u, ul) € (H?(Q) N HE(Q)) x HE(Q) and then with a density
argument we will conclude the result for all initial conditions in H} x L?(Q).

Let (u®,ul) € (H2(2) N HY(Q)) x HL(Q).

We start by proving the following important lemma :
Lemma 4.1 t — E(t) is nonincreasing on R .
Proof.
Multiplying the first equation of (4.35) by v’ and we integrate on £ we obtain :
/ (v — Au+ a(x)u’')u’ dz = 0. (4.37)
Q

An integration by part using Green’s formula given by (2.3) and the fact that u € H}(Q) give :

—/ Aun dx:/VuVu'dx. (4.38)
Q Q

(4.37) and (4.38]) with some changes, we obtain the following dissipation relation:

1

§/Q((|u’|2)’+ (Vul2))de = B = —/Qa(x)u'2da:. (4.39)

Integrating between some arbitrary T',S € R such that S < T, we obtain :

E(T) - E(S) = — /ST /Q a(x)u*dzdt < 0. (4.40)

Hence, the proof of the lemma.
Let 2o € RY be an observation point and ey < €1 < €2 < € where € is the same defined in and let us
define @; for ¢« = 0,1, 2. as follows :

Qi = Ne, [I'(2o)]. (4.41)
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N, € (F (x 0))
Fxy)

Since 2\ Q1 N Qo = ) we can define a function ¢ € C§°(RY) such that :

0<y <1
v =1o0n 0~ Q. (4.42)
¥ =0 on Q.

And we define the C! vector field h on € as :

h(z) = ¢(x)(z — x0). (4.43)

e First multiplier : h.Vu

This multiplier is going to help us to treat the boundary terms, as v is null on ()¢ we are sure that
we are away from I'(zg) and this will lead us to inequality , and through this multiplier, the
geometrical conditions start to make sense and we see why we needed w to contain that part of

the boundary.

Lemma 4.2 Under the hypotheses of theorem (4.1) we have the following identity :

r ou 1 T
L] <h~V“+ 5 () - |Vu2>>) arde = [ / u’h.vudw]
s Joa \OV 2 ; .
g N (4.44)
1 ; 2 2 8hk ou ﬁ ,
+/S /Q deh(u |Vl )+¢;1 0z, O, Oz + p(., v )h.Vu | dzdt

Where v is the unit outward normal vector for I' and p : 2 x R — R is a continuous function

proof.
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We multiply the first equation of by the multiplier h.Vu and we integrate :

T
/ / h.NVu(u" — Au+ p(.,u'))dzdt =0
s Ja

we start treating each term seperately :

Using an integration by part with respect to ¢ :

T T
/ h.Vuu"dt = [h.Vuu']g — / h.Vu'u/dt.
S S

We integrate on 2 we get :

T T
/ / h.Vuu dtdz = / [h.Vuu']§ da — / / h.Vu'u dtdz.
QJS Q QJS

Fubini-Tonelli Theorem (Theorem allows us to exchange the integrals.
We obtain,

T T T
/ /h.Vuu"dxdt = [/ h.Vuu’dm} —// h.Vu'u dtdx.
s Jo Q s JalJs

On another hand we have :

N
1 olu'|?
i=1 v
N
1 "o 1 oh;, ,
I . r—=
5 i§=1Ah1u1|u| d 2;=1/Qa Z|

1 1
7/(h.1/)|u’|2d11—7/ divh|u/|*dz.
2 Jr 2 Ja

Combining (4.48]) and ( we get :

T T T 1 /T
/ h.Vuu"dzdt = [ h.Vuu’da:] - f/ /(h.u)\u’|2dth + 7/ divh|u'|*dzdt.
Q s 2Js Jr 2Js Ja

S Q

Moving now to the term — fST fQ h.VuAudzdt, we have:

ou
h VuAudx = Z / amz 8xk (351%) dx.

i,k=1

An integration by part with respect to x justified by Green’s formula (2.3) gives :

ou Ou du \ Ou
hVuAudx Z/ ' ox; O kyk dl’ + Z / 5$k( 8%) 5xkd

i,k=1

Oh; Ou Ou 2u
—dI’
/phvu d’ + Z / Oxy, 0x; azkd T Z/ 5‘xk8xl axkd

21

(4.45)

(4.46)

(4.47)

(4.48)

(4.49)

(4.50)

(4.51)
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On another hand we have :

0%u 3u 1 Y
Z / LOrR0T; Back ~ 3 ; / Oz; axk dm,
| X
= 5 kz / UZdF Z / axi a,f['k X,
1 ) 1 [ . ,
= — [ (h.v)|Vu|°dldt — = [ divh|Vu|“dx. (4.52)
2 Jr 2 Ja

Combining (4.51)) and (4.52) we get :

*/ h.VulAudr = f/hVui Oh; Ou 8u 1
Q r

1
= [ (h. 2dl — = [ divh|Vu|*da.
 x Om; Oap +2/F( v)|Vu| 2/Q iwh|Vu|“dz

(4.53)

Combining (4.50),(4.53) and plugging them into (4.45]) we obtain (4.44)

Hence, the proof of the lemma. W

Since 1 vanishes on Qg then only the term on I' \ T'(xg) is non-vanishing we have :

/F(g“hv + () —vu|2)>dr=/r\m) (gZhV + () —|Vu2))>dF. (4.54)

On another hand and since v = 0 on I we have : Vu = %1/ and v/ =0on T

Hence,

ou ou. Ou 1 ou
—h.Vu+ =(hv Vul|? >dF=/ —h.—y—fhy
/ . (ay (b (? — [Tuf?) [ Gy = 50

v

2
)dr

oul® 1 Ou
- _ = r
/1\1‘(:,:0) <(h V) I 2(h ) v ) d
ou|?

= / (Y. (x — xg).v) | z—| dT (4.55)

F\F(.’EO) a
And since (x — xp).v(z) > 0 < z € T'(zg) then (z — xo).v <0 on I' \ I'(zg), therefore :
ou|?
/ (. (x — z9).v) dr <0. (4.56)
I'~\I'(zo) ov

Using this result on (4.44]) we obtain :

N

o Ohy, du du
"h.Vud —divh(u? — ————+p(,,u)h. drdt <0. (4.
[/Qu Vu 45 +/S /Q 5 div (u |Vu|?) JrZ;l 9z, 9z, Ozy + p(, v h.Vu | dedt < 0. (4.57)
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And again, using the fact that ¢ vanishes on Q) :

T T N
1
[/ u’h.Vudx} —|—/ / —divh(u® — |Vul?) + Ot Ou Ou + p(.,u)h.Vu | dzdt < 0.
Q S Qo \ 2

ikl 61‘1 axl 6xk
(4.58)
Using now the fact that ¥ =1 on Q \ @1 as well as the identity :
div(yp(x — x0)) = Vb.(x — x0) + div(z — o). (4.59)
With :
al O(z; — xo)
div(x — = - = N. 4.
iv(z — o) ; oz, (4.60)
we obtain:
/ divh(u? — |Vul|?)de = / N(u'? — |Vu|*)dx +/ divh(u? — |Vul?)dz. (4.61)
QN Qo QNQ1 Q1~Qo

On another hand we have, also using the fact that v» =1 on Q \ Q1:

N N N
[ i, [ e [y M )
Q QNQ1 Q

~Qo; p—1 Ox; Ox; Oxy, 1 Ox; Ox; Oxy, N Ox; Ox; Oxp,
And,
N N
/ > Ozg Ou Ou :/ 3 Ou ou :/ Vul2dz. (4.63)
Q1 ;42 9% Oz Ok a~Q, = O; Ox; 01

Combining (4.61)), (4.62)), (4.63) with (4.58)) we obtain :

U uhVudx} / /Q\Ql ( (Nu? + (2 — N)|Vu| )) dxdt+/ST/Qp(.,u’)h.Vudxdt

N

Ohr Ou Ou
+ 2
/ /QI\QU ( divh(u? — |Vul?) + § j Da. B, 8xk) dadt. (4.64)

i,k=1

And because h vanishes on Qg we can write :

U uhVudx} / /Q\Ql ( (Nu? + (2 — N)|Vu )) da:dt+/ST/Qp(.,u’)h.Vudxdt

N
Ohy, Ou Ou
—divh(u"* — dxdt. 4.
/ /Qmﬂ( " [Vuf) " Ox; Ox; &vk) (4.65)

i,k=1

Since h is at least a C'! vector field and has clearly a compact support then its components are bounded
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as well as their first partial derivitives, we shall then find a constant C}, such that :

h
\divh| < C, and ||%|\oo<ch forall ik=1,..,N
L

We can take for example Cj, = N sup; H%Hm . Then we have :

N
1 . Oh, Ou Ou
Zdivh(u'? — 2 R 271 d
/mez 2 " (u |Vu| )+i%::1 O0z; Ox; Oxy, ‘
c N1 ou || ou
h 2 2
< |2 - S de
B /Qmﬂ g I IV )|+Chik:1 o || 0w | |

Young inequality implies :

N 2

N 2
Ch/ 3 Ou | Ou ;cg@/ Ou|” | 9w dx:/ CuN|Vul?dz.
Qe 52 Ox; | | Oy, 2 Jo.na Pyt Ox; Oy, 0N
Combining (4.68)) and (4.67) we get :
8hk ou Ou Ch

N
1
- —divh(u® — |Vul?) + — | de < —(2N + 1)/ u? + |Vul?) da.
/Qmﬂ 2 - Oz; Ox; Oxy, 2 01nQ ( )

% 1

24

(4.66)

(4.67)

(4.68)

(4.69)

Hence, there exists a positive constant C's = %(2]\7 + 1) depending on h only (therefore on v and

(x — x0) such that :

T T T
1
[/ u’h.Vudm] —l—/ / ((Nu’2 +(2 - N)|Vu|2)> dxdt —|—/ / p(, v )Y h.Vudzdt
Q s Js Jawo, \2 s Jo

T
< 03/ / (u”? + |Vul?) dzdt.
s Jaina

(4.70)

e second multiplier : %

This multiplier is gonna help us to absorb the negativity of [g fQ\Ql (2—N)|Vul? in (4.70) since
we are going to combine the results of this multiplier with the previous one. As a result, we will
get the expression of the energy on one side and move the other terms on the other side and this
way, we will get rid of every integral on €2\ @1 which will be useful since we want to localize

things on w where we can handle things better and make estimations since a > ag on w.

Lemma 4.3 Under the hypotheses of theorem (4.1)) we have the following identity :

N

Proof.

-1 T N-—1 T
—_— [/ uu’dm] + 7/ / (IVul® = u* + p(.,u')u)) dzdt = 0. (4.71)
2 ) s 2 Js Ja
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We multiply the first equation of (4.35)) by the multiplier (N_Ql)u and we integrate :

/T/ M(u” — Au+ p(.,u'))dxdt = 0. (4.72)
s Ja 2

An integration by part with respect to t gives :

T N-1 N-1
/ / v udzdt = —— [/ uu’dm] - 7/ / u*dxdt (4.73)
s Ja 2 2 Q

And an integration by part with respect to = taking in consideration the fact that w =0 on I' gives :

/ 7Auuda: = / 7|Vu| dx. (4.74)
Combining the two results and plugging them into (4.72)) we obtain (4.71)) .

Now going back to the proof of the theorem :

e Combining the results of the first two multipliers :

Setting M (u) = h.Vu + Y2y and adding ([.71)) to (4.70) we obtain :

[ / u’h.Vudx} / / ( (Nu? + (2 — N)|Vul?) ) dxdt + / / "h.Vudzdt

Q QNQ1

+ 7_1 {/ uu dm} + 7/ / (IVul]® = u? + p(., u')u)) dedt < 03/ / (u”? + |Vul?) dzdt.
S JQinQ

(4.75)
which gives :
T 1 T
U } +/ / <2 (Nu? + (2 - N)|Vu2)> dzdt +/ / p(.,u' )M (v)dzdt+
Q S ONQ1
N 1 4 2 12
+— (|Vul]* = u'?)) dzdt < 03 (u”? + |Vul?) dzdt. (4.76)
S Q Q1NN
/ (1Vul - u?)) de = / (1Vul? — u?)) do +/ (1Vul? — u)) de. (4.77)
Q I9ANOR QNQ1
(4.77) implies :
1 2 2 N -1 2 2 1 2 2
—(Nu"*+ (2= N)|Vu|?) | de + —— (|Vul? —u?))de = = [ (u* +|Vul*)dz
Q~Q1 2 2 QNQ1 2 Jo
+ N u?dx + (5 - 1)/ |Vu|?dz. (4.78)
ONQu 2 2NQu
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[E78) with (E70) give :

[/ 'M ] / / (W +|Vul?) dmdt—i—/ / u)dzdt+
Cd/ /Qm ( Du'? + (g - 2)|Vu|2) dadt.

Hence, there exists a constant C's such that :

/ST ()dt<03/ /Qm (u? + |Vu|?) dadt — [/QUM dz] / / w)dzdt.  (4.79)

Where p(z,u) = a(z)u in this case.

e Estimating the right side terms of :
Now we try to estimate the right terms of ,
Estimating | [, u’M(u)dx]g

N -1
/u’M(u)dm = /u’(h.Vu—i— u)dx
Q Q
S /u’h.Vudx—i—/ N- uu'dx
Q Q
N ou N -1
SZ/ ||| g e dx—k/Q 5 lul|u'|dz (4.80)
N —
—|dx —|—/ |u||u |dx (4.81)

u "M (u)dz (Jul* 4 [u/|*)dz (Young inequality)  (4.82)

<*Z/I’IQ ‘ ar +/N71
gAN/| o /|Vu| )dm+LC( )/|Vu| dm+N2 W/ de (4.83)

A“ /| 1)§(Q)+A/Q|Vu|2dx, (4.84)

where A = sup;||h;||s. Hence, there exists a positive constant Cy = max (N(A+1) —1,(N —1)C(Q2) + A)

’ ( /Q u'M(u)dac) (t)‘ < %E( D, (4.85)

such that :

Therefore,

H( /Q u'M(u)dx) (t)]z - ‘( /Q u’M(u)dm) (1) - ( /Q u’M(u)dm) (5)‘

< ZAE(T) + 22 E(S). (4.86)
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Using the result of lemma (4.40) which states that the energy is nonincreasing, we have E(T) < E(S)

and then: -
H / u’M(u)dm] < CLE(S). (4.87)
Q S

Estimating the term fST Jo p( 0 )M(u)dxdt :
We have:

r —1

/ /p(.,u’) w)dxdt ( u) dxdt
s Jo

u| dzxdt.

//\p Vuh|d1:dt+//’N1

Using Young inequality :

/ Ip(., u")Vu. h|da:dt—|—/
Q

N -1
TP(-W')“

dx§/9<\;18p(.,u’)|> (VoI vul) do
s ‘2”;“”2 ol (Cyg)zuo dr
< 25/|p N2dx + ~ /|Vu| dx
/| ) [2dz + O?Q)Q/Qu|2dx.

(4.88)

Since u = 0 on I', Poincare inequality and (4.88]) imply that :

2 12
’/ p(.,u" )M (u)dx <§5 + il 1 C )/ lp(., 2d9c+5/ \Vul*dx
%

<3 (f + W - ) / lp(.,u')|?dx + 0 (4.89)

2 2
Therefore there exists a positive constant Cy = ATZ + w such that:

( o' )M (u)dx

< 7/ lp(.,u')|?dx + 0. (4.90)

Hence,

w)dxdt

< 7/ /|p ) dxdt+6/ Edt. (4.91)

Where ¢ > 0 is an arbitrary positive real number to be chosen later.

Left to estimate the term fST Jang, [Vul?dxdt:

To estimate this term we are going to use two multipliers.



CHAPTER 4. CASE OF THE LINEAR DAMPED WAVE EQUATION
Since RN \ Q2 N Q2 = () there exists a function ¢ € C§°(RY) such that:

0<¢{<1

&E=1on Q.
£=0o0n RN Q.

28

(4.92)

e Third multiplier : u

To estimate the term f ST fQﬂQl |Vu|?dzdt, it is natural to think of using this multiplier, u is going
to lead to Vu after integration by part, and £ being null outside @2 is going to keep us localized
in w. However, this multiplier will not fully estimate the term we want to estimate, and it will

create another term to be estimated, which will require another multiplier.

Lemma 4.4 Under the hypotheses of theorem (4.1)) with £ as defined above we have the following identity:

/ST/Q§|Vu|2dmdt:/ /§|u\ dxdt + = / /Aqud:cdt
_ [ /Q @u'dx] _ / / cup(., o )dzdt.

Proof.
We multiply the first equation of (4.35) by £u and we integrate, we obtain:

T
/ Cu(u” — Au+ p(.,u))dzdt =0
s Ja

An integration by part with respect to ¢ gives:

/ Su do = §uu / &/ dadt.

An integration by part with respect to = gives:

—/ Euludr = [ V(éu).Vudzx
Q Q

T
:/uV§.Vudx—|—/ /£|Vu|2dxdt
Q S Q

_1 2 2
= 2/QV§.V(|u| )dm+/§Z£|Vu| dzx.

And another integration by part with respect to x gives:

5 | Ve uP)de == [ Ac(up)e

(4.93)

(4.94)

(4.95)

(4.96)

(4.97)
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Plugging (4.97)) into (4.96]), we obtain:

_/ST/quAudxdt:—;/ST/QA§(|u|2)dxdt+/qT/§2£|Vu|2dxdt. (4.98)

And by plugging (4.98)) and ( into (| we obtain

/ST/Q§|Vu|2dmdt:/ /§|u\ dxdt + = / /Aqud:cdt
_ [ /Q @mfdx] _ / / cup(., o' )dzdt.

Hence, the proof of the lemma.

]
Now since ¢ vanishes on RY \ Qs and € = 1 on Q; with & < 1, (4.93)) becomes:
T T 1 [T
/ / |Vul|*dzdt < / / |u'|Pdadt + f/ / |A¢|u?dxdt
5 Jang, s JanQ. QNQ: (4.99)
+ [/ §uu’dz] / / lup(., u)|dzdt.
QNQ2 QNQ2
We have
1 1
/ lup(.,u')|dz < 7/ lu|?dx + 7/ Ip(., u")|*dx, (4.100)
2nQs 2 Janq, 2 Jonq.
and
/ Eun'dr| < / |un|dx
QNQ2 QNQ2
1 2 1 72
<z lu|“dx + - |u'|*dx
2 Jonq. 2 Jone.
< max(C(Q)?,1)E. (4.101)
(4.99), (4.100)), (4.101) with (4.40) we obtain:
T
[/ §uu'dm} < 2max(C(Q)%,1)E(S). (4.102)
QNQ2 S
Since, £ € C§°(RY there exists a constant B > 0 such that
|A¢| < B. (4.103)

T T
/ / |A¢|[uPdadt < / / Bu?dzdt
S QNQ-2 S QNQ2
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Which gives :

T T 1 T
/ / |Vu|*dxdt g/ / |u'|2dxdt + = (B + 1)/ / u?dxdt
s Jan@, S JaonQ. 2 S JanQ.

. (4.104)
+2max(C(2)%,1)E(S) + / / Ip(.,u")|*dzxdt.
5 Jon:
Hence, there exists two constants Cg = maz (1,1 (B+1)),C7 = 2max(C(Q)?,1) such that :
T T
/ / \Vu|?dzdt < cﬁ/ / (Ju'|? +u® + |p(.,u)|?) dzdt + C7E(S). (4.105)
5 Jong: s JanQ:
Estimating the term fsT fQﬂQz u?dxdt inside ([4.105))
Since RN \ wN Q2 = 0, there exists a function 3 € C§°(RY) such that :
0<p<I
B=1 on Q. (4.106)
8=0 on RN \w.
We fix t € R} and we consider the solution z of the following problem :
Az=pu in Q.
(4.107)
z=0  on 0.

To do our estimations we are going to use the last multiplier:

e Fourth multiplier : z This multiplier is used to treat the term |, ST fQﬁQz u?dxdt, it is the
solution to the above elliptic equation, which will make it satisfy the properties bellow (inequalities
that will estimate its norm using the norm of u and «’, no term of the type that contains Vu will

appear in the calculus.

Lemma 4.5 z as defined above, satisfies the following estimates :

l2llz2(0) < C'llullzz(q)- (4.108)

12']12(q) < C’”/ﬂﬁ\ﬂ’\zd:z:. (4.109)

Proof.
We first multiply the first equation of (4.107)) by z and we integrate on €2 we obtain :

/zAzdac:/b’uzdx. (4.110)
Q Q
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After integration by part

—/ \Vz|2dm=/ﬁuzdx. (4.111)
Q Q

Which means

/|Vz|2dx§/|ﬁuz|dx. (4.112)
Q Q

Using Cauchy-Schwarz inequality and the fact that 0 < g <1

A|VZ|2d$ <||u HL2(Q)|| z ||L2(Q) . (4.113)
Now using Poincaré inequality
G | # = [ 19:Pde <l ol = 22 (4.114)
c(Q)? L2(Q)> o = L2(Q) L*(Q) - :
Now by simplifying we get
Iz l22@)< C(Q? | wllz2(e) - (4.115)

Which proves ([4.108) with ¢’ = C(Q)2.
Now deriving the two equations of (4.107)) with respect to ¢ we see that 2’ satisfies :

AZ = pu  in Q.

(4.116)
Z=0 on 9f.
Multiplying the first equation of (4.116) by 2z, integrating on © and then inegrating by part
- / V2 |2dx = / Bu'Z dz. (4.117)
Q Q
Which means
/ |V |2dr < / |Bu'2 |dx. (4.118)
Q Q
Cauchy-Schwarz inequality gives
/lez/|2d$§ ||5’U,/||L2(Q)HZIHLQ(Q). (4.119)
Using Poincaré inequality
12" 22 ()< C(Q? || By’ [lr2(0) - (4.120)
Which gives using the fact that 0 < g <1 :
/ 22dr < C(Q)4 / Bu’?dz. (4.121)
Q Q

Which proves ([.109) with C” = C(Q2)*



CHAPTER 4. CASE OF THE LINEAR DAMPED WAVE EQUATION 32

Lemma 4.6 Under the hypotheses of theorem (4.1) and with z as defined above, we have the following
identity :

/ST/Qﬁu%lxdt = {/ zZu dm] / / =2+ zp(.,u')) dudt. (4.122)

Multiplying the first equation of (4.35)) by z and we integrate, we obtain :

Proof.

/T/ z(u" — Au + p(.,u"))dxdt = 0. (4.123)
s Ja

An integration by part with respect to t gives :

T - T
/ 2 dt = [2u] g —/S 2'u'dt. (4.124)

S

And now two integrations by part with respect to x and using first the fact that z = 0 on I' and then the

/zAudx—/Vz Vudx
Q
/Azudx

—/zAudx:—/ Bu?dz. (4.125)
Q Q
Plugging (4.124]) and (4.125)) into (4.123) we get :

[/ zu’dm] / /z’u'dxdt—/ /Bu2dxdt+/ /zp "Ndazdt = 0.

Which proves the lemma and gives (4.122))

fact that u =0 on I' give :

And since Az = Su we have :

Using the fact that 5 =1 on Q2 and 0 on RY \ w, we have :

T T
/ / u?dzdt + / / Budrdt = [/ zu’dm] / / =2+ zp(., 1)) dedt.  (4.126)
s Jang. s JuQ: Q

Which gives, since 8 >0 :

/ /gm W2dzdt < [/ 2u dx} / / —2 + zp(., ') dadt. (4.127)

Now we estimate the terms on the right :
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Using Cauchy-Schwarz inequality we have :

[ taa] < llall iz (4.125)
— Using the estimate we get :
/Qzu’dw < C'ull Lzl vl L2(o- (4.129)
Using Young inequality:
'/Qzu’dx < 0% (IullZage + 1) = C'. (4.130)

Which gives :

=z

(- () o
(e[ e

< C'E(T) + C'E(S).

And using (4.40) which is the fact that the energy is nonincreasing we get :

[f o]’

< 2C'E(S). (4.131)

On another hand we have :

—2'u" + 2p(.,u')) dedt

/ /lz |d$dt+/9T/§2|Zp(.,u’)|dxdt
S/S /g}(\%lzl) (valu'|)dzdt
i /sT/Q (C'\(ﬁg) |Z|> (C,%Q) Ip(-,u’)l) dxdt (4.132)

Using Young inequality :

T 1 T n
S/ /*Iz’lzdazdtjt/ /f\u’\Qdmdt
2 2
CIQ
/ /20 20,2|Z| dfﬂdtJr/ / Lu')|2dxdt. (4.133)

—2'u" + zp(.,u)) dxdt
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Now using the estimates (4.108)) and (4.109)) we obtain with Poincare inequality :

C//
< —/ /ﬁ| '|Pdzdt + = / /|u| dzdt
2cl2 20/2
2 )2
20/20 / / |Vul dxdtJr / / lp(., dzdt.

(4.134)

—2'u" + zp(., ) dadt

Since =0 on RY \wand 0 < 3 < 1 we have :

/ﬁ|u’|2d:cdt:/[3|u’|2d:cdt§/\u’\zdzdt.
Q w w
Then,
C// T
o / /\u|2dzdt+ / / [u'|? 4 |Vu|?)dzdt
U

0/2

/ /|p N dadt. (4.135)

Plugging (4.131) and (4.135)) into (4.127)) we get :

/ / 2dxdt<—/ /|u |2dxdt+n/ Edt+ / /|p N[2dzdt + 2C"E(S).
QNQ2

(4.136)

// 2t 4 zp(., ) dadt| <

7 22
Hence, there exists constants Cg = &, Cy = % such that :

/ / w*drdt < —/ /\u\ da:dt—kf/ /|p Nl da:dt—|—7]/ Edt +2C'E(S). (4.137)
QNQ2

Where 7 is an arbitrary positive number.
¢ Combining our estimations :

Now combining (£.137),([£.105)), (4.79),([£.98) , with the fact that [o, [v/[*dz < [ [o'[* and [o ), [p( u')[Pda <

Jo I u')|? we obtain :

T T
/ Edt < (04 + C7C¢ + 20’0603)E(S) + (’l’]CgCG + (5) / Edt
S S

T
+ (6;5 + 0961;603 + 0603)/ / lp(.,u')|*dzdt + (O?’f;ﬁcg + C3Cs +03)/ / |u'|*ddt.
S w

(4.138)

We choose i and § small enough so that (1 — (nC5Cs + J)) > 0
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Which gives the existence of two positive constants :

o _ Cat CiCe+20'CeCs CaCeCa 4 CsCy + Oy 2G4+ C3C; 4139
L G NG A p T T T G 10 1 CsCs + 6 (4

Such that :

T T T
/ Edt < C1E(S) + Cy (/ /|p(.,u’)\2dmdt+/ /|u’|2dxdt>. (4.140)
S S Q S w

And since, S and T are taken to be arbitrary in Ry, fixing T and taking S = ¢ prove the theorem (4.1)
and give (4.36)) for (u®,u') € (H* N H}) x H.
Now we conclude for all initial data in (u®,u') € H x L? using the density of (H?NH}) x H} in H} x L?

|
Theorem 4.2 exponential stability
Under the hypothesis of theorem[[.1, E satisfies :
E(t) < CE(0)e ™, (4.141)
where C' and vy are positive constants.
Proof.
Using the dissipation relation (4.39)), we get:
T T
/ / alug|*dzds = —/ E'(s)ds < E(t), 0<t<T. (4.142)
t Jo t
On another hand, using (3.2)) we get:
T T a 1
/ / |ut|?drds g/ / — |ug|Pdads < —E(t), 0<t<T. (4.143)
t Jw t Jw Q0 ap

Hence, using the result of theorem as well as (4.2.1]) and (4.142)
T T T Cy
/ E(s)ds < C1E(t) + Cy / / au*dxdt + / / u?dzdt | < —=E(t) + CLE(t) + C1E(t) (4.144)
¢ s Jo s Juw ag

Which means:

/ ' E(s)ds < CE(t), (4.145)

where C = Cy + Csy + %
Now by applying Gronwall inequality (theorem (3.2)) ) we obtain :

E(t) < E(0)e~ @ Vt>0. (4.146)
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36
Which proves the theorem and give the exponential stability of the problem (4.35))
4.2.2 One dimensional case
The problem to one dimensional case reduces to :
u —Upy +a(z)y’ =0 in QxR
u=0 on 02 x R. (4.147)

w(0) = u®,u/(0) = ul.

Where Q =]0, 1] with (a < b) represents here an open interval of R
The geometrical condition imposed in the damping domain w gets simplified.

Indeed we can see that for every observation point zy we choose in R the only possibilities of T'(zg)

(defined in ) are :

T(zp) =0 if € (—o00,0],

(4.148)
T(zo) =1 if €]1,+00), (4.149)
(o) = {0,1} if €[0,1]. (4.150)

0 @ 1

Hence, the geometrical condition (GC1) is reduced to w containing an e-neighborhood of a or b or the
whole boundary.

0 ®w 1

f I }
v{0) v(l)

0 @« 1

i I ]
v(0) v(1)

Now we try to adapt the proof of theorem in the one dimensional case and see the simplifications
that can be made:
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Let (u® u') € (H%(Q) N HL(Q)) x L*(Q), let 2o be an observation point and 0 < €y < €1 < €2 < € where
€ is the one defined in 3]
Qi = N, [T(z0)]  for i=0,1,2 (4.151)

We define ¢ € C§°(R) as defined in (4.42) And we define h on 2 as :
h(z) = ¥(x)(z — ). (4.152)
We multiply the first equation of (4.147) by hu, and we integrate, we get :

T
/ hug (0 — gy + au’)dzdt = 0. (4.153)
s Ja

An integration by part with respect to t then to x gives:

T T
/ hugudt = — / hulu'dt + [huzu’]zg . (4.154)
s s

On another hand we have :

"2 "2
— | hlude=— | h J? dr = h'ﬂdaz. (4.155)
o Q 2 /s, o 2

An integration by part with respect to z gives:

2 2 2
7/ humumdx/h(uz> do = — {hu”} +/ W gy, (4.156)
o o' \2 ), 2| "), 2

On another hand we have :

[Rlu2]]) = (1= zo)[u2] (1) = (0 — z0) (u2])(0) < 0. (4.157)

Combining (4.153),(4.154),(4.155)), (4.156) and (4.157) we get :

T

g ua|® | /[ ’
/ / I ( + ) dxdt + [/ huwu’dm] +/ / hau'u, < 0. (4.158)
s Jo 2 2 Q s Js Ja

Which gives using (4.42]) :

/T/ <|U3:|2 |u/|2
+
s Jawg: \ 2 2

’ g jual? | |
)dxdt—!— [/ huxu’dz] < —/ / h’< LAENE >dxdt
Q s s Jonq 2 2
T
—/ /hau’umdxdt, (4.159)
s Ja

and then,

T

v P "
/ Edt < / / (1-n") ( =+ ) dxdt —/ / hav'u,dxdt — [/ h%u’dw} . (4.160)
s s Jong, 2 2 s Ja ) s
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Now we estimate each term of the right side, we obtain :

‘ / hugu' dz
Q
T
{ / humu'dx}
Q S

g/ |h||ug||u|dz < E.
Q

Hence using (4.40) we get :
< 2E(S).

And,

c@),
< /QGC(Q)|U ||uz|da

C(0)? 5C(0Q)?
/QT|CLU’|2dx—|—/Q (2 ) |ug|dx

()
/C(Q)2|au’|2dx+6E.
0 2

/ hav'ugdz
Q

IN

IN

Therefore :

T
/ / hav' uydxdt
s Ja

Left to estimate the term fST fQﬁQl |ug|dxdt for that we are going to define

0<E<l.

E=1on Q.
£=0o0n RN Q.

We multiply the first equation of (4.147)) by £u and we integrate by part, we obtain :

T T 1 /T
/ /f\ux|2dxdt:/ /f\u’\Zda:dt—Ff/ /5”u2dxdt
s Ja s Ja 2Js Ja
T T
- [/ fuu’dm] —/ /fuau’dwdt.
Q s Js Ja

Since, & € C§°(RY there exists a constant B > 0 such that :
€] < B.

Proceeding the same way we did in the multidimensional case, we obtain :

O 2 T T
< e / / la' |2 dzdt + 5/ Edt.
20 Js Ja s

38

(4.161)

(4.162)

(4.163)

(4.164)

(4.165)

(4.166)

(4.167)

T B T
/ / U, |2dxdt < ( + 1) / / (Jo/|> + u? + |av/[?) dzdt + 2max(C(Q2)%, 1) E(S). (4.168)
s Jang. 2 s Jong,
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We define the function g € C°(R) as in (4.106), we fix t € Ry and we consider the solution z of the

following problem :

Zer = Pu  in Q.

(4.169)
z=0 on 0f).
z as defined above, satisfies the following estimates :
121l L2(0) < Cillullz2(q)- (4.170)
121720y < CF /Q Bl | dz. (4.171)
Multiplying the first equation of (4.147)) by z and we integrate, we obtain :
T
/ / (W = Uy + a()u")dxdt = 0. (4.172)
s Jo

After integrations by part with respect to t and x we get:

{/ zu’dm] / / Z'u'dzdt —/ Bu?dzdt +/ /za u'dxdt = 0.
Q Q

Now using the same steps we used in the multidimensional case, we get :
’ ) c@)rep ) cp , T
/ / wdrdt < — / / W |?dadt + ———L / lav'|*dxdt + 77/ Edt +2C"E(S).
s JonQ. Q s
(4.173)

Where 7 is an arbitrary positive number.

Now combining (4.160)), (4.162)),(4.164), (4.173)), (4.168) and choosing eta and delta small enough we get

the existence of two positive constants :

Cipn , Cig (4.174)

)

Such that :

T T T
/ Edt < C11E(S)+ C10 (/ /|au'|2d:cdt+/ /|u'|2d:vdt>. (4.175)
S S Q S w

And then using Gronwall’s inequality we obtain the exponential decay of the energy.



Chapter 5

Case of the nonlinear damped wave

equation

5.1 Case of a globally distributed damping with unitary damp-
ing coefficient

In this section we take a = 1 on €2 The problem becomes :

v —Au+g(u)=0 inQxR
u=0 on 0 x R (5.1)
w(0) = u®,u/(0) = u!

Where © is a C? bounded domain of R? and g : R — R is a C! an increasing function such that :

VazeR g(x)xr >0. (5.2)

5.1.1 Exponential stability

Theorem 5.1 (theorem 2. [8])
Assume N =2 and let g : R — R be an increasing function of class C* , such that g(0) =0, ¢’(0) # 0,
and :

Vel =1, |g(x)] < cfz]?, (5-3)

With ¢ > 0 and g > 0.
Given (u°,u') € (H?(Q)NH(Q)) x HE, the energy of the solution u(t) of (5.1) decays exponentially and

there exists an explicit constant v > 0 depending on u®,u' such that :

vt >0, E(t)<E(0)exp(l—~t) (5.4)

40
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We prove first some key lemmas :

Lemma 5.1

41

Q is a C? bounded domain of R? and g : R — R such that(5.2)) is satisfied. Then we have :

T
V0<S<T<too, E(T)—E(S)= —/ / W g )dwdt < 0.
S Q

Proof.
Multiplying the first equation of (3.1]) by ' and we integrate on {2 we obtain :

/ (u'" — Au+ g(u'))u' de = 0.
Q

(5.5)

(5.6)

An integration by part using Green’s formula given by (2.3) and the fact that u € H} () we obtain :

—/ A’ d:c:/VuVu’dx.
Q Q

(5.6) and (5.7) with some changes, we obtain the following dissipation relation:

3 (WP +(VaP))de = B = - [ wo(u)da

Q

Integrating between some arbitrary 7',.S € R such that S < T, we obtain :

B(T) - E(S) = — /S ! /Q o g(u)dadt.

gives :
T
E(T) - E(S) = —/ / ' g(u")dxdt <0
s Ja

Hence, the proof of the lemma.

Lemma 5.2 Consider u the solution of the problem (5.1) with initial conditions (u°, u

H}(2)) x H}. Denote :
Clu®,u') =] —Au’ + g(u') H%Z(Q) + || ! H%{g(ﬂ)

Then,
V>0, || —Au(t) + g (1)) 7o) + I u'(t) 7)< Cu®,ut)

(5.7)

(5.8)

(5.10)

He (H*(Q) N

(5.11)

(5.12)
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Proof.
Denote w := v’. Differentiating the three equations of (3.1) with respect to ¢, we obtain :

w' —Aw+ g (ww' =0  inQ xRy, (5.13)
w=0 in 00 xRy, (5.14)
w(0) = u',w' (0) = Au® — g(u'). (5.15)

We multiply (5.13]) by w’ and we integrate on Q x [0,¢] where t € Ry :
t
/ / (w'w” —w' Aw + ¢’ (w)w'?)dzdr =0 (5.16)
0 Jo
On one hand we have,
¢ 1/t 1 t
/ w'w"drdr = 7/ (w?)'dr = = [w"] (5.17)
0 2 Jo 2 0
On another hand using an integration by part with respect to ¢t we have :
1 1
—/ w' Awdz = / Vu'Vwdr = = / (IVw|*) dr = = / (|Vw|?) dz. (5.18)
Q Q 2 Ja 2 Ja

Combining ((5.16)), (5.17)) and ([5.18]) we obtain :

t t t
—/ /a(.)g’(w)w’2dmd7:/ /w'w”d:vdT—/ /Awdde
o Ja 0 Ja o Ja

1 T 1 + /
== [/ uﬂdz] +7/ </ |Vw2da:> dr
2 LJa s 2Jo \a
1 t
== [/ (w? + sz)da:] . (5.19)
2 Ja 0
Since a > 0 and ¢’ > 0 (since g is increasing) :
t
U (W' + |Vw|2)dx} <0. (5.20)
Q 0

On another hand we have :

[ w2 |Vw|2>dw}0 — [P+ [FuPis - [ @02 +9u0))ds
- / (W ()% + [V (£) ) — / (A® — g(u)))? + |Vl [2)da
Q Q

= /(Au —g(u'))?dx + / |V (t)|2dx — C(u®, ul) (5.21)
Q Q
From (5.21)) and ([5.20) we deduce (5.12):

I =Au(t) + g(u' (1)) 720y + I 0/ (2) 770y < Cu’,u')
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|
Lemma 5.3 Suppose g satisfies for some positive constant C':
g(z) < Clz|?  with 1 < g < 400, (5.22)
and
9(0)=0, ¢'(0) #0, (5.23)

then the energy E of the solution u of (3.1) with (u°,u') € (H?*(Q)NHL(Q)) x HL(Q) satisfies the following
estimate :

T T
/ Edt <CE(S)+C / / |u'|*dxdt, (5.24)
S S Q

where C' are positive constants.

Proof.
We multiply the first equation of (5.1)) by u and we integrate on [S,T] x £ :

/T/ u(u” — Au+ g(u'))dzdt = 0. (5.25)
s Jo

An integration by part with respect to = gives :

T T T
/ / uu"dxdt—l—/ |Vu|2d3:dt—|—/ /g(u')udmdt =0. (5.26)
s Jo s Jo s Jo

Treating each term seperately :
e Estimating fST Jo uu”dxdt

An integration by part with respect to t gives

T T T
/ /uu”d:z: = {/ uu'dx} 7/ /u'zd:pdt. (5.27)
S Q Q S S Q

Using Young and Poincaré inequalities we have

/ |uv'|dz < CE. (5.28)
Q
Hence,
T
| {/ uu'dx} < CE(S). (5.29)
Q S
e Estimating fST Jq ug(u’)dxdt
/g(u')udx S/ lg(u'Yu| d. (5.30)
Q Q
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We have

/ / lg(u")u| dxdt = / / o' Yu| dzdt + / / u'u| dzdt (5.31)
|u’|<1 |u’|>1

First we look at the part of Q where |u/| < 1:

Using Young’s inequality

/ /W|<1 u|dxdt</ /|uf<1 ( |2+—\g( 8] )dmdt (5.32)

Using Poincaré inequality :

T n 077 T T
/ / T\l dzdt < 7/ / (1Vul® + [/ |2) dad < cn/ Bt (5.33)
s Jjur|<1 2 2 Js Juw<a s

9(0) =0 and ¢'(0) # 0 implies :

There exists a constant C' > 0 such that
lg(@)| < Clal if |2 < 1. (5.34)
Using (5:39)

/ / o) |Pdadt < 7/ / |u'|2dadt (5.35)
\u|<1 |w'|<1

Combining (5.32)), (5.33)) and (5.35)) we obtain :

T
/ / o' u| dedt < C’n/ Edt + — / / |u'|*dadt (5.36)
\u/|<1 2nJs Ja

Next, we look at the part of Q where |u'| > 1:

Since N =2 and 1 < ¢ < oo , theorem 2.4 with p =2, N =p and ¢ + 1 < 4o gives :
HY(Q) C LT(Q). (5.37)

Which gives :
I [l Lati@)< C Il u miy< CVE. (5.38)

Now using Holder’s inequality,

/ / o' )u| dzdt
\u/|>1
T # a1 q+1
< / / |7 da / lg(u)| " dx dt (5.39)
S Ju’'|>1 Ju’|>1
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Using (5.38)) and the fact that a is bounded :

/ / u|dxdt</ CVE / \g(u')|%ldx dt
|u’\>1 Ju’|>1

<[ ove (/u,>lg<u’>||g<u'>|qu> at

Now using the hypothesis (5.22]) we obtain :

q

1

/ /u/>1 u|dxdt</ CVE </|u/>19(u’)u’dx>q dt
S/S CVE (/Qg(ul)uldl‘)lildt

Using the dissipation relation (5.8])

// u|dxdt</ CVE (—E')7 dt
\u/\>1

T 1 J
SC/ Ez (—E')at dt
S

Using Young’s inequality

r _a_ T C T
/ Ex (—E")aT dt < qu“/ E = dt+ ﬁ/ (—E")dt
S S nT S

Using the non-increasingness of E with (5.43)) and (5.44)), we obtain :

T
q= c
/ / Wl dedt < Oyt EQ)'T [ B+~ B(S)
|u’|>1 S n

Combining ([5.36)) and ( we have :

/Q g(u"Yudx

From and ( we have

/ST/Q(|Vu2+u’)2dxdt: - U uu dx} / / udmdt+2/ / u*dxdt

<n(C+an

O/T/ ’a
+ — u' |“dzdt
(S) o /s Q\ \

Now taking the absolute value of each side of (| and using and -, we obtain :

T
/ Bt < (C + B (0)*" / B+~ (S)+% / / o Pdadt + CE(S)
S Q

45

(5.40)

(5.41)

(5.42)

(5.43)

(5.44)

(5.45)

(5.46)

(5.47)

(5.48)
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Now choosing 1 small enough we get to prove (|5.24)) :

T T
/ Edt < CE(S) + c/ / |u'|*dzxdt,
S S Q

|
Proof of theorem :
From lemma [E.3] we have : . .
/ Edt < CE(S) + C/ / |u'|2dadt,
s s Ja
the goal is to estimate T
/ / |u'|2dxdt.
s Ja

Set R >0 and fix ¢t > 0.
Define

O ={zeQ: [v|<R} (5.49)

Qb ={xeQ: |u|>R} (5.50)

First, we look at the part Q% of 2 :
Using theorem (Gagliardo-Nirenberg interpolation inequality) with p = 3, N = 2 and 0 = %, there

exists a constant C' > 0 that depends on 2 such that :
1 2
Ve HYQ), v s C 1o Bl v 50, (5.51)

Using Cauchy-Schwarz inequality, we have

/ u?dx :/ W3 de < / |u'|dz / |u'[2dx
o) Q o)1 o
: 3
< </ u'|dx> | ' 17500 - (5.52)
Q4

N
N|=

t
2

Which gives
2
u'2d:c> < (/Q |u’|dx> I’ 1250 - (5.53)
2

Since we’re on 2 we have :

/ |u'|2dx > R/ |u'|dx (5.54)
Q3 Qf
Which means

1
/ |u'|dx < E/ |u' |2 da (5.55)
Q4 Q4
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On another hand, since we're dealing with a strong solution, we have u’ € H*(), we can apply (5.51))

with v = o’ we get :

Voe H'(Q), | |[7s)< Cllu' llaoll v 1720l o' @) EQO).

Combining (5.53]), (5.55)) and ([5.56))

c
/Qt WPz < S sy BO).

2

From lemma [5.2| we get :

|| u’ HH](Q)S \/C(uo,ul.

Combining (5.58) with (5.57) and integrating between S and T we obtain

T T
/ / u*dzdt < %\/C(uo,ul)/ E(t)dt.
s Joy S

From lemma [5.3] we have :

T T T
/ Edt < CE(S) + C/ / |u'|*dxdt + C’/ / |u'|*dzxdt,
S s Jot s Jot

T T T
/ EdthE(S)-l—%\/C(uo,ul)/ E(t)dt+(]/ / o Pdadt,
s 5 s Jat

We choose R > 0 such that

using (5.59))

% Cudul) <

)

N —

which gives :

T T
/ Edt < CE(S) +C/ / |u'|2dadt.
s s Jat

Next, we look at the part Qf of O :

Since ¢'(0) # 0 we can choose r > 0 such that :
Vv € [_Ta T]a |g(ru)| > O[1|1)|,

is satisfied for some constant «; > 0.

We define then :

where a ;= min(ay, ag).
We have :
lg(v)| = alo] if |v[ < R.

(5.56)

(5.57)

(5.58)

(5.59)

(5.60)

(5.61)

(5.62)

(5.63)

(5.64)

(5.65)
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Then,

T T u
/ / u’dedt:/ / u'g(u') ——~dxdt
s Jat s Jat g(w)
1 r !/ !
<= o g(u")dxdt
aJs Jat

From (5.9) we have

e ' _ 1 _
7/5 /mug(u)dxdt—a(E(S) E(T)) <

(67

Combining (5.67) and (5.66))

T 1
/ / u*dedt < —E(S).
s Jat o

Finally, combining (5.62)) and (5.68) we have :

/STEdt <cC <1+ ;) E(S),

letting T" goes to infinity we get :
> 1
/ Edt < LE(9),
S 0

where v = ﬁ > 0.

We apply now Gronwall’s inequality (Theorem we obtain exponential decay of the energy :

E(t) < E(0)e' ™,

5.2 Case of a locally distributed damping

We finally get to our initial problem (problem (3.1])) with no particular cases:

' —Au+a()uy’=0 QxR
u=20 on 0N) x Ry

We recall the hypothesis under which we are working :
Q2 is a C? bounded domain of RV,

g : R — R an increasing C* function such that (5.2) is satisfied,

48

(5.66)

(5.67)

(5.68)

(5.69)

(5.70)

(5.71)
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a: £ — R a continuous function that satisfies (3.2)), i.e.:
a>0 on Q and a>ag>0 on w,

where ag is a real constant.

The goal of this section is to prove that theorem remains valid for a localized damping when
GC1 holds.

Proposition 5.1

Theorem remains true for problem (3.1)), i.e. for a localized damping when GC1 hold.

Proof.

Remark 5.1 We are going to keep the proof in the special case where N = 2, the lemmas are going to

be considered in higher dimensions though.

Lemma 5.4

Q is a C? bounded domain of R? and g : R — R such that(5.2)) is satisfied. Then we have :
T
V0<S<T<+co, E(T)—E(S)= —/ / av’ g(u")dzdt < 0. (5.72)
s JQ

Proof.

Same as Lemma [5.1]

Lemma 5.5 Consider u the solution of the problem (5.1) with initial conditions (u°,u') € (H?(2) N
HY(Q)) x HE. Denote :

Cu®,u') =|| —Au® +a(.)g(u') ||2LQ(Q) + || ut ”fié(ﬂ) : (5.73)

Then,
vt >0, || —Au(t) +a()g(u' (1) [ Z2(q) + | @/ () i (o)< Cu,ul). (5.74)

Proof.

Same as lemma [5.1]

Lemma 5.6 Suppose that the geometrical condition (GC1) holds and g satisfies for some positive con-
stant C':
N+2

< 4 ith 1 <g¢g< ————
g) < Clal  wi =4= max (0, N + 2)’

(5.75)

and

9(0) =0, g'(0) # 0, (5.76)
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then the energy E of the solution u of (3.1)) with (u°,u') € (H2(Q)NHE(Q)) x H}(Q) satisfies the following

/ Edt < CE(S +c/ (/ el dx+/|u'|2dx) dt, (5.77)

where C are positive constants.

estimate:

Proof.
We proceed the same way as (4.36]) until we get to (4.79) :

E(t) < C/ST /Qm (u” + |Vul?) dzdt — [/Q u'M(u)de—/ST/Qp(.,u’)M(u)dxdt.

Where p in our case is
pl,u') = a(z)g(u) (5.78)

Which means we are going to obtain:

) < c/ /Qm (u? + |Vul?) dzdt — UQUM dx] / / u)dxdt. (5.79)

Now, we estimate the right terms of (5.79):
[Jo u’M(U)dX];F
This term is estimated the exact same way as in (4.87)), which means we have:

T

’ [[ ]

< CE(S). (5.80)

T
/g meQ |Vu|2dxdt:
From (4.99) we have :

T T 1 T
/ / |Vu|2dxdt§/ / |u'|2da:dt+f/ / |A¢|u?dxdt
S QNQ1 S QNQ2 QNQ2

(5.81)
+ [/ Euu’dm] / / lua(.)g(u)|dzdt.
QNQ2 QNQ2
Estimatin U Suu'd }T
& |Janq. *g
From (4.102)) we have
T
[ / guu’dx] < CE(S). (5.82)
QNQ2 S
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T
. . /

Estimating [fnqu fuu dx} s

Since, & € C§°(RY, A¢ is bounded, we have:

T T
/ / |A§|u2dwdt < C/ / wldxdt
s Jaong. s Jon.

2 )
fszsz w?dxdt

From (4.127)) we have:

/ /san2 u?drdt < {/ zu dw} / / —2'u + zag(u')) dadt.

From (4.131)) we have

Estimating |, g

< 2C'E(S).

=z

On another hand we have:

T o (T T
/ / Zu/dedt < —/ / 22 dxdt + Cn/ / w2 dzdt
s Ja nJs Ja s Ja

From lemma .5 we have

T o (T T
/ / 2’ dzdt < —/ / Bu’zdxdt—i-Cn/ /u'gdxdt
s Ja nJs Ja s Ja

Which gives, from the definition of 5:

T o (T T
/ / Zu/dxdt < —/ /ul2d$dt+ C’n/ Edxdt
s Ja nJs Ju S

Left to estimate the term fST Jo +a()zg(u')dzdt:

We have
T T T
/ / lag(u")z| dzdt :/ / \ag(u’)z|dxdt+/ / lag(u')z| dzdt
s Jo s Jwi<i s Jw|>1

First we look at the part of Q where |u/| < 1:

Using Young’s inequality

T T 1
/ / lag(u')z| dzdt < / / (n2|2 + |ag(u')|2) dadt
s Jwi<1 s Jjw<1 \2 2n

o1

(5.83)

(5.84)

(5.85)

(5.86)

(5.87)

(5.88)

(5.89)

(5.90)
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Using lemma

// lag(u |dxdt</ /nC|u|2dmdt+// —|ag N2 dxdt
[u/|<1 lu'|<1 21

Using Poincaré inequality:

T n 077 T T
/ /Cf|u\2dxdt < —/ / (|Vul® + [«'|?) dzdt < Cn/ Edt
s Ja 2 2 Js Ja s

g(0) =0 and ¢’(0) # 0 implies :

There exists a constant C' > 0 such that
lg(x)] < Clz| if |z| <1
Using (5.93)

1 ’ 7\ |2 ¢ T 12
— lag(u")|*dxdt < — alu'|*dzdt
2n Js lu|<1 2n Js lu']<1

Combining (5.91)), (5.92)) and (5.94)) we obtain :

T T o (T
/ / lag(u')z| dzdt < Cn/ Edt + —/ / alu'|Pdxdt
s Jjw|<1 s 2nJs Ja

Next, we look at the part of Q where |u'| > 1:
We have:

HY(Q) c LT(Q).

Which gives using lemma (4.5) and Poincaré inequality:

WmﬁmﬁcﬂﬂmmF(/fW+/WﬁM)S((/WMM+/W4M)
Q Q

Let’s recall the equation satisfied by z:

Az =pFu in Q.
z=0 on 0f2.

We multiply (5.98)) by z, we integrate on € and then we integrate by part, we obtain:

/|Vz|2dm:/5uzdm
Q Q

Using Cauchy-Schwarz, lemma (4.5)), the boundedness of § and Poincaré:

Aw%mzémmucwmﬁwm@smw@@swwmm>
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(5.91)

(5.92)

(5.93)

(5.94)

(5.95)

(5.96)

(5.97)

(5.98)

(5.99)

(5.100)
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Combining (5.100]) with (5.97)) we obtain:
%
2 lerin< C | 2 < C ( / |Vu|2dx) <OVE
Q

Now using Holder’s inequality,

T
/ / lag(u')z| dzdt
S Ju'|>1
1 a4
T q+1 g+l q+1
S/ / 2|t da / lag(u')| @ dx dt
S Ju’|>1 Ju’|>1
T Pt ot a+1
§/ (/ |z|q+1dz> / |ag(u/)|% dx dt
s o w/[>1

Using (5.101)) and the fact that a is bounded :

T T a1
/ / lag(u)z| dzdt < / CVE / |ag(u/)|%d:c dt
s Jw>1 s w/[>1

T T
<[ ovE (/W|ag<u’>||g<u’>|qu> at

Now using the hypothesis ((5.75)) we obtain :

q

1

T T q
/ / |ag(u’)z|dxdt§/ CVE / ag(u')u'dx dt
S Jlu'[>1 S Ju’|>1
T T
§/ CVE </ ag(u')u'dx) dt
s Q
Using the dissipation relation
T T .
/ / lag(u')z| dzdt g/ CVE (—E')#1 dt
s Ju|>1 s
T .
< C/ Ez (-E")a 1 dt
s
Using Young’s inequality

T, _a_ T C T
/ Ez (—E')T dt < qu+1/ E =z dt+ ﬁ/ (—E")dt
S S nT

Using the non-increasingness of E with ([5.106|) and (5.107)), we obtain :

T g—1 T C
/ / lag(w)2| dzdt < Oy E(0) 7 / Bdt+ -SEB(S)
S Ju'|>1 S n e
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(5.101)

(5.102)

(5.103)

(5.104)

(5.105)

(5.106)

(5.107)

(5.108)
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Combining (5.95)) and (5.108)) we have :

-/Q ag(u')zdx

Estimating fST Janq, a(x)ug(u)dxdt :

/ST /sz a(z)ug(u)dzdt < /ST/QG(SC)Ug(u)dxdt

It’s gonna be practically the same proof as (5.46)) We have

T T T
/ / lag(u")u| dedt = / / lag(u')u| dxdt + / / lag(u')u| dzdt
s Jao s Jwi<1 s Jw|>1

First we look at the part of  where |u/| < 1:

E(S)+ 267;/3 /Q|a(.)u’\2dxdt

T
a—1 C
Sn(C+an(0) > )/S Edt + —

e

Using Young’s inequality

T T
1
/ / lag(u')u| dzdt < / / (”|u|2+|ag<u’>|2)dxdt
s Ju|<1 s Jw|<1 2 2n

Using Poincaré inequality :

T 0 o [T T
/ / ~|u|*dzdt < —/ / (|Vul]® + [o'|?) dzdt < C’n/ Edt
s Jjur|<1 2 2 Js Juw<a s

9(0) =0 and ¢'(0) # 0 implies :

There exists a constant C' > 0 such that
lg(x)] < Clz| if |z[ <1
Using (5.114))

1 g AYP ¢ T 12
— lag(u")|?dadt < — alu'|*dxdt
2nJs Jiw<a 2nJs Jjwi<a

Combining (5.112)), (5.113)) and (5.115)) we obtain :

T T o (T
/ / lag(u')u| dedt < C’n/ Edt + 7/ /a|u’|2dxdt
s Jwi<1 s 2nJs Ja

Next, we look at the part of 2 where |v/| > 1:
We have:

HY(Q) c LTH(Q).

Which gives :
| wllpa+1y< C || w |y < CVE.
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(5.109)

(5.110)

(5.111)

(5.112)

(5.113)

(5.114)

(5.115)

(5.116)

(5.117)

(5.118)
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Now using Holder’s inequality,

T
/ / lag(u")u| dxdt
S Jlu'[>1
, o L\
S/ / | da / lag(u")|* dx dt
S Ju’|>1 Ju’|>1

Using (5.38)) and the fact that @ is bounded :

q

T T q+1
/ / lag(u")u| dzxdt < / CVE (/ ag(u’)|q;rdm> dt
s Jjuw|>1 S [u’]>1

q

1

< /S CVE (/u,>1ag(u'>|g<u'>|qu> dt

Now using the hypothesis (5.75) we obtain :

T T q+1
/ / lag(u")u| dzdt §/ CVE / ag(u')u'dx dt
s S |>1 s u/|>1
T T
g/ CVE (/ ag(u’)u’dx) dt
s Q
Using the dissipation relation
T T
/ / lag(u")u| dedt < / CVE (—E')71
S Ju'|>1 S
T \
< c/ B} (BT at
S

Using Young’s inequality

= +

T
/EZ _E)T dt < Ot Emdt /(—E’)dt

Using the non-increasingness of E with (5.124)) and (5.43), we obtain :

T a1 T C
/ / lag(u')u| dzdt < Cn?T™ E(0) = / Edt + —<E(S)
s Jw|>1 S n'T
Combining (5.116) and (5.125)) we have :
C T
/ g(u)udx| <n (C’ +n7E(0 / Edt + E(S) + 7/ / la()u'[*dzdt
Q 2nJs Ja

ofs Jq al M(u)dxdt

/ / w)dadt = — 1/ / udxdt—l—/ST/Qa(.)g(u’)Vu.hdxdt
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(5.119)

(5.120)

(5.121)

(5.122)

(5.123)

(5.124)

(5.125)

(5.126)

(5.127)



CHAPTER 5. CASE OF THE NONLINEAR DAMPED WAVE EQUATION

We have already estimated the term fST Jo a()g(u")udzdt, left to estimate :

5 [qa()g)Vuhdxdt

56

Naturally, we try to proceed the same way as estimating fST fQ a(.)g(u')udxdt: First we look at the part

of Q where |u/| < 1:

Using Young’s inequality and the fact that |h| is bounded

T T
1
/ / |ag(u')Vu.h|d:rdt§/ / ("|w.h|2+ag(u’)|2> dxdt
s Jw|<1 s Jw<1 2 21

Using Poincaré inequality :

T n Cn T T
/ / | Vul|*dzdt < —/ / (IVul® + [«'|?) dzdt < cn/ Edt
5 Jyur|<1 2 2 Js Jwi<a 5

We have already proved that

1 T |2 c T 12
— lag(u')|*dzdt < — alu'|*dxdt
2nJs Jjwi<t 2nJs Jywi<1

Combining (5.128)), (5.129) and (5.130]) we obtain :

T T c (T
/ / lag(u)Vu| dzdt < Cn/ Edt + —/ / alu’|?dxdt
S Juw|<1 S 2nJs Jo

Next, we look at the part of Q where |v/| > 1:
We have:

HY(Q) C LT(Q).

Which gives :
|l Lo @< C |l u |l i @)< CVE.

Now using Holder’s inequality,

T
/ / lag(u)Vu.h| dzdt
S |u/[>1

r o g+1 Gy
< C/ / |Vu|TT d / lag(u')| @ dx dt
S |u'|>1 Ju’|>1

(5.128)

(5.129)

(5.130)

(5.131)

(5.132)

(5.133)

(5.134)

Now the thing is, we can’t proceed the same way here, if we apply (5.133)) to Vu we are going to get:

| Vu [[pat1@)< C || Vu ||

(5.135)



CHAPTER 5. CASE OF THE NONLINEAR DAMPED WAVE EQUATION

o7

It’s clear that if we get to estimate the term fST Jo a(-)g(u’)Vuhdxdt the proof of lemma is
over, and we can proceed to prove exponential stability using the methods we used in the linear
localized case as well as the nonlinear nonlocalized case :

oWe treat the term [, a(z)u*dz as we did in section

eAnd since a(z) > ag for € w we have [ u?dx < [ %:)uﬂdx < & Joa(z)u”dz and from here,
we proceed the same way we did in section [5.1

After the estimations we get an energy estimates to which we apply Gronwall’s inequality to

conclude stability.




Chapter 6

Conclusion and perspectives

Summary

In this work, we have studied the exponential stability of the damped wave equation, treated the linear
case with both a global and local damping, we used a perturbed energy functional to treat the first case
and we used the multiplier method to treat the second and we gave sufficient geometrical conditions on
the damping domain for the stability to hold. Then, we briefly redid the main steps of the proof in the
one dimensional case and as expected, it was significantly simplified (for instance, the use of only three
multipliers instead of four). After that, we moved to the nonlinear case, we treated the equation with
the global damping using the method introduced in [§], and then we tried to generalize it to the case of a
localized damping, and there, we found some difficulties treating one of the terms, so up until now, what
we concluded by looking at the problem is that the result will be obtained once we get to estimate the

problematic term.

Perspectives

Since our last case is not finished yet, the first perspective is to finish the last proof and study the L?
stability of the problem. Then this research work is going to be followed by a PhD thesis, directed
and supervised by professors Frédéric Jean and Yacine Chitour. The thesis will be a continuity of what
we have been working on during this internship, we will consider more general feedbacks, and work in
more general frameworks, since the wave theory has always been developped in a hilbertian framework,
we would like to change that, as it will be useful to consider frameworks like L to solve some arisen

problems in the domain of automatic.

o8
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